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Next (2.8) and (2.4) yield, if c < v,
o™X = re/v, z = r(l -(:2/\:2)% (2.10)
From (2.1) and (2.7),

X, = vr/cg (2.11)
Let us now eliminate X from (2.10) by means of (2.11) ani then
eliminate r by means of (2.9). Thus we obtain

2 ’ 2
e )]. z = (g/k) [—9-————c i ]

e (Qv,’k) [__—é_--?::';_ I

(2.12)

Thus if ¢ s v, (2.12) is the parametric equation of the wavefront ¢ =
constant, where ¢ is the stationary value of the phase and k is the
parameter.































































































































































































































































 case at hand, n(x) takes on either of twou constant values 1, or n,

the dielectric constant of seawater, jumping from one value to the
other at the surfacs z = h(x,y). We then want to find the solution

to this equation when a unit amplitude plarne wave, fipi=s elE'x,

k = k(cos8, 0, -sin8) is incident on the sea surface from above. (See

Fige-3):
‘Corresponding to the division of the surface z = h(x,y) into a

_part,.ho(x,y), with small curvature, and a part with small amplitude,

hy(x,¥), we can write n(x) = n_(x) + n;(x). n_(x) takes on the values
n and 1 and describes the air-sea interface z = hD(x,y). nl(x) takes
on the values 0, #(n-1) and is nonzero only in a smu.ll region around
the surface z = ho(x,y) as is described in Fig. 2.

Let us suppose that the solution to the scattering problem for
the surface z = ha(x,y) is known and let it be called Yo+ Let us alse
define &% by § = ?D+6t where § is the desired solution for the surface
Z= (ho - hl) {x,¥). We can combine the two equations

sk n @1 =0
o o
(v + k*° (n(x)+n; (X)) ] (¥ +8¥) = U
to give

[vz + K2 no(i)J 5¢ = -kznl(i)ifi} X

-This equation, in turn, can be put into integral form if we introduce
the Creen's function, Go(i,i'), which is a solution of

(72 + k2 n_(3)) 6 (%,%") = 8(x-x") .
This allows us to write
84 ()= -szdx' B, (%% ") n (X $X7 .

S0

e . A e

R IP VWV RC 0L e P e e dod S VSTTEEI 0 ERe T S e 83 oy wetessid O, ¢-.ﬂ¢p“;¢&l‘-c—~q’-'d



SR ETTAR —rn me R et an T s 4+ A T s

Since ny is nonzero only in a volume which goes to zerc as hl goes to
zero, &y is of order hl' To this order, therefore, we can replace ¥,
within the integral, by iO:

100 = K2 f 6%’ G GLRN RGN

To the same order, we can actually replace the volume integral
by a surface integral over the surface z = ho(x,y). The equations
of motion satisfied by io and G0 imply that at this boundary surface,
both these functions and their normal derivatives are continuous.
Therefore the effect on the integral of their variation over the small

volume in which n, is nonzero is higher than first order in hl‘
can therefore write

640 = K2(n-1) [ 5 G (R,%1(8)IR,(x'(8)) ¥R/ (8))

where the surface integral is taken over z = ho(x,y), x'(8) is the
three-dimensicnal position vector of the element of surface, and h,

is the normal distance between the surface z = h and z = h +h &
(Lahen positive or nenative according as z = uqrnl lieo _L;;: op ko
low z = ho). Finally, it is convenient to convert this into an inte-
gral over the plane surface z = 0, taklng Dis {x,y} to be the position

vector in that surface
810 = -K2(n-2) [ 86 1y (F) G LX) ¥ (RGD)

where x(6) = (5, hy (f)) and h, is exactly the quantity earlier called
hl’ the vertical dlstance between the two surfaces z .h and z =
h0+h The geometry of the transformaticn is best explalned by Fig.
3. Therefore. if we know ?0 and GD on the surface z = ho, we can

calculate by, correct to order hl'

According to our assumption, the radius of curvature of ho is
everywhere large compared to the wavelength of the illuminating radi-
ation, so that scattering can safely be computed via geometrical optics.
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In particular, we need to know *o on the surface z = ho‘ Ceometrical
optics means that, if we neglect multiple scattering and shadowing,
the field at a point on the surface can be computed by replacing the
curved surface by its local tangent plane and imagining the given
incident wave to be scattering from it. It is easy to show that if
the incident wave is eiﬁ'x, the total field at a plane boundary be-
tween regions with dielectric constants n and 1 is

2cosa eili-i
cost + J/n-sinla

where cosa = k+f, n being the unit normal to the boundary.

