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translate the symbols used in (G1) to those used here, make the substitu-
tions v — 2p, B — 3¢, and A — K (the thermal conductivity, see $46).

46. The Energy Equation

We are now in a position to derive the equations of hydrodynamics for a
relativistic nonideal fluid. As for an ideal fluid, the general equations of
motion follow from

M = F*. (46.1)

For simplicity we assume that both p and ¢ are constants. Differentiating
each term in (45.4) we have

(oo V* V). =[(Dpgo/ D7) + pao 8]V ™ + poo A%, (46.2)
(pP*®).5 = p s P® + pPeL, (46.3)

L(0P*®) , = (6 ,P™® + [GP75 (46.4)
(Q*V?) 5 = 6Q* +(DQ* D7), (46.5)

and

(VoQP) 5 = V*QY%+ Qg™ V, s = VoQ+ Qu(D*® + O +16PF).
(46.6)

Then, collecting terms and using the relation
P =(g*® +cPV*VP) s =c A+ V™), (46.7)
we have
M:§ ={(Dpoo/ D7)+ 8[poo+ ¢ *(p — (O V*
+[poo+ ¢ Hp—LO)]A + P*F(p— {0) s —20uD3F (46.8)
+c(DQ/D1) +560% + V<Qf+ Qg (D™ + 0] = F*.
We obtain the energy equation by taking the ‘“‘time” component of

(46.8), that is, by projecting it onto V,. Thus forming V.M and using
(36.5), (36.8), (44.6), (44.25), (44.26), and (45.5) we find

CZ(DPOO/—DT) + (POOC2 +p)o= -ZMVanEB+ 502 - [Q;BB —c7? V (DQ/DT)],
(46.9)

where, as in $42, we have assumed that the only forces acting are such that
V EF*=0.

We can rewrite the left-hand side of (46.9) in a more useful form by
noticing that

Ve(p0o) o + Pooo Ve = V(Po00) e T Pooo Via— ¢ >V,

(46.10)
= (pOOO Va):a - C_z Vapzx
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Similarly, on the right-hand side, using (45.5) we have

V. (DO D7)=[D(V,O*)/D7]— Q“A, =—Q%A,, (46.11)
and using (44.25) we have
VD% = (V,D*®) , — DV, , =—D"®V, . (46.12)

Then substituting for Vg from (44.24), and using (44.25) and (44.27) we
see that

DV, ,=D*D,,. (46.13)
Using (46.10) to (46.13) in (46.9) we find

(Poooc> V™). = V7., = 2uD** D, + 6> —(Q%+c ?Q"A,),
(46.14)

Then by the same steps that lead from (42.8) to (42.10) we can reduce
(46.14) to

Ds De D1 . Q«
po=e| (o) |=2ur b (05 A).

Po
(46.15)

T +p—
Po Dt pD’T

where s is the specific entropy.

Equation (46.15) is the relativistic generalization of the entropy genera-
tion equation (27.11) when we use (27.28) for the dissipation function ®.
As in the nonrelativistic limit, the first two terms on the right-hand side
correspond to irreversible heat generation by viscous dissipation. The third
term gives the rate of heat flow into the material from its surroundings.
The fourth term is purely relativistic in origin and predicts an additional
deposition of heat when the material accelerates into the heat flow (a and g
antiparallel), which is reasonable because if we suppose that the heat flux
arises from radiation, then we see that more heat can be delivered to
material accelerating into the radiation flow because photons will be
blueshifted to higher energies as they enter the fluid element and red-
shifted to lower energies as they leave it.

Thus far we have left the form of Q® unspecified, although we expect it
to reduce to Fourier’s law q=—K VT in the nonrelativistic limit. We can
deduce an expression for Q% as follows. From (27.19), we know that
classically we must have

J pESdV-FJ q—"—‘ds:L [i(ps)—kv'(psv—}—g)] dV=0,
v s T T

Dt ot
(46.16)
where we used (19.3) and the divergence theorem. Because ¥ is arbitrary,
(ps), +V - [psv+(q/T)]=0. (46.17)

From (46.17) we see that the vector s=psv+(q/T) can be interpreted
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classically as the entropy flux density in a heat-conducting fluid [in an ideal
fluid the term q/T is, of course, absent; cf. (27.14)]. The covariant

generalization of s is
S =pesV+(0O%T), (46.18)

which we take to be the entropy flux density four-vector. As the covariant
generalization of (46.17) we therefore take

S%.=0, (46.19)
which is, in essence, a relativistic statement of the second law of ther-
modynamics.

Substituting (46.18) into (46.19), and using (39.10), we have
po(Ds/D7)+(Q*T).,, =0. (46.20)

Combining (46.20) and (46.15) we thus find

po(Ds/DT)+(QT)., = QuD**D, 4 + (6% T —(Q*/T*) (T +c*TA,) =0,

(46.21)
The first term on the right-hand side is obviously positive, so we must
merely choose Q% in such a way as to guarantee that the second term will
be positive. Eckart (E1) noted that the simplest way to do this is to take

Q% =—KP**(T, + ¢ >TA,), (46.22)

which (1) is consistent with Fourier’s law in the classical limit, (2) is
consistent with the requirements of the Eckart decomposition theorem [cf.
(44.12) and (45.5)], and (3) makes the second term on the right-hand side a
positive perfect square, guaranteeing positivity, as desired. The term TAg4
is relativistic in origin and implies a flow of heat in accelerated matter even
if the material is isothermal; the flow is in the direction opposite to the
acceleration, and can be ascribed to the inertia of the heat energy [see (E1)
for further discussion and interpretation]. Finally, using (46.22) in (46.21),
and evaluating the result in the comoving frame we find

D) Ko (yr, L8), K (vr, Ta), &
pO<DT>— TV (VT+ 3 >+T2 VT+ = + T (46.23)
which is a direct analogue of the classical result (27.19) when the terms
containing a, are suppressed.

Explicit expressions for Q% and for the energy equation (46.15) in terms
of the ordinary velocity, and lab-frame space and time derivatives, are
given in (G1l, 765-766); again conflicts of signs arise in the formulae
because of Greenberg’s choice of a timelike signature.

47. The Equations of Motion

To obtain the equations of motion for a relativistic nonideal fluid we take
the “‘space” components of (46.8) by calculating P, ,M>§. Noting that

P A=A, (47.1)
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and
P, F*=F, (47.2)
we easily find
[poo+ ¢ *(p — (0)XDV, /D7) = F,~ P&(p— {0) g + 2uP., D%

—c¢ [P, (DQY/D7)+56Q, + P, Qs (D + (1"*)]. (47.3)

To obtain the nonrelativistic limit we let ¢ — . Then in Cartesian coordi-
nates V,—v, (D/D1)—(D/Dt), P, —8;, P;— &, and we recover the
usual Navier-Stokes equation (26.1), as expected.

Explicit expressions for the momentum equations in terms of the ordi-
nary velocity, and lab-frame space and time derivatives, are given in (G1,
767-768). As before, it is necessary to translate some of the notation.
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