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A STATISTICALMODELINVESTIGATIONOF NUCLEARFISSION

by

RichardEdwinPepping

ABSTRACT

To assistin the improvementof

libraries,the statisticaltheoryof

fissionproductyielddata

fissionhas been investigated.

Calculationof the theoryemploysa recentnuclearmass formula

and nucleardensityof statesexpression.Yieldscomputedwith

a simplestatementof the theorydo not givesatisfactoryresults.

A slowlyvaryingempiricalparameteris introducedto improve

agreementbetweenmeasuredand calculatedyields. The parameter

is interpretedas the spacingbetweenthe tipsof the fragments

at the instantof scissionor as the lengthof a neck in the

fissioningnucleusimmediatelypriorto scission.With thisspac-

ing parametersemi-quantitativeagreementis obtainedbetween

calculatedand measuredmass chainyieldsfor six casesinvest-

igated,
233

‘(nth9f),
235

‘(nth>f)$239Pu(nth,f),
235

U(n+14,f),

238U(n+14,f),and 252cf(sf).An indicationof the sourceof mass

asymmetryin fissionis presented.

The modeldevelopedpredictsa mass and energydependence

of someof the parametersof modelscurrentlyin use in data

generation.A procedurefor the estimationof the fissionpro-

ductyieldsfor an arbitraryfissioningsystemis proposed.

-----------——-----------
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Tq’rI?ODIJCTXON

Reliablenucleardata i-srequiredfor both civilianand mil-

itaryapplicationsof nuclearenergy, Tn reactoroperation,fis-

sionproductbuildup

neutronabsorption.

affectsreactivityand fuelburnuptlarough

The fissionproductsthemselvesare sources

of decayheat whichmust be takenintoaccountin the designof

safetysystems. Afterleavingthe reactor,shieldingand cooling

requirementsof the spentfuelagaindemandthat the composition

be known in orderto insuresafehandling, In some casesof i~.

portanceaccuratemeasurementshave been made to determinethese

sources, For less frequentfissioneventsand for lesswell meas-

ured fissioningsystems,modelinghas been employedto estimate

the yieldsof the variousfissionproducts. It Is the objectof

thiswork to Improveupon themethodof yieldestimationthrough

the use of a reasonablephysicalmodel.