We also need to know Go(i,i') with X’ on the surface. From the
equation satisfied by G, it is clear that Go(i,i') represents the
total field generated at X’ by placing a unit source at x, given the
boundary specified by no(i). If X' is near the surface, and if we ne-
glect multiple scattering and shadowing, the geometrical optics approx-
imation to G is gotten by replacing the curved surface by its local
tancent pl:?:. The sclution ‘?- Fo in tha nresence of a plane beundary
is well known. If we set x = k'R, take x on the boungary, and ist
R, it becomes

ik’ .%
e 1K’ -% 2cosa’

A
G (k'Ryx) = -
o TR
. cosa’ & .ﬁ = sinﬁa'

o’ being the angle between £’ and the local surf:ce normal.

We now can write down our expression for the field &y(¥X) when X
is far away from the surface:

Re¥(k'R) - - X ‘“‘”fda hy (B)2(e (5 ))T(a" (5))e s %5)

where

T(a) = 2cosa/(cosa +_.£-sin2ﬂ.) ¢
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We are particularly interested in the field scattered back along the :
A,
direction of the incident beam, in which case kK’ = -k, and

2 s
Rep(-kr) = X.{n=1) f @5 1 () T2(a(s)) oKX

It turns out to be convenient, for purposes of computing the
average backscattered power, to recast the expression for &f in a
slightly differenc form. First of all, we note that the reflection

coefficient is a function of cost = —ﬁ-ﬂ where :?t is the local surface

nurmal. In turn, nis a simple function of 'T_%hctl_l'). so that we can
write T = T{“ﬁ-‘;ho(ij). If we introduce the Fourier decompositicn of

: hl(i'), ﬁl(I), we then have

A 2 = = FalT ¢ -
8y (-kR) = 5?1%%})'["1 'ﬁl(z) dp‘l‘?(?i ho(ﬁ)ei£2k+l) p-2ksing hO(p)]

Since the surface ho(B) is one which satisfies the criteria of geo-
metric optics, we can evaluate the integral over p by the method of
staionary phase. This means that the only important contributions
come from those points p where

;E W ZRAT)-p =2ksauib 1-0;vla =3

or
UE ho(E) = (2k+1)/2ksing.
Therefcre we have
2
BY(-RR) = Lg.i;ml_’f at f (1) 2GR ) x

f dp expli((2k+1) -'Eu-zksine'hé)] -

The virtue of this expression is that the arguments of T no longer
depend on the specific surface, so that the averaging process is
simplified.
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: To compute the backscattered power we need {It + 81]?), where
'f is the backscattered field from the surface h» and the average is
Since different
Fourier coefficients of the sea surface are statistically independent,
and since &¥ depends on h while v does not, the cross terms cf the
form ¥ ﬁt* vanish upon taking the average. Therefore, the average
h&ckscattered power is the sum of two terms, (]t 12) and (|&¥]?),
which we shall compute separately.

over the various possible forms of the sea surface.

It is convenient to define a scattering cross-section in order
to eliminate the distance of the observation point from the sea surface.
The energy density at any point is just |¢12. If a finite patch of
sea surface, of area A, is iiluminated and we observe at X = ﬁ'R, R
very large, tihen all the energy at % is flowing in the direction ﬂ'.
If the antenna subtends a solid angle A2, the total received power is
then |¢]%R% 22 and the received power per urit illuminated area is
|tI?R? K/A. We shall define the quantity 5 = li[zR?/A, so that an-
tenna power is o A AN

let us first compute o, = (| e¥]2YR%/A. If we make the standavd
aséumntions about the Gaussian NATure OI TNe Sed suriace, @4in Gene Gl
definitions

- (DN (0)) = € (X)
B AR - 5,8 5 (-1
we find that

= 0y’ [ 5, @ ok «

“/' ér exp[i{2E+Z)-5-(2ksinﬂ}2(Cd(0)-co(r})}
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where we should now remember that when we write k we mean k = (kx,k e
(kcosd,0). The largest contribution to the integral over T comes in
the neighbernood of =0, where we write

c (x) = h2(1-are ...)

