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DASH: A MULTICOMPONENT TIME-DEPENDENT CONCENTRATION DIFFUSION

WITH RADIOACTIVE DECAY PROGRAM

by

C. E. Apperson, Jr., C. E. Lee, and L. M. Carruthers

ABSTRACT

The multicomponent time-dependent diffusion with radioactive
decay problem which arises in the study of high-temperature gas-
cooled reactors fission product migration is solved in one-
dimensional geometries. The spatial multicomponent diffusion
operator is numerically represented by a conservative finite
difference approximation. An analytic time-dependent solution
is achieved using a matrix operator method. Comparisons of the
analytic-numerical solution method with a variety of analytic
solutions give excellent agreement. This solution technique has
been incorporated into an algorithm for use in a computer code,
DASH. The holdup of 9%r by graphite is calculated.

I. INTRODUCTION

Multicomponent time-dependent concentration diffusion and radioactive decay

of isotopic species’ is an important aspect of fission product migration and

release from fuel particles and fuel elements in High-Temperature Gas-Cooled

Reactors (HTGRs). Analysis techniques for solving these types of problems are
2,3well known, but are subject to time-step limitations to guarantee numerical

accuracy and stability. These limitations are related to the magnitudes of the

diffusion coefficients, decay constants, and spatial size of the system under

consideration.

A one-dimensional analytic-numerical solution of this diffusion problem

has been investigated. The diffusion operator is numerically approximated by a

spatial finite-difference representation. The resulting time-dependent problem
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is solved analytically using a matrix operator method.
4 Comparisons to a number

of known one-dimensional analytic solutions have been made, These comparison

problems include the one specie and two species, two material slab, cylinder,

and sphere.

In all instances considered, the agreement with analytic solutions is ex-

cellent, limited only by the accuracy limitationsof the finite difference repre-

sentation. The time-step limitation associated with other numerical solution

methods has been eliminated.

This analytic-numerical technique has been utilized as the solution routine

in a computer code, DASH, for solving the general problem of concentration dif-

fusion with radioactive decay.

II. THEORY

The differential equation governing time-dependent multicomponent diffu-

sion with radioactive decay is given by

(1)

where D is an n x n square positive definite diffusion matrix (cm2/s), ;

is an n-component column vector representing isotopic concentrations

(atoms/cm3), A is the decay matri~ including branching rations5 (1/s),

and ~ is an n-component column source vector (atoms/cm3s). Equation (1)

is solved in one-dimensional geometries (slab, cylinder, or sphere) subject

to the initial condition ?(r, t) = ~(r, O) and either homogeneous Newman

(DV?= O) or inhomogeneous or homogeneous Dirichlet (~ = ~or ~ = O) boundary

conditions.

A. Difference Equation Derivation

A finite-difference representation for the spatial diffusion operator is

obtained by integrating Eq. (1) over a subvolume of a discrete mesh. Gauss’

theorem, when applied to the integrated result, yields

d
‘k ~

?k = i i‘Ak+l/2 k+l/2+Ak-l/2 k-1/2-AkvK;K ‘. (2)
+ ‘k ‘k

In Eq. (2), ~k is the concentration vector averaged over the kth cell,

V is the volume of the kth
,

~k cell (diagonal matrix), and ;k + ,,2 and

‘k ~ 1/2 are the area elements and current at the boundary ~etween cell k
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and k:l. The cell-centered source vector averaged over the kth computa-

tional cell is denoted by~k. The decay matrix in cell k, Ak, is cell

dependent only if neutron processes are included in addition to B decay.

The currents at the mesh boundaries, ~k + ,,2, are evaluated in terms

of the concentration vector
—

The mesh spacing (Ark),

/2” (3)

area elements (Ak + ,,2), and volume elements

(Vk) for Cell k as a function of geometry %e- given in Table I. The nota-

tion used throughout this discussion is illustrated in Fig. 1.

In order to develop difference equations that will be amenable to concen-

tration-dependent diffusion coefficients and concentration discontinuities, the

representation6

—.

TABLEI

GEOMETRICV/fRIABLES

Geometry Ark ‘k+% ‘k

S1ab ‘k+% -r k-%
1

Ark

Cylinder 2mrk + ~
2

‘k+~-rk-~ T(rk + ~ -rt-lJ

Sphere 2
‘k+$-rk-~ 4mrk + ~

*(r~+~-r~- %)

tk-, I 1tk tk+,
————-—————————--—— -———-

‘k-% ‘k+%

k-1 k k+l

Fig. 1. Discrete mesh function representation.
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(4)

‘k+%

J
‘k+l

+

Jdr =
/

$ dr

‘k ‘k+%

is used or substituting - DvC for r,

ck+~ Ck+l

{
Dd; ‘

J
Dd; s (5)

Ck ck+~

For the case of continuity of concentration and concentration independent dif-

fusion coefficients (D# D (~)),Eq. (5) yields

where Dk is the diffusion coefficient matrix in cell k. These assumptions

are valid for the problem being studied.

Using Eq. (6) the current at the boundary k + %may be evaluated as

+
-: “Dk(ck+~ ‘;k)/(Ark+Ark +1)I(+Z

-1
+ +

=4t)k(Dk+Dk+l) ‘k+l(ck+l -
Ck)/(Ark+ Ark + ,) o

Similarly, making the same argument for cells (k - 1, k) ,

‘;k+ =4 Dk - l(Dk+Dk -l) ‘1 Dk (ik - fk - ,)/(Ark-1 + Ark).

(6)

(7)

(8)

-1
Note that (Dk + Dk + 1) represents a matrix inverse of a positive definite

diffusion coefficient matrix. Substituting Eq. (7) and (8) into Eq. (2)

results in

4



d<k - ~

‘k dt—= AkCk+l +kktk+Bktk -,+vk;k, (9)

where the coefficient matrices are given by

-1D (Dk+Dk+J
I

Ak=4Ak+ ~/2 k ‘k+l(Ark+Ark+l)S

‘1 D&rk - , + Ark), andik ‘4Ak - 1/2 ‘k - 1 ‘Dk-l + ‘k)

‘k=-Ak - ‘k-Ak ‘k”
(lo)

Since lk = Ek + ,, a reciprocity relationship exists.
7

The spatial boundary conditions treated are reflection (~ = O), homogen-

eous Newman, and concentration specification, homogeneous and inhomogeneous

Dirichlet.

For reflection at the left-hand side of the cell k = 1, ~k is set to

zero for k = 1. For reflection at the righbhand side of cell k = K, ~k

is set to zero for k =K in Eq. (10). This procedure eliminates reference

to either to or ~K + ,, and corresponds to a zero current boundary con-

dition.