In selectinga model for use here, thereare basicallytwo

schoolsof thought. By computingfrom firstprinciplesthe dynamic

behaviorof a heavynucleusas it proceedsfrom its originalstate

to two fissionfragmentsone may expectto understandthe entire

fissionprocessin additionto understandingthe probabilityof

the formationof a givenpair of fissionfragments,the fission

fragmentyield, Such a calculationis possible,in principle,but

is tediousand prohibitivelyexpensivein practice. AlternatZvely~

one nay make a s<mpl~fyingqssumpttont~atrendersthe exqctde-

tailsOS the fissionprocessof Iittle”lmportanceand concentrates



upoq the fisszonyields. Such a simplifyingassumptionwouldbe

to assumethatthe entireprocessts statistical,completelydeter-

minedby the propertiesof the finalstate. This assumptionap-

pearsto have been firstmade by Fong,l

That the fissionprocessmay indeedbe statistical3s indica-

ted by examiningthe availabledata on fissionyields. The dis-

tributionsof productmassvary slowlybetweenfissioningsystems,

differenceswhichappearbeingunderstoodthroughsimpleconserva-

tion laws. The mass yieldsalsovary slowlywith particleenergy

in particle-inducedfission, Again,the finalstateappearsto be

the importantfactorin determiningytelds,

The applicationof statisticalmodelsto the fissionprocess

is not a new idea. Fonglpresentedthe Ideaover 20 yearsago and

has writtenprolificallyon the subjectsincethen. More recently,

2,3
calculationshavebeen presentedby otherauthors. Most re-

4
cently,Wilkins,et al. gave an extensivetreatmentof the topic

givingqualitativeagreementwith observationsof many fissioning*

systems. It shallbe the objectof thiswork to investigatethe

statisticalmodel to determineits validityin a quantitativesense

for

tke

~ossibleuse in improv~ngfiss~onproductdata libraries,

As an a~d to the reader,the followingis a brief guideto

orgqnzzat~onof the presentationthatfollows, The fission

process*S bxieflyreviewedZn CindertQ qualitativelydescribethe

prcvqeseand establ$shscvqeof che Ianguqgeto be used GO describe

+$, Xhe theory is them c?st quantitativelyto demonstratethe



natureof the assumptions

It shouldbe kept in mind

necessaryto make the theorycalculable,

thata largenumberof thingsmust be

assumed,any one of which,if in error,is of sufficientconse-

quenceto changeany conclusionsdramatically.Givena set of

assumptions,a numberof thingsmay be computed,tn additionto

theyields,as diagnosticsand are discussedtn the section“The

Yield and Its Moments.” Followingthis section,threesetsof as-

sumptionsto be used in calculationsare describedand motivation

givenfor theirselection.

essaryto the evaluationin

calculationmay proceed.

After specifyingsome expressionsnec-

the sectiontitled“TheDensities,”the

The firstyield calculationis performedfor

It employsthe densityexpressionmost similarto

severalreasons,

the otherstatis-

ticalmodelevaluationsmentionedand giveshistoricalcontinuity

to thiswork, It also allowssome experimentationwith themasses

and single-particleenergytreatments.Most importantly,it is

used to demonstratethe equivalenceof two of the

tions,therebysimplifyingthe calculation.This

sets of assump-

particularcal-

culationis performedwith extremecomputationalcare in order to

insurethatnone of the conclusionsmade are the resultsof numer-

ical artifacts,

Havingbecomesomewhatmore at easewith the calculationand

the variousinputquantities,a new densityexpressionis 3ntro-

ducqd,a featurewhich,al~ngwith the mass formula,sets this

3



work apartfrompreviouscalculations,with thisexpressionand

the mass fonmulqthemodel is completelyfreeof adhocparameters

other than thoseexplicitlyappearing. Afterestablishingthe

computationaltechniqueto be used with the new density,a set of

sampleyieldsts computedand discussed,

To obtainquantitativeagreement,some parametrizationis

necessaryin orderto achieveoverallagreementbetweenmeasured

and computedvaluesof the chain-yields,promptneutronnumber,

totalgawa energies,and totalkineticenergy. In describing

independentyields,themodel employedwhen data is poorlyknown

requiresthe use of someempiricallydeterminedparameters,Work-

ing backward,one may extractthevaluesof theseparametersfrom

both the publishedyieldsand calculatedyi.elds.Comparingthese

valuesrevealssome smalldifferences,Possiblereasonsfor these

discrepanciesare discussed.

Finally,observationsof potentialpracticaluse by way of

simplemodelsand scalingrelationsare discussed. The various

physicalmodelsnecessaryfor the calculationare brieflydis-

cussedin severalappendices.Any one of thesesubjectsis, by

itself,deservingof a thoroughtreatment.The appendices,how-

ever,describeonly the featuresnecessaryfor thiscalculation

and the#.rmethodsof implementation.

yssxor’1WiyJ.q

92?one examinesthe familiarplot of bindingenergyper nucleon

for stablenuclei,5f.tmaY be seen thatnucleinearmass number60



are most tightlyboundwith about8.5Mev of bindingenergyper nu-

cleon. With increasingmass numberthe bindingenergyper nucleon

decreases, For a sufficientlyheavynucleusit may thenbe ener-

geticallyfavorablefor the nucleusto splitinto two lighternu-

clei..To do this the heavynucleusmust deformand elongateto

such a degreethat the repulsiveCoulombforceis sufficientto

overcomethe attractivenuclearforce. At this point,the nucleus

may split,or fission,ratherthanreturnto its groundstateshape.

In orderto describethe nucleusas it elongates,one must be

able to describeits behavioras it proceedsalongsome trajectory.

in a multi-dimensionalspaceof shapecoordinates,Shapesthat

have been usefulin describingthe behaviorspecifysuch general

quantitiesas elongation,mass asymmetry,axialasymmetry,and

neck formationof the deformednucleus, Initially,the.heavynu-

cleusmay resistdeformationsuch thatan elongationof its shape

is accompaniedby the increasein the potentialenergyof the

system. At largerdeformationsthe potentialenergymay actually

begin to decrease,a manifestationof shelleffectsin the defo~ed

nucleus. Theseshelleffectsdependstronglyupon the shapeof

the nucleus. In the multidimensionalshapespacethe potential

energysurfacemay have many localmaximaand minima, The minima

are associatedwith so calledshape-isomerism~n heavynuclei?