so that
,/;i exp[i(2§+23-E-(2ksine)2(co(o)—co(r))] 2

f dr exp[i(2£+l)-§-(2ksina)2u 2] =

GXPE-(2R+132/4a<2xhsine)2] = £(2R+1)

(2khsin6)2

We note that in the 1imit a = 0, £(2k+1) - (2m)? & (2K+1). In fact
a is rather small:

9
2 z Yy o
Hoo = {32375 10) = (C/2) § aK/k: = s 30q. 0% 5D
(e} J R e S
K
c
L5107 og. s /6 )
e “wind radar

where A ;4 is the wavelength of those ocean waves whose velocity
equals the wind velocity. For a 10 m/s wind and a 10 cm radar wave-
length, we have h =0 9x10 . This means that in terms of the dimen-
cionless variable |2K+I| / 2ksin® the width of f is about 0.2 in a
typical situation. This width decreases slowly with wind velocity.

If we ignove the width of f, replacing it with a delta function,
we have the simple formula

4 2 5
L =BG 1 0)F 20
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If we include the effect of the wind broadening of f we sze that %

is proporticnal to the average value of T4EA(Z) over a circle of radius
= 0.4ksin® in 4-space, centered about % = -2k = (-2Zkcosd,0). In the
undistrubed ocean we know that ;i(%) = 2x10'34'4/n and therefore could
actually perform the average, if necessary. If we evaluate the zero-
width approximation to ©; in the limit n— (appropriate for the sea
surface since n = B0), we get

oi = (10h3/2ﬁ) tan4B

for the backscéttering cross-section from the undisturbed sea.

We now must compute o_ = (|¢0]2) Rz/ . Since ¢  is the field
generated by that part of the sea surface for which the approximations
of geometrical optics are correct we can adopt the classical results
for scattering light from a Gaussianly rough surface:

o, = (mh’a (25ind)*) Yexp(-cot?s/an’)

for backscattering. We note that %, falls off exponentially as &

W A e R e e
o T e e enpdalg

dominates o, while for 68 # 80 the reverse is true.

Wl s ke

- - o = g, oy 5 ™ - ~mm Ny
secreases. from o/2. In £23% we can casily s

At this point we may reasonably swmnarize ocur results: We have
found two basic regimes in radar backscattering; one occurs when the
angle of elevation is large, nearly 90°, the other occurs for moder-
ate elevation angles. In the first case, the backscattering cross-
section is a function of uhz, while in the other it is determined by
3&, the ocean wave power spectrum, at some appropriate wave number.
The quantity ahz, is just the mean square slope of the ocean waves,
which in turn is an integral over the complete wave power spectrum,
Therefore, the difference between the two regimes is that in one case
we measure 3&, at a point in wave number space while in the other we
measure what amounts to an average of p, over all wave number space,
This distinection will turn out to be most important in the applications.
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Finally, we would like to point out that the scattering of polar-
ized radiation from the sea surface may be calculated by much the same
methods, although the formulas are much more ccmplicated. We shall
refrain from writing them down here since nothing essentially new in
the physics of radar backscattering is introduced.
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III. THE EFFECT OF INTERNAL WAVES ON RADAR BACKSCATTERING

As far as the applications considered in this report are con-
cerned, we need to know the effect of an internal wave, over and above
the random background, on the radar return from the sea surface. The
ocean wave heights are in general described by the power spectrum
F(k) where

(h(x)n(0)) = fak F(R) eii'i

with F(K) = 355%:35:1 for the standard wind-generated sea. Hartle
and Zachariasen have shown that if an internal wave of phase velocity
C, wave langth L, and maximum surface water velocity Vb is present,
then the power spectrum is changed by

5E(k; o T 2-'52 re:if ?iﬁ{?ﬁ Tl"iicg:?f: o)

F(E) 5 2n TL'I(Cgcosa-C)

where ¢ is the angle between K and the direction of propagation of the |
internal wave, Cg = L/97k is. the group velocity of the surface waves
with wave number K, and T is the time during which these same surface
waves have been acted on by the internal wave. It is convenient to

introduce T = TC/L, which is just T measured in internal wave periods,

and e = vsjc 50 that

sin(2v3(C_cosg/C-1))

bF(R) e?rﬂ'cos2
ML s A e : ) £
E(R) ™ gcosa -1

In practical cases, € turns out to be very small. We note that for

small &, 6F/F is uniformly distributed over k-space, while for J >> 1,
g8
























































