When the concentration is specified on the lef~hand side of a slab or

on the interior surface of a hollow cylinder or sphere, k is equal to

k -%. A k. value of 1 corresponds to the first calculational cell in a

slab but it corresponds to the central cell in a hollow cylinder or hollow

sphere. In a hollow cylinder or sphere the first calculational cell is ko=2.

The left-hand current for both cases is given by

~k (‘2Dk tk-tk _.%- 150 0 0 0 )/‘rko ‘

where the concentration vector Ck _% is specified. The right-hand cur-

rent is given by Eq. (7) with k =“ko. From these results a modified set

of coefficients for Eq. (9) can be evaluated

(11)

‘k.
=4A

ko+ 1/2 ‘ko~k;Dk~ ,)-1 ‘k&(Ark;Ark@

5



Y. = 2 Ak - ,,2 Dk /&rk ,
0 00 (12)

ii‘[0‘- k. - %0 ‘Xko ‘ko”

It should be noted that ~k coefficients in Eqs. (lO)and (12) are

identical.

To account for the concentration diffusion of the material inside boun-

dary 1, the source vector is modified.

“k $[ ‘ tk ,/2 ●
“k ?ik+ifo o-

00 00

(13)

Similarity, for concentration specified at the outside boundary of cell k = K,

a modified set of coefficients for Eq. (9) must also be developed. In this

case the ~k coefficients are identical between Eq. (10) and Eq. (14).

ilK -1
+ D$=4~-l/zDK- 1 (DK-l ‘K/(ArK_l + ArK) ,

~~ = ‘~ - ~K ‘AK“K.

(14)

In like manner, also the source vector must be modified to account for the

concentration diffusion of the material specified on the outside boundary.

“K !$~= “K$+~~K+l/2” (15)

The equations represented by Eqs. (9-10) and (12-15) may be written in

supermatrix, supervector form as

(16)

where

6



t=

v=

●

and

A=

‘1

—

-J

-$

32

.

.

‘2

.

.

.

‘K
1

-.
‘1 ‘1

B2 172 iiz
.

.

1
.

iiK-, iK-,

BK

(17)

(18)

.
(19)

Equations (12) and (14) are included in~ for the first and/or last elements

‘K-1

K;

for the case of concentration spefication at a boundary. The Vk in Eq.

(18) are diagonal matrices of the form “

‘k =1”, (20)
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th
where V is the scalar volume of the k cell and I is the n-dimensional

identity matrix, where n is the number of nuclides in the radioactive decay

chain. Each of the elements in A is an n-by-n matrix. The elements Xk, Ek>

and ~k are defined by Eq.s (10, (12), and (14).

B. Analytic Operator Solution

Although Eq. (16) could be solved by a standard implicit time-differencing

technique,l such techniques are limited in time-step size by spectral consid-

Instead, an operator method is used.
4,5

erations.

By defining

(21)

and assuming A is constant over the interval (O, t), Eq. (16) takes the form

(22)

which has the solution4,5

~(t) = eBt ~(0) + tD(Bt) ~, (23)

where

D(Bt) = (Bt)-l (eBt - I),

and X(0) is the vector of initial concentrations. Substituting Eq. (21)

into Eq. (23), the solution to Eq. (16) is given by

t(t) = ~1 eBt @(O) +~1 tD(Bt) vi,

(24)

(25)

where B = W “ (1/s) and V is a diagonal cell volume matrix. The details for

evaluating the matrix operators e
Bt and D(Bt) for arbitrary t are given in

App. A.
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III. VALIDATIONANDACCURACYEVALUATION

Although no experimental validation of DASH has been conducted, a sub-

stantial number of comparisons have been made to published analytic solu-

tions. No attempt has been made to make all the possible comparisons, but a

sufficient number of problems have been compared to establish confidence in

the DASH methodology. For the problems considered, the observed errors are

of the magnitude one would expect from a spatial finite-di fferencing

technique. Some of these comparisons are discussed in detail. The test

problems which are discussed were chosen because they point up unique

features of the code.

A. One Material, One Specie Test Problems

The simplest problem type to utilize the full capabilities of the DASH

code is the one material, one specie problem with concentration diffusion

and radioactive decay. The one-dimensional geometry in the code permits the

evaluation of problems involving an infinite slab, an infinite solid or

hollow cylinder, and a solid or hollow sphere. The analytic solutions for

comparison are taken from Crank8 and Carslaw and Jaeger. 3 These pub-

lished results are for concentration diffusion without radioactive decay or

can be modified to fit this type of problem. A transformation developed by

Danckwertsg can be used to extend these results for time-dependent concen-

tration diffusion to also handle radioactive decay. Danckwerts! transfer-

mation states that-

I
t.

c ‘A C e-At”d{ + C’eAt; (26)

o

where”~” is the radioactive decay constant (1/s), C“ is the diffusion solu-

tion without radioactive decay (atoms/cm3), t is the evaluation time (s),

and C is the solution with both diffusion and decay (atoms/cm3). This

transformation is valid for an initial concentration of zero, and boundary

conditions of either surface-saturation or surface-resistance.

1. Slab Problem

The analytic solution for time-dependent concentration diffusion

in a slab (O s x s k) with a uniform initial distribution and different

saturated surface concentrations is8

9



cm

x C2 cos (rim)- Cl

()

-Dn2T2t

c“ = c, + (C2 - c,);+;
sin nnx— exp

n L
n=l 12

4C0 m
+—

‘IT z 1 sin((2m+~) TTX)exp(-D(2m+;)2~2t~
M=O 2m+ 1

where Co is the initial uniform concentration, Cl is the surface

tration at x = O, C2 is the surface concentration at x =!?, D is

fusion coefficient, and t is the evaluation time.

(27)

concen-~

the dif-

A simple one material, one specie infinite slab problem has been defined

which can be solved both by Eqs. (26) and (27) and by DASH. The data for

this problem is tabulated in Table II. The test problem was solved analyti-

cally at 27 space points at 5 different times. The DASH solution was for

the same 5 times using 25 mesh cells. The maximum error observed occurred

during the first time step, 0.1 days, at the center of the slab and had a

magnitude of 0.28%. The magnitude of the error is defined to be the abso-

lute value of the difference in the analytic and DASH results divided by the

analytic result. The results are compared in Fig. 2. The figure resolution

is such that the analytic and analytic-numerical, DASH, results fall on top

of each other.