metast~bl.estatesof the deformednuc~eus, At somepoint Che

Cou\~mbre~u~s~onbecomess~fftc~eqtlyStxongthat At cayer~cmes

the nuclearattraction,The nucleagpotentialenergythen de-

creaseswith furtherelongat~on, Xn general,any of tihelocal

5



maximaclef%nesaddle-pointsin

cussionthat fozlows,the term

fer to thatshapeat which the

tractionexactlycancel.

the potentialenergy. In the dis-

“saddle-point”shallbe used to re-

Coulombrepulsionand nuclearat-

AS the nucleusproceedsbeyondthe

the shapemay beginto resemblethatof

saddle-pointdeformation,

a dumbellwith two lobes,

the nascentfragments,connectedby a neck. The Coulombforcemay

drivethe elongationfurtheruntilthe nuclearrestoringforceis

no longerable to hold the systemtogether. The neck snapsand

fissionoccurs. At this instant,calledthe scission-point,the.

systemconsistsof two separatenuclet.

Duringthe descentfrom saddleto scissionthe fragmentsmay

acceleratein the Coulombfieldsuch thatat the scission-point

the fragmentspossesssome translationalkineticenergyassociated

with the motionof theircentersof

act natureof the descentand snap,

theirshapesvibrating. Beyondthe

mass. Dependingupon the ex-

theymay alsobe rotatingand

scission-pointthe fragments

may furtheracceleratein the Coulombfield. The energyassociated

with translationalkineticenergyat the sclssion-pointand the

energyobtainedfrom the Coulombrepulsionmay be measuredin the

lab as the fragmenttotalkineticenergy, The energyassociated

with rotat~on,shapevibrationand deformation,and any internal

exc~tat~ongainedduringthe descentprovidesenergyfor prompt

neutranand gammaray emlsston. The distinctionshallbe made be-

tween fiss~on t??dgnwmts.and fission~oducts, the fragmentsbeing



the two nucleiimmediatelyfollowingscissionand the productsre-

sultingafterpromptneutronemissionfrom the fragments,

THE THEORY

Duringthe descentfrom saddleto scission,the nuclearshape

is drivento furtherelongation,the nascentfragmentsacquiring

translationalkineticenergy,underthe influenceof Coulombre-

pulsion. Dependingupon the natureof the nuclearHamiltonian,

the collectivedegreesof freedommay be coupledto internalde-

greesof freedomsuch that the collectivemotionis damped,some
..

of the energy

nal heat. At

leased,

G = M* -

*

gainedduringthe descentbeing convertedinto inter-

the scission-pointan amountof energy,G, is re-

-m
9 2-C

Here,M“ is the mass of the fissioningnucleus,mi is the mass of

th
the i fragment,and C is the Coulombinteractionenergy. As a

resultof the strongCoulombrepulsion,the fragmentsmay be de-

formedsuch that theirmassesare increasedby the amountD re-

lativeto the ground-states
+
~ any parametersassumedto

scission,G may be written,

+ *

values,mio”
Denotingcollectivelyby

describethe fragments!geometryat

G(cY)= M
- ‘lo - ’20

- D1(&) - D2(&)- c(;) ●

This energymay appearas fragmentexcitationenergyor rotational,



vibrational,and translationalkineticenergy. Energiesassoci-

atedwith rotat~onand vibrationare neglected,justificationof

whtch i.sofferedin AppendixC. The energyat the scission-point

is assumedto be partitionedbetweenIntrinsicdegreesof freedom,

or heat,and collectivetranslationalkineticenergydegreesof

freedom,

Formally,the decaywidth is givenby the FermiGoldenRule,6

r@@&) = l<flHfissliP12p(G) ~

Here,A and Z specifythe mass and chargeof the lightfragment,

the mass and chargeof the heavy fragmentgivenby conservation

laws,Hfissis the perturbingHamiltoniancausingthe decay,Ii>

denotesthe initialstate,the fissioningnucleus,and If>denotes

the finalstate,two fragmentsof specifiedmass,charge,and any

+
otherparameters,o!,assumedto describethe scissionconfigura-

tion. Hereinlies the problem.