2. Cylinder Problems

a. Solid Cylinder. The time-dependent concentration diffusion

problem for an infinite solid cylinder (O s r s a) with a uniform initial dis-

tribution and a constant concentration at the outer radius is given analytically

by8

rGEOMETRY

S1ab

Sol id Cylinder

I Hollow Cylinder

I Solid Sphere

I Hol low Sphere

TABLE II

DATA FORVALIDATIONTESTS

I I I
DIFFUSION DECAY UNIFORM INITIAL

COEFFICIENT CONSTANT CONCENTRATION
~OJllOARY CONDITIONS

(Cl# s-’) (s-’ ) ( atoms/cm3) (atoms/cm3)
,

I

7.234 X 10-6

7.234 X 10-6

7.234 X 10-6

7.234 X 10-6

7.234 X 10-6

8.0225 X 10-7 0.0

8.0225 X 10-7 0.0

8.0225 X 10-7 0.0

8.0225 X 10-7 0.0

8.0225 X 10-7 0.0

I

1.0 x 1010

REFLECTEO

1.0 x 1010

REFLECTEO

1.0 x 1010

Right
(atoms/an3)

1.0 x 1010

1,0 x 101°

1.0 x 1010

1.0 x 1010

1.0 x 1010

DIMENSIONS

(cm)

1 cm thick

1 cm radius

0.5 cm I. D., 2.0 cm o.d.

1 cm radius

0.5 cm I. D., 2.0 cm o.d.

10



q — DASH
CU-- –— Analytic

q Slab with Diffusion and Decay
Labels give Time in Days
Zero Initial wit h Squal Boundaries

0.
0 ! I 1 I

t
0.0 0.2 0.4 0,6 0.8

Distance (cm)

Fig. 2. Slab validation problem results.

~ exp(-Da~t) Jo(ran)
c =c, +(co-c, ):~

n=l cxnJ1 (aan) ‘ (28)

where Co is the initial uniform concentration, Cl is the boundary con-

centration, D is the diffusion coefficient, and t is the evaluation time.

The an’s are roots of the Bessel function of the first kind of order zero,

Jo(a an) = O, (29)

where a is the cylinder radius. The problem defined in Table II for a solid

cylinder can be solved both by Eqs. (26) and (28) and by DASH. The analytic

solution was evaluated at 27 space points at 5 different times. The same 5

time points were used when the problem was solved using DASH with 25 mesh
cells. The maximum observed error of 1.5%, the largest error for the one

material, one specie problems studied, occurred at the center of the cylin-

der on the first time step, 0.1 days. The results, Fig. 3, from the two

calculations again fall on top of each other due to the resolution limits of

the graphic scales.

11



b. Hollow Cylinder.

through a cylinder wall (a s r s

The analytic solution to the problem of flow

b) is8

~ Jo(aan) Uo(ran) exp (-Da~t)
7TC x

0 n=l ‘ Jo(acin) + Jo (ban)

C2 Jo (aan) - Jo (aan) U. (ran)
+T~ exp ~~Da:t) ,\

n=l J: (aan) - J: (ban)

where Co is the initial uniform concentration, Cl is the inner boundary

concentration (r = a), and C2 is the outer boundary concentration (r =

b). The function U. is given by

U. (ran) = Jo (ran) Y. (ban) - Jo (ban) Y. (rQn)=

The values of an are the positive roots of

U. (a an) =0,

(30)

(31)

(32)

where a is the inner radius and b is the outer radius of the hollow cylin-

der. The hollow cylinder problem solved both by Eqs. (26) and (30) and by

DASH is stated in Table II.

Analytic solutions were evaluated at 26 space points at 5 different

times. This problem was solved with DASH at the same 5 time points using 24

mesh cells. The maximum error observed was 0.24% and it was encountered at

the first time step, 0.1 day. The error occurred at a point located a

third of the way between the cylinder walls when measuring from the inside

boundary. The results are illustrated in Fig. 4. It should be noted that

the scaling of the ordinate is not the same as in the previous figures.

12
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Cylinder with Diffueion and Decay
Labels give Time in Days

3- - Zero Initial Concentration

~fi- - 0.5

Q

%
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:
L
Zm
t ti- -
c
6 0..2

— DASH
–– Analytic

&L--0.0 0.2 0.4 0.6 0.6
Dietance (cm)

Fig. 3. Solid cylinder validation
problem results.

3. Spherical Problems

I

\
\

\ I
HOI1OWCylinder with Diffusion and Decay
Labels give Time in Daye
Zero Initial with Equal Boundaries

— DASH
–– Analytic

Distance (cm)

Fig. 4. Hollow cylinder validation
problem results.

a. Solid Sphere. The problem of diffusion in a sphere (O < r< a)

has an analytic solution given by8

c =c, +(c,- ()Co) # ~ ~ sin nmr ~Xp -Dn2n2ta a2 ‘
n=l

(33)

where Co is the initial uniform concentration, Cl is the boundary con-

centration (r = a), and D is the diffusion coefficient.

Using the solid sphere data of Table II, this problem can be solved ana-

lytically by Eqs. (26) and (33) and numerically by DASH.
.

Analytic solutions were obtained at 27 space points for 5 time inter-

vals. DASH solutions were calculated for the same 5 time intervals in 25

mesh cells. The maximum error for this set of problems was 0.93% and it

occurred at the first time step, 0.1 days. This error was observed at a

point a/4 from the sphere center. The analytic and DASH results are given

in Fig. 5. ,
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sphere validation problem results.
\

The analytic solution for flow through a spherical

c=?+- .

where Co is the

atr= a, C2 is

coefficient.

The hollow

DASH .

b(c2 - ()_Dn2m2t
Co)cos(nn)- a(C1 - Co) ~ e~psin b -a

n (b-a)2 ‘

(34)

initial uniform concentration, Cl is the boundary concentration

the boundary concentration at r = b, and D is the diffusion

sphere problem can be solved both by Eqs. (26) and (34) and by

The analytic results were evaluated at the 26 space points at 5 different

times. The DASH solutions were for the same 5 time steps using 24 mesh cells.

I 14



A maximum error of 0.38% was observed at the f“

at a point located 20% of the way between the shell

rst time step, 0.1 days,

boundaries when measured

from the inner wall. The calculated results are illustrated in Fig. 6.

B. Two Material, Two Specie Test Problems

Steady-state solutions can be readily obtained for the two-group neutron

diffusion problem in reflected critical masses. One popular technique for

solving these problems analytically is the critical determinant method.
10

I Using this approach,the critical radius of an infinite slab, infinite cylinder,

or sphere can be evaluated. With this information the steady-state fast and

thermal flux shapes in the fissile and reflector material can be determined.

The problem of neutron diffusion is extremely similar to the problems of

concentration diffusion being studied. Because of this, the DASH code can be

used to solve the two-group neutron diffusion problem with only minor modifi-

cations to the existing input routines. This is not to say that DASH can be

used as a neutron diffusion code. DASH is optimized to solve Eq. (1) and lacks
certain desirable characteristics for a production code for neutron diffusion.