Specificationof the mass and chargedivisionalonedoesnot

adequatelydescribethe scission-point.Until the;-parameters

are given,the calculationcan not begin. Theseparametersare

givenby Hfiss,makingit an extremelyimportantquantity, This

may be illustratedwith regardto the nuclearshapesby assuming

the phase-spacedensityto be givenby a constanttemperature

Boltzmanexpression,

P(G)= exp(G/T) ~



and Hfi~~ to be a constantfor all possiblefinalstates. The

most probablescissionconfigurationis that forwhich G is a max-

imum, Wilets7has determinedthis configuration,inthelimitof

the liquid-dropbehavior,to be two infinitelylongnuclearneedles

of vanishingdiameter, In a realnucleus,thislimitis not at-

tainable. The conclusionIs similar,however,that the overriding

factoris the Coulombenergydrivingthe shapeto one of extreme

elongation,a shapethatmay be attainedwith sufficientlymany

degreesof freedom.

For more modest

arises. The energy,
*

deformationsof the fragmentsanotherproblem

G, to be partitionedmust be positive. It

has been suggested~thatat the scission-pointthe fragmentsare

tangent. Even for the largestdeformationswhich the mass formula

allows(AppendixA), positivevaluesof G can not be obtainedwith-

out introducinga spacingparameter,6, to be interpreted

distancebetweenthe tipsof the fragments. Introduction

as the

of this

parameterallowsthe Coulombenergyto be reducedsufficientlyto

allowpositivevaluesof G. As the parameterincreases,G in-

creasessuch that the most probablescissionconfigurationcorre-

spondsto fragmentsat infiniteseparationwith C = D1 = D2 = O.

It would thenappearthat the natureof Hfiss is quiteimpor-

tant s%nceit is the only factorremainingwhich can prohibitthese

configurationsso stronglyfavoredthroughthe phase-spaceterm,

Proceedingfrom firstprinciples,one must then computethebe-

haviorof the fiss~oningsystemas it descendsfrom the saddle-

9



point to the scission-point,the end of the fissionprocess,keep-

ing trackof all energies, coordinates,and quantumnumbers.

Havingdeterminedthe scission-pointshapes,separations,matrix

elements,and energypartition, an importantquantityto be

discussedlater,for all possiblefinalstates,the phase-space

termmay be computedfor eachand theyieldof a givenmass and

chargegivenby integratingover the uninterestingvariables,

The descenthas onlybeen calculatedfor a few nuclei,and

thenonly in the contextof a simplifiedmodel. Rather

temptto solvethisproblemhere,the GoldenRule shall

thanat-

be used

with

cess

this

8
existingfissionproductyielddata to view the fissionpro-

in hope that the natureof Hfissmay be extracted. Clouding

viewwill be otherassumptionsand modellimitationsnecessary

to rqakethe calculationpossible.

THE YIELDAND ITS MOMENTS

It shallbe assumedthat,apartfrom determiningthe scission-

point energypartitionsand shapes,the matrixelementis a con-

stant. The shapesare presumedto be givenby some distribution,

f(:). The yieldof a givenfragmentchargeand mass is thenpro-

portionalto the sum over& of the decaywidths,



IY(A,Z) =
z

p[G(i)]”f(;) .

+
a

The yield is givenby normalizing,

I (A,Z)
y(A,Z) = .

‘z
IY(A,Z)

A,Z

To evaluate p[G(&)],thermalequilibriumshallbe assumedbe-

tweenthe intrinsicdegreesof freedomand the collectivetrans-

lationalkineticenergydegreesof freedom. Suppressingthe:

argument,

G G-k

p(G)=JfP(k p1(E1)p2(E2=Gk-E1)dE1dk ,

0 0

where p(k) is the densityof statesof translationalkineticen-

th
ergy,k, and pi(Ei)is the densityof statesof the i fragmentat

excitationenergyEi.

In additionto the yieldintegral,two momentsof interest

shallbe computed,

IE(A’Z)‘zf(:ip(kJ~’l(E’)p’(G-k-E’)dE‘
a o 0

G Gk

11
Ik(A,Z)=~f(~) kp(k) p1(E1)p2(G-k-E1)dE1dk.

+
a o 0



With respectto the;-parameters,weightedaveragesmay be

computedfor any quantity,Q,

IQ(A,Z)=~Q(&f(&p[G(&)] .

+
a

Then the averagevalueof any quantityis givenby

‘Q’=% ●

Y

Of particularinterestare the quantities<D>, <C>,<k>, <E,>,and
A

~2> = <G>

These

metersand

- <k> - <El> .

momentsmay be used as checkson

assumptions.For example,after

the variouspara-

normalization,the

moments,~>, <C>, <Ei>,and ~i> may be comparedto experimental

valuesof the totalfragmentkineticenergy,<TKE>,and the decay

energyfor promptneutronand gammaray emission,X.,

With

<C>++>=<mE>

<Di>+-<E>=CX.>
i 1

a tableof neutron

J.

s

.

separationenergies,an upperboundon

the numberof promptneutronsmay be determinedfromX..
1.

In makingcomparisonsbetweenmeasuredand computedyields,

someof the terminologythatshallbe used is as follows:

1) Independentyield:theA and Z dependentyield,y(A,Z).

2) ‘Mass-chainyield,mass yield,or chain-yield:the yield

of a givenmass, independentof charge,

12



Y(A) ‘~Y(A, z) .
z

3) Chargeyield:the yieldof a givencharge,independentof

mass,

y(Z) =~y(A,Z) .
u
A

Energiesand diagnostic

and summedare referred

Withina fixedmass

vialedby the chainyield

fiy(A,Z),

Y(LLZ)fLy(A,Z)=—
Y(A)

:ermsweightedby the independentyields

:0as integralvalues.

chain,the independentyieldsmay be de-

to

THE SCISSIONCONFIGURATION

Beforethe calculation

form the fractionalindependentyield,

canbegin,the parameters,;, describ-

ing the scissionconfigurationmust be specified. Sincethe frag-

ments are neutron-rich,unstable,and highlydeformed,experimental

knowledgeof theirmassesis not available.Amass formulamust

thenbe used to estimatethemass and its shapedependence. Seeger

9
and Howard give sucha formula,describedin AppendixA, with two

parametersspecifyingthe shape. Theseare theNilssonparameters,

s and E4, used to describethe single-particlepotentialwell of

the nucleus. They describeaxiallysymmetricshapes,only. Some

13



of the

of the

shapesconsidered

coefficientsof a

are shownin Figure1. Approximatevalues

collectiveradialexpansionin Legendre

Polynomialscorrespondingto theseshapesappearin Table1. The

chargeis assumedto be uniformlydistributedthroughoutthe nu-

clearmass. Onlymultiples of evenorderappearin a multipole

expansionof the Coulombinteractionenergysinceonly even order

multiples appearin nuclearpotential. The scissionconfigura-

tion is thenspecifiedby four shapeparametersand the spacing

parameter,d, which shallinitiallybe held constantfor all

masses,charges,and shapes.

The distributionof shapeparameters,f(~),is givenby Hfiss.

As an exampleof sucha distribution,it has been proposedthatthe

fissioningnucleusis extremelydissipative

from saddleto scissionis so slowas to be

1
is the case,it is argued, the nucleusmay

and that the descent

quasi-static.If this

followa minimumpotential

energytrajectoryon itsway to scission. The energyrelease,G,

is equivalentto the negativeof the potentialenergy. Then a con-

sistentmethodexiststo definea scission-pointconfiguration,

which shallbe calledthe GMAX configuration,

f(z)= 1. G(z) = maximum

f(z)= 00 all other;.

More detailedinvestigationsof the behaviorof viscous

dropsrevealthat the presenceof high viscositycauses

liquid-

the tra-

jectoryto deviateconsiderablyfrom thatof minimumpotentialen-

ergy for the caseof symmetricmass splits. Tt may thenbe antici-

pated that the view of the scission-pointmay be somewhatobscured

14



by computingyieldsat the GMAX shapes. Two othershapedistri-

butions,f(;),shallalsobe considered.Withinthe spaceof al-

lowedshapecombinationsin the fragments,the yield integralsmay

be evaluatedat all pointsand a yieldsurfacedeterminedfor a

givenA and Z. Assumingf(~)= 1. for all ;, the yield is givenby

summingover all ~, definingthe SUM method. Havingthe yieldsur-

face,the shapecombinationat which it takeson maximumvaluede-

finestheYMAX configurationand the YMAx shapedistribution,

f(:)=1. p[G(;)] = maximum ,

f(:)= o. all other; .