I I 0.5 I
I
1 0.4
1“

m

0.3

0.2

\ I
‘Hollow Sphere with Diffusion and Dscay
Labels give Time in Days
Zero Initial with Equal Soundariea

— DASH

v
–– Analytic 01

I I 1 1

0.0 02 0.4 0.6 0.8

Distance (cm)
i.o

Fig. 6. Hollow sphere validation problem results.
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The two-group neutron diffusion problem when set up in DASH produces full

diffusion and decay matrices. This in conjunction with the two specie two-

material nature of the problem provides an extensive test of the DASH code’s

ability to evaluate a steady-state solution. The test is further complicated

by the need to reproduce the thermal flux peak. It is necessary to analytically

determine the material interface for DASH, siriceit has no routines for evalu-

ating the critical radius.

The basic data used in this series of problems is given in Table III. The

km is 1.388 9 and the reflector is always 25 cm thick.

1. Critical Slab

For the data given in Table III the half-thickness of a critical slab is

7.988 cm. Using the previously discussed analytic approach,’” the fast and

thermal fluxes were calculated at 25 equally spaced points in material 1 and at

75 equally spaced points in material 2. More points were placed in material 2

to allow the thermal flux peak to be properly described, Numerical results

were obtained with DASH using 12 mesh cells in material 1 and 38 mesh cells in

material 2. These results are illustrated in Figs. 7 and 8.

The maximum error in the fast flux was 0.33% and the maximum thermal flux

error was 0.60%. Both of these errors occurred in material 2 just after the

material interface.

A further measure of the accuracy of the DASH results when compared to

the analytic results is the fast-to-thermal flux ratio, Fig. 9. The ratio of

the fast to thermal flux is plotted for both calculations. The maximum error
observed in this ratio is 0.92% and it occurred in the same region as the other

errors for this problem.

TABLE III

TWO GROUP VALIDATION TEST DATA

Diffusion Coefficient (cm)

Absorption Cross-Section (cm-i)

Fission Cross-Section (cm-l)

Group 1 Group 2
Material Material Material Material

1 2 1 2

1.13 1.13 0.16 0.16

0.0419 0.0419 0.06 0.0197

0.0 0.0 0.040258 0.0
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2. Critical Cylinder

The critical cylinder problem when solved using the data of Table III has

a critical radius of 15.368 cm, An analytic evaluation of the fast and thermal

flux was done at 25 space points in material 1 and at 75 space points in

material 2. DASH results were obtained for 19 material-1 mesh cells and 31

material-2 mesh cells. These results are illustrated individually in Figs. 10

and 11. The maximum error in the fast flux occurred 40 cm from the cylinder

centerline and had a magnitude of 0.58%. The maximum thermal flux error was

0.80% and occurred 15 cm from the centerline. As in the slab problem the fast-

to-thermal flux ratios were also compared, Fig. 12. The largest error observed

was 1.21%. This error occurred at a point essentially at the material interface.

0.0 10.0 20.0 30.0

Distance (cm)

Fig. 10. Critical cylinder analytic
results.
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results.
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-

Distance (cm)

Fig. 12. Cylinder flux ratio comparison.

3. Critical Sphere

A critical radius of 21.91 cm is obtained when the Table III data is used

to solve a spherical critical determinant problem. The analytically determined

fluxes, Fig. 13, were evaluated at 25 space points in material 1 and at 75 space

points in material 2. The DASH results, Fig. 14, were calculated based on 25

material-1 mesh cells and 25 material-2 mesh cells.

The maximum error for both flux groups occurred at the material interface.

The largest fast flux error was 0.74% and the largest thermal flux error was

1.25%. The flux ratio comparison, Fig. 15, has its greatest error in material 2

near the material interface. The magnitude of this error is 0.97%.

c. Inherent Differencing Error

The DASH solution is obtained through the application of both analytic

and numerical solution techniques. The procedure employed uses a matrix oper-

ator method to evaluate the time-dependent solution after the spatial variable

has been difference. The inherent error in the spatial differencing can be

determined by expressing the difference equation with a Taylor’s series.
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From the Taylor’s series representation, the inherent error can be repre-

sented by an even power series of h, the mesh spacing. When h is small, the

principal error contribution comes from the h2 term. Under these conditions,

it is acceptable to assume that the inherent error due to spatially differencing

Eq. (1) is proportional to h2.

E = kh2 , (35)

where

E= inherent error
k = proportionality constant

h = mesh spacing.

By substituting L/n for the mesh spacing in Eq. (35), where L is the thickness

of the sample and n is the number of cells in L, a more general expression can

be obtained.

E = (kL2)~ . (36)

For a given geometry kL2 is constant. The analytic-numerical DASH solution

accuracy, therefore, should vary inversely with the square of the number of

cells if the code is properly constructed.

As a test of this property, the slab problem of paragraph III,A,l was

evaluated at five different mesh sizes. The results of this exercise are given

in Table IV and Fig. 16. The maximum observed error over five time steps was

used in this study. One can see from Table IV that sn2 is approximately

constant.
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10

15
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25

TABLE IV

SPATIAL DIFFERENCING ERROR

&

0.061320

0.016860

0.007778

0.004370

0.002820

tlz
25

100

225

400

625

2
m

1.53

1.69

1.75

1.75

1.76

I I [ 1 1

0 5.0 10.0 15.0 20.0 25.0 3 ).0
Number of Mesh Cells

Normalized

E

1.000

0.275

0.127

0.071

0.046

●

Fig. 16. Relative inherent differencing error.



D. Numerical Errors Associated with Matrix Inversion and Matrix Operator
Solution -

The basic equation to be solved [Eq. (16)] involves a supermatrix A given

by Eq. (19) whose coefficients ~ and ~ depend on the inverse of the diffusion

matrix [see Eq. (10)]. This inverse will be difficult to perform in some

numerical situations. For submatrices with no off-diagonal terms this is not

a problem, however.

The full set of equations involving the supermatrix is solved by a matrix

operator method which involves sunrning the terms in the matrix as a first

step. This sum is used to decide how many times the matrix should be divided

by two to reduce the terms of the matrix to manageable iize. If the matrix

has a few very large terms, this method may cause the part of the solution

which results from this operation to disappear. One type of problem which

has this difficulty is one in which the cells are of very uneven sizes. The

individual terms have Ar in the denominator and this causes the elements of

the supermatrix to be large if the cell they refer to is small.

IV. HOLDUP OF ‘OSr BY GRAPHITE

A parameter study of the release and diffusion-decay of isotopes of

strontium in a simplified one-dimensional slab model of an HTGR core block

has been carried out. A typical element of the core block and the coolant

hole was modeled as shown in Fig. 17; the dimensions of each region were taken

from Ref. 11.

A decay chain used for the test problem is

‘OSr 9ozr~gOY~

with yields and decay constants shown in Table V. The boundary conditions used

are reflection at x = O, zero concentration at x = 1.05.

The approach is to use data from the work of Appel and Roos11 and calcu-

late the distribution of the isotopes of this decay chain in the fuel matrix

and structural graphite. The source term for ‘OSr is taken to be 7.3 x 109

atoms/(cm3.s) as given in Ref. 11. The source terms for the other isotopes

in the chain are taken in proportion to the yields of Table V.
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Fig. 17. Fuel-graphite-helium
six-year temperature

DISTANCE —

calculational model and beginning-of-life and
profi1es.

The temperature changes from the beginning to the end of the calculation

(six years duration) are shown in Fig. 17. Temperatures at intermediate times

are calculated by linear interpolation.

Data are given in Ref. 12 for the diagonal terms of the 3x3 diffusion

matrix for the three species making up this problem. For the Arrhenius

representation,

TABLE V

DATA FOR MASS-90 DECAY CHAIN

ISOTOPE

‘OSr

90Y

9ozr

YIELD %

5.77

5.77

0.0

DECAY CONSTANT/s

7.844x 10-10

2.994x 10-6

1.0 x 10-20
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-log10 D = A + 1000 B/T,

the coefficients A and B are given in Table VI. The data were taken from

Ref. 12.

‘OSr dropsby a factorAppel and Roos11 assume that the concentration of

of 300 at the fuel-graphite interface corresponding to the distribution coef-

ficient between the two substances. This is handled in DASH by putting a

small region (10-5 cm thick) at the boundary ~nd adjusting the diffusion coef-

ficient of the region introduced until the ratio of ‘OSr concentrations is 300,

Except for this boundary region, the mesh spacing is taken as 0.05 cm throughout.--
To compare with the work of Appel and Roos, the concentrations of Yosr

were calculated at the end of one year using the diffusion coefficient data

from Ref. 11 [A = -2.477 and B = 13.1 in Eq. (37)1 and the data of Table VI

for comparison. The comparisons are shown in Table VII.

TABLE VI

DIFFUSION COEFFICIENT PARAMETERS

SPECIE ,

‘OSr

90Y

‘OZr

A

0.34

0.74”

1.19

B

6.5

14.2

22.8

TABLE VII

COMPARISON OF ‘0 Sr CONCENTRATIONS AT ONE YEAR

DASH Results
POSITION Results from Ref. 11
-(X!l)-

Ref. 12
MATERIAL Ref. 11 (atoms/cm3) Coefficients Coefficients

0.125 Fuel 1.7 x 10’8 2.27 X 1017 1.80 X 1017

0.30 Graphite 3.0 x 1015 5.41 x 1014 5.68 X 1014

0.50 Graphite 6.0 X 1014 1.06 X 1014 4.30 x 1014

0.75 Graphite 1.0 x 1013 4.62 X 1012 2.23 X 1014
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It is apparent in looking at Table VII that the
90Sr concentration in the

fuel matrix as given by Appel and Roos is larger than that which a source of

7.3 x 109 atoms/(cm3”s) would produce in one year with no diffusion. Further

investigation leads us to believe that Appel and Roos used a source of 7.3 x

1011 which probably explains the difference between DASHand the Appel and Roos

results.

A more realistic treatment of the source
13 allows for an increased source

strength in later years caused by an increase in fuel particle failure rates.

We assumed that the initial source (SO = 7.3 x 109 atoms/cm3.s) increases with

time such that So is used for the first year, 2S0 for the second year, 3S0 for

the third year, etc. Numerical results for
90Sr concentration are listed in

Table VIII and shown in Fig. 18. The diffusion coefficient data of Table VI

was employed in this calculation. The ‘OY

Fig. 19. Comparison of the amount of ‘OSr

the fuel and structural graphite indicates

of this species is held up by the presence

the ‘OY does not diffuse significantly but

I I I I 1

3

concentration profiles are shown in

produced with amount retained is

that even at six years almost half

of the graphite. On the other hand,

decays into ‘OZr.

1 I 1 I I

1 1 1 1 I 1 1 I

0.2 Q6 0.0
DISTiiCE (cm)

Fig, 18. ‘OSr concentration profiles.
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Time
(Y)
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3

4

5

6

TABLE VIII

‘OSr CONCENTRATIONIN FUELMATRIXWITH INCREASING SOURCE

Total Source
Units

1

1+2=3

S+s=fj

4+6=10

5+10=15

6+15=21

. Fuel
Concentration
(atom/cm3)

1.80 x 1017

4.74 x 1017

8,45 x 1017

1.27 x 1016

1.75X1018

2.27x 10’8

Fuel Concentration
if no.Diffusion

(atom/cm3)-

2,30 x 1017

6.91 X 1017

1.38 x 1018

2.30 x 1018

3.46 X 1018

4.84 X 1018

I I I I

Idl==
t--

10+

10”

10=L
0 a 02

I
0.3

Distance

Fraction
Retained -—-

0.78

0.69

0.61

0.55

o,~l

0.47

Fig. 19, ‘0Y concentration profiles.
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v. PROGRAMSTRUCTURE
A. Role and Function of Subroutines

The DASH program consists of a driver routine, DASH1, and 34 functions and

subroutines. The functions and subroutines can be divided into three classi-

fications: primary, secondary, and graphic. The primary routines are those

that are called directly by the controlling routine, DASH1, and perform major

tasks. The secondary routines are

routines that do vector and matrix

graphic routines are available for

utility routines called by the primary sub-

operations and function evaluations. The

the generation of plots on 35-mm film.

1. Primary Routines

The 15 primary routines are discussed in the order in which they are

called by DASH1.

a. INPA. The subroutine INPA reads and prints the basic nuclear

data used in constructing the radioactive decay chain matrix. The input is

stored locally so that it is readily available for subsequently called routines.

b. INPB. The subroutine INPB reads and prints the problem-

dependent data.

c. GEOM. The subroutine GEOM calculates the geometric information

required by the solution routines. From data supplied in INPB, this routine

evaluates the mesh cell dimensions, area, and volume.

d. TEMADJ . The routine TEMADJ takes the temperature data supplied

in INPB and fits it to a spline. From the fit, the routine calculates effec-

tive mesh cell temperatures for all the cells in the problem.

e. INPLT. The routine INPLT displays the calculational cells

graphically. The mesh cells are illustrated with boundary condition and

dimensional data. The purpose of this routine is to facilitate the debugging

of the geometric input.

f. DIJADJ . The routine DIJADJ use the Arrhenius relation to tem-

perature correct the input diffusion coefficients on a cell-by-cell basis.

The temperatures calculated in TEMADJ are used along with the activation ener-

gies and diffusion coefficients read by INPB.

$1. BCONL. The routine BCONL is used to establish the left-hand

spatial boundary condition. Based on input data a modified value of ~k, Eq.

(12), is evaluated for Eq. (9). The modified source, Eq. (13), due to the left

boundary is also determined in this routine.
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h. MAKLAM . The routine MAKLAMutilizes the nuclear data from lNF’A

to construct the radioactive decay matrix, Eq. (2).

i. BIGEL.

for the matrix A, Eq.

cell-by-cell basis.

J . MAKEB.

The routine BIGEL constructs all the matrices necessary

(19), except R;. This determination is carried out on a

The routine MAKEB assembles the matrix B. It takes the

matrices created by BIGEL, multiplies them by the inverse volume element

matrix, and inserts them in the matrix B,

k. BCONR. The routine BCONR is used to establish the right-hand

spatial boundary condition. Based on input data a modified value of~k9 Eq.

(14), isevaluatedfor Eq. (9), The modified source, Eq. (15), due to the right

boundary is also determined in this routine.

1. SOLVER. The subroutine SOLVER operates on the matrix generated

by MAKEB to calculate the two matrix operators, D(Bt) and eBt. The recursion

relations discussed in App, A are part of this routine.

m. MAKVOL. The routine MAKVOL assembles the diagonal volume ele.

ment matrix, Eq. (20), used in FSOLVE.

n. FSOLVE. The subroutine FSOLVE uses the operators calculated in

SOLVER, the initial concentration vector, and the diagonal volume matrix to

evaluate the time-dependent spatial concentrations according to Eq. (25). This

routine is evaluated for each time interval specified in INPB. .

0. CONCPLT. The routine CONCPLT prints the results from FSOLVE in

a detailed manner as a function of time and space point in either terminal or

line printer format,

2. Secondary Routines

There are

ations such as

evaluation.

a.

14 secondary routines in DASH. These routines do utility oper-

vector and matrix operations, curve fitting, and function

The general

“ SCALAR -

● SCAECS -

. ‘IFACT -

● GENID -

“ MATMOV -

“ MOVECS -

mathematics routines are listed below.

Multiplies a local matrix by a scalar.

Multiplies an extended core storage matrix by a
scalar.

Evaluates factorials.

Generates an identity matrix,

Equivalences two local matrices.

Equivalences two extended core storage matrices,
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● MATMPY -

“ MPYEC3 -

“ MPYEC1 -

Multiplies combinations of local vectors and local
matrices.

Multiplies combinations of extended core storage
vectors and matrices.

Multil)lies combinations of local and extended core
storage vectors and matrices,

b. The specialized input and output routines are listed below.

“ PRIM - Prints a local matrix.

“ PRIMES- Prints an extended core storage matrix.

. PRIV - Prints a local vector.

“ REAG - Reads floating point data.

● REAI - Reads integer data,

c. There is one special purpose secondary routine.

“ WXSEC - Collapses multigroup cross sections by flux
weighting.

3. Graphics

The graphic routines generate 35-mm-film output in the form of plots of the

calculated results for each time step in the problem. The plots make use of

the DISSPLA* system which should facilitate the transfer to other computer

centers. The plotting is done entirely in subroutine DRAW. The plots can be

deleted without affecting the remainder of the code.

“ DRAW - Controls the plotting of time-dependent results.

The DISSPLA routines employed are

● GPLOT - Device-independent initialization routine.

● BGNPL - Begins a plot.

c HEIGHT - Sets the basic

. TITLE - Draws axes and

● GRAF - Scales axes.

● CURVE - Draws a curve.

● ENDPL - Ends a plot.

character height.

titles.

● DONEPL - Plot termination.

*
DISSPLAis a proprietary software product developed by Integrated Software
Systems Corporation, San Diego, CA. It is available at about 200 computer
installations.
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B. Program Flow

The flow of the DASHprogram is illustrated in Fig. 20. The name oj’ the

primary subroutine involved in a given step is enclosed by parenthesis.

c. DASHInput Instructions

The DASH input is contained in 17 cards which are divided into 4 sets.

The first set consists of card O, which establishes the print options. The
second set consists of cards 1 and 2 and defines the nuclear decay chains,

BEGIN OASH

t

INPUT NUCLEAR DATA
ONPA)

t

INPUT DIFFUSION
AND GEOMETRIC

DATA
(iNPB)

T t

CALCULATE CELL
AREASANDVOLUMES

(GEOM)

7
t

(XLCUIATE
TEMPERATURE

FIELO(TEMAW)

t

PRINT GEOMETRIC
ANOTEMPERATURE

OATABYCELL
(lNpLT, pRIv)

t

CORRECr DIFFUSION
COEFFICIENTS FOR

TEMpERATLJRE
IN CELL 1

[OIJAOJ)

clEVALUATE Bk

MATRIX FOR

LEFTBOUNDARY (BCONL)

CONSTRUCT DECAY

MATRlxFOR

CELLk(MAKUM) 1-

r!nCORRECT DIFFUSION

COEFFICIENT FOR

TEMPERATURE IN

CELL k+l

(OIJAOJ)

!=!
EVALUATE Kk,Ak

ANO B~G~uTRlcEs

SUBSTITUTE Kk,~

ANO B~+1 INTO
SOLUTION MATRIX B

(MAKEB)

QNEXT TO NO
LAST CELL

YES

CONSTRUCT DECAY
MATRIX FOR LAST

CELL

(MAKuM)

1 I

I
t

1
EVALUATEAK MATRIX
FOR RIGHTBOUNOARY

WONR)

EVALUATE AND
SUBSTITUTEKK
INTO SOLUTION

MATRIX B
(MAKEB)

44
EVALUATE sat

ANDO(Bt)
(SOLvER)

=/

CONSTRUCT DIAGONAL
VOLUME MATRIX
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e
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\
,

i

!=4
PLOT RESULTS

OFCALCULATION
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\

Fig, 20, DASH flow diagram,
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Cards 3 and 4 compose the third card set, which contains the multi$jroupcross-

section data. The fourth set, cards 5-16, defines the phystcal charactertsti.cs

of the system being evaluated.

The specific data for the four sets are detailed in Table IX. The user

should note that if words 3 and/or 4 of card 1 are negative,l or 2 branching

ratio cards, card 2 must follow card 1 before the next card 1. It should

also be noted that cards 2 and 3 and cards 4 and 5 are separated by a blank

card.

The diffusion coefficients are input as two matrices DIJO and AIJS. The

full diffusion coefficients are:

A.—
D=Doe ‘T [38}

= DIJO*EXP(-AIJO/(R*T)]

32
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TABLE IX

DASH INPUT INSTRUCTIONS -

CARD WORD SYMBOL FORMAT DESCRIPTION

o PRINT OPTIONS

1 NPRINT 14 0/1 LINE PRINTER/TERMINAL

2 NPLOT 14 0/1 NO PLOT/PLOT

1 -ONE CARD PER NUCLIDE -

1 NANMAT(I,l) A7

2 NANMAT(I,2) 14

3 NANMAT(I,3) 14

4 NANMAT(I,4) 14

5 NANMAT(I,5) 14

6 NANMAT(I,6) 14

7 NANMAT(I,7) 14

8 NANMAT(I,8) 14

9 NANMAT(I,9) 14

10 ANMAT (1,1) E12,5

2 -ONE CARD PER BRANCH FOR EACH
NEGATIVE VALUE OF NANMAT(I,3-4)-

1 BRV(IBR) E12.5

BASICNUCLIDEDATA

NUCLIDENAME

ID NUMBER

DECAY PARENT 1

DECAY PARENT 2

CAPTURE PARENT 1

CAPTURE PARENT 2

N-2N PARENT

N-ALPHA PARENT

N-P PARENT

DECAY CONSTANT (1/S)

BRANCHING RATIO

BRANCHING RATIO

-- BLANK CARD AFTER LAST SET OF CARDS 1 and 2 --
1S0 = NUMBER OF NUCLIDE CARDS

3

1 NXSEC(II,l)
2 NXSEC(II,2)
3 NXSEC(II,3)
4 NXSEC(II,4)

4 -NXSEC(II,3) CARDS-

1 XSEC(II,KX,l)
XSEC(II,KX,2)

: XSEC(II,KX,3)
4 XSEC(II,KX,4)

A6
A6
14
14

E12.5
E12.5
E12.5
E12.5

CROSS SECTION TITLE CARD

TITLE 1
TITLE 2
NUMBER OF GROUPS
NUCLIDE ID

SIGMAN-2N
SIGMAN-ALPHA
SIGMA N-P
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TABLE IX (cent)

CARD WORD SYMBOL FORMAT DESCRIPTION

--BLANK CARD AFTER LAST SET OF CARDS 3 and 4--

5

6

7

8

9

10

34

1
2
3

4

5

;

1
2
3

1
2
3

NCELLS+l

1
2
.
.

NCEiLS

1
2

NTEMPS

;
NTEMPS

NCELLS
NGEOM
NBCL

NBCR

NTEMPS

IMATS
IGP

TINT
TINC
TIMAX

DIST(l)
DIST(2)
DIST(3)
DIST(NCELLS+l)

MATS (1)
MATS(2)

MATS(NCELLS)

TEMPS(l)
TEMPS(2)
TEMPS(NTEMPS)

TEMCOR(l)
TEMCOR(2)
TEMCOR(NTEMPS)

14
14
14

14

14

14
14

E12.6
E12.6
E12.6

SPECIAL
SPECIAL
SPECIAL
SPECIAL

SPECIAL
SPECIAL

SPECIAL

SPECIAL
SPECIAL
SPECIAL

SPECIAL
SPECIAL
SPECIAL

PROBLEM RELATED DATA

Number of cells in problem
1/2/3 Slab/Cylinder/Sphere
Left boundary condition 1/2 re-
fleeted/concentration specified

Right boundary condition 1/2 re-
fleeted/concentration specified

Number of entries for specifying
temperature field

Number of materials
Number of neutron energy groups

TIMESTEPDATA
Initial time (days)
Number of time steps
Time at end of problem

DIMENSIONS

0.0

(days)

First cell right boundary (cm)
Second cell right boundary (cm)
Last cell right boundary (cm)

ASSIGN MATERIALS

Material ID for cell 1
Material ID for cell 2

Material ID for cell NCELLS

Dependent value for temperature
field

Temperature 1 (K
Temperature 2 (K{
Temperature NTEMPS (K)

Independent value for
temperature field
Coordinate of temperature 1 cm

[1Coordinate of temperature 2 cm
Coordinate of temperature
NTEMPS (cm)



TABLE IX (cent)

CARD WORD SYMBOL FORMAT DESCRIPTION

11 - One set of cards 11 and 12 for each of
IMATSmaterials -

DIJO(l,l,l) SPECIAL
; DIJO(2,1;1) SPECIAL
. . .
1S0 DIJO(ISO,l,l) SPECIAL

1S0+ 1 DIJO(l ,2,1) SPECIAL

lSO;lSO ~IJO(ISO,ISO,lj SPECIAL
ISO*ISO+l DIJO(l ,1,2) SPECIAL

. . .

ISOiISO*N tiIJO(ISO,ISO,Nj SPECIAL

12 - One set of cards 11 and 12 for each of
IMATS materials

1 AIJS(l,l,l) SPECIAL
2 AIJS(2,1 ,1) SPECIAL
. . .

i so iIJs(IsO,l,I) ~pEcIAL
1S0 + 1 AIJS(l ,2,1) SPECIAL

. . .

ISOiISO ~IJS(ISO,ISO,lj SPECIAL
ISO*ISO+l AIJS(l ,1,2) SPECIAL

. . .

.
ISO*ISO*N ~IJS(ISO,ISO,Nj SPECIAL

13 - One continuous set of card 13 for
IGP groups -

- Supply only if cross sections are
present -

1 PHI(l,N) SPECIAL
2 PHI(2,N) SPECIAL
. . .

NCE~LS ;HI(NCELLS,N) ~pEcIAL

NCELLS -I-1 PHI(l,N+l) SPECIAL

Diffusion Matrix (cm2/s)

Material 1 element (1,1)
Material 1 element (1,2)

Material 1 element (1,1S0)
Material 1 element (2,1)

Material 1 element (IsO,ISO)
Material 2 element (1,1)
.

Material N element (1S0,1S0)

Activation Energy Matrix(cal/mole)

Material 1 element (1,1)
Material 1 element (1,2)

Material 1 element (1,1S0)
Material 1 element (2,1)

Material 1 element (IsO,ISO)
Material 2 element (1,1)

Material N element (1S0,1S0)

F1uxes

Group N flux in cell l(n/cm~-s)
Group N flux in cell 2(n/cm -s)

.
Group N flux in cell NCELLS
(n/cm2-s) .

!~~~~2!s~ 1 ‘lUX ‘n cell 1
. . . .
. . . .
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TABLE V Continued TABLE IX (cent)

.

CARD WORD SYMBOL FORMAT, DESCRIPTION

14 - Supply only if NBCL = 2
1 CONBOU(l,l) SPECIAL

2 CONBOU(2,1) SPECIAL

is-o L0N60u(Is0,1) ;PECIAL

15 -Supply only if NBCR = 2 -
1 CONBOU(1,2) SPECIAL

2 CONBOU(2,2) SPECIAL

1:0 coNBouiIso,2) SPEtIAL

16
1 CONINT(l) SPECIAL

2 CONINT(2) SPECIAL

IiO CONINT~ISO) SPEtIAL

1s0 + 1 CONINT(ISO+l) SPECIAL

ISO~NCELLS C6NINT(1SO*NCELLS) SPE61AL

17 1 SOURCE(1) SPECIAL

2 SOURCE(2) SPECIAL

iso ;OURCE(ISO) ;pEcIAL
1S0+1 SOURCE(ISO+l) SPECIAL

ISil*NCELLS ~OURCE(ISO*NCELLS)~PECIAL

Left boundary concentrations
Specie 1 left boundary concen-
tration (atoms/cc)
Specie 2 left boundary concen-
tration (atoms/cc)
.
Specie 1S0 left boundary con-
centration (atoms/cc)

Right boundary concentrations
Specie 1 right boundary
concentrations (atoms/cc)

Specie 2 right boundary
concentrations (atoms/cc)

Specie 1S0 rig~t boundary
concentrations (atoms/cc)

Initial concentration
Initial concentration cell 1
specie 1 (atoms/cc)

Initial concentration cell 1
specie 2 (atoms/cc)

Initial concen~ration cell 1
specie 1S0 (atoms/cc)
Initial concentration cell 2
specie 1

Initial concentration cell
NCELLS specie 1S0

Source cell 1 specie l(atoms/s)

Source cell 1 specie 2(atoms/s)

<ource cell 1 specie ISO(atoms/s)
Source cell 2 specie l(atoms/s)

~ource cell NCELLS specie 1S0
(atoms/s)
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There are two special read formats. One is for integer data 6(11, 12, 19),

one for floating point data 6(11, 12, E9,3), In each of these formats the first

integer field, 11, designates the options listed in Table X. The second in-
~

teger field, 12, controls the execution of’the option, and the remainder of

the field, 19 or E9.3, is for the

formats must be ended with a 3 in

block.

SPECIAL

Value of 11

O/blank

1

2

3

input data. All data blocks read with these

the 11 field after the last word of the

TABLE X

READ FORMAT OPTIONS

Description

No action

Repeat data word in 9 field number of
times indicated in 12 field.

Place number of linear interpolants
indicated in 12 field between data
word in 9 field and data word in
next 9 field (not allowed for inte-
gers).

Terminate reading of the data block.
A 3 must follow last data word of all
blocks.

D. Machine Requirements

The DASH code requires both 35-mm-film-hardware for graphics and the

large core memory (LCM) capabilities of a CDC-7600. DASH was designed to

operate on a CDC-7600 using the FTN compiler. The code is listed in App. B.

VI. DASH TEST PROBLEM

To demonstrate the application of the DASH code to solving a problem, a

two-specie, three-material sample problem has been defined. The absorbent is

a slab 5 cm thick consisting of three equal material regions, Inftially, there

is no diffusant in the absorbent. The material data for the two materials is

summarized in Table XI. The test problem was run for 10 days with the results

tabulated every 2 days. A detailed listing of the input and output is given

in App. C. The graphic output is given here (Figs. 21 and 22). This problem

requires approximately 5.5 CPU seconds of CDC-7600 time.
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TABLE XI

SAMPLE PROBLEM DATA

DI FFUSANT DECAYCONSTANT DIFFUSION COEFFICIENT BOUNOARYCONCENTRATIONS

(s-1 )
(cm2/s)

1 2 3 Left Right

A 8.0225 X 10-7 5.426X 10-6 1.266 X 10-5 1.808x 10-6 1.0x 1010 0.0

8 1.6045X 10-6 2.713 x 10-6 6.330 X 10-6 9.042 X 10-7 5.OX 109 0.0

.1.0

.9

.8

.7

.6

.5

.4

.3

.2

.1

0

A

CD

0 1. 2. 3. 4. 5

DISTANCE (CM)

x

1-
<
w

1-
Z
w
(-)

i5
(-)

B

5.0

4.5

4.0

3.5

3.0

2.5

2.0

1.5

1.0

.5

.0
0. 1. 2. 3. 4. 5

DISTANCE (CM)
Fig. 21. Sample problem results for Fig. 22. Sample problem results for

Diffusant A. Diffusant B.
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APPENDIX A

MATRIX OPERATOR EVALUATION

The time-dependent equation to be solved using the matrix operator method

is

& .
dt

Bj/+ ij. (A-1)

If the matrix B is constant in the time interval (0, t), w@ maY construct

the matricant Ot (B), Eq. (A-2), using the Volterra method Of the multiplicative
4,14,18

integral.

o: (B) = exp
[r ]

B(s) ds = exp [Bt]. (A-2)
o

The solution to Eq. (A-1) is given by

fit (B) ](0) + ~i(t) = o ‘dt’K (t, t’): (t-),
I

(A-3)

where

K(t,t-) = [1Q:(B) f&(B) ‘l. (A-4)

Substituting Eq. (A-2) into Eqs. (A-3) and (A-4) gives

I(t) = eBti(0) +eBt

Assuming that~(t ) =~is

~(t) = eBt ~(0) +~-1

Jt dt’ e-Bt”; (t’). (A-5)
o

constant over the interval (O, t), Eq. (A-5) becomes

(eBt - 1) ~. (A-6)

Defining the matrix operator D(C) by4

D(C) = C-’ (ec- 1) (A-7)
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or

tD(Bt) = B-l (eBt - I),

1 Eq. (A-6) becomes

i(t) = I(O) + tBD(Bt) ~(0) + tD(Bt);

[
=1(O) + t13(Bt) B~(0) +

Note that the matrix operator

1
&

D(C) defined by

D(C) = C-’ (ec - I) = xn;o&

(A-8)

(A-9)

(A-1O)

exists even if C = Bt is singular.

by unity, and the eigenvalues of C

Although the eigenvalues of ec are bound

are bound, but not necessarily by unity, the

direct evaluation of D(C) would prove difficult computationally ifEq. (A-1O)

is used. The matrix C can be scaled so that the eigenvalues are bound by

unity. Define

H = 2-Pc, . (A-n)

where p is determined.by

ID-W;

or4,15

(A-12)

(A-13)

We approximate the D(H) matrix operator by a finite number of terms M using

Eq. (A-1O).

(A-14)
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The value of M is chosen such that the excluded terms have an error less than

6,4 or
I

W’2M+;M+2)I<‘-.

Knowing D(H) we may recur upwards by powers

c = 2PH, using the recursion relation

I)(H) =H-’ (eH- I)

and

D(2p+ ‘$j)= D(2PI-1) [I+% (2 Pti)D(2PH)] .

The recursion relation is readily proven by

Clearly if p =0, D(C) is equal toD(H). Ifp=

D(c) =D(2H) = (2H)-1 (e2H - I)

= D(H)[I+%HD(H)] .

Induction based on Eq. (A-19) yields

(A-15)

of 2 in H to find D(C) where

(A-16)

induction. Define

(A-18)

1, Eq. (A-16) yields

D(2PH) = D(2P - lH)
[
I+!5(2P -1 1H)D(2P - lH) .

(A-17)

(A-19)

(A-20)

Assume Eq. (A-20), which is true for P = O and 13 is true for P = nO Evaluate

D(2n + lH) as

42