The interestin these

following.Assumefor the

for the phase-spaceterm,

P(G)= exp(G/T) ,

The yieldsurfacepeaksat

threeconfigurationsmay be seen in the

timebeing a constanttemperatureform

the GMAX configurationand may be ap-

proximatedas a Gaussianabout thispoint. The SUM methodis then

approximatelythe integrationof a

the productof the peak value,the

Gaussian,the resultof which is

GMAXvalue,and a width para-

meter. To the extentthat the yield surfaceis approximatelyGaus-

sian and thewidth parametersmoothlyvaryingwith mass and charge,

the GMAX and SUM yieldsare identical,the width parameterentering

as an overallconstantwhich dropsout of the yield expressionup-

on normalization.Comparisonof the two yieldsshouldindicatethe

validityof theseassumptions.



In fact,the phase-spacetermis not of a constanttempera-

ture form. In additionto the Gdependence single-particleterms

in the fragmentsaffectthe yield. It is for this reasonthat the

YMAX yieldis greaterthan

yieldmay be comparedwith

the assumptionof Gaussian

thatof the GMAXyield. Again,the SUM

theYMAX yield to testthe validityof

behaviorabouttheYMAX configuration

and the smoothnessof thewidth parameter.

A practicalproblemariseswith theYMAK and SUM yields,

namelythatthe yieldintegralsmust be evaluatedat all combina-

tionsof the shapeparameters.When possible,this is done. In

the largershapespaceultimatelyto be considered,thisis too

tediousand a restrictedarea in the vicinityof GMAX is explored

to find theYMAX configuration.The SUM methodis too expensiveto

be appliedin this case.

THE DENSITIES

A. The Kinetic

The density

EnergyDensity

of linearmomentumstatesfor a two-particlesys-

tem of reducedmass,V, in a volume,V, is givenby,

p(k)=% N(k) ,

wherek is the translationalkineticenergyand N(k) is the total

numberof translationalstatesof kineticenergyless thanor

equal to k,

P

r

ax
N(k) =% d3p

h
o

16



4?TV 3/2
== (2pk)
3h

Hence,

‘(k)=w
The reducedmass of the two particlesof approximatemass Al and

A2 iS

p. ‘lA2 mass units .
Al+ A

2

As only proportionalitiesare important,the expressionused for

p(k) is takenas.

p(k) T=(A1A2)3k .

In latercases,theAl and A2 termsare dropped,thesebeing slowly

varyingquantities.

B. The NuclearStateDensity

The densityof statesfor a nucleusof N neutronsand Z pro-

tons at excitationenergyE is formallydefinedas the inverse

Laplacetransformof the partitionfunction,G?(aN,c%Z,E),for the

system,

1P(N,Z,E)= —
U{

exp[G!(aN,az,f3)- aNN - azZ + 13E]daNdcZd~ .
(2mi)3



The partitionfunctionis computedseparatelyfor the neutronand

protonsystems,

n(aN,(3z,f3) = S2N(Q) +f2a(av,f3) .
IY AL

may be well approximatedat reasonableexcita-

saddle-pointmethod,

The contourintegral

tion energiesby the

es
P = ~2T)3/2Dl/2 ‘

where S is the entropy,

‘=Q - a ~N - CXZZ+ f3E ,

and D is the 3x3 determinantof thematrixof secondderivatives

of Q with respectto ~, az, and ~. Throughthe saddle-pointap-

proximation,the quantitiesa and @ takeon the identitiesof the

chemicalpotentialand reciprocaltemperatureof the system. All

quantitiesare to be evaluatedat the saddle-point,definedby the

locationof the peak of the.integrand,

The partitionfunctionhas been determinedfor a systemof Fermions

with a residualpairinginteractionby Sano and Yamasaki.
11

Den-

sitiescomputedwith thispartitionfunctionhavebeen investigated

by Moretto
12 13-15

and Huizenga,et al., and are the basis for

yieldscomputedlater. The formalismand its implementationare

describedin AppendixD.
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By assumingthe single-particlestatesto be uniformlyspaced

an analyticaldensityexpressionmay be obtained. The expression

16
was firstproposedby Bethe andwas latermodifiedby several

17-21
others in order to improveagreementbetween

measuredneutronresonancespacings. The formof

the constantspacinglimitis givenby

whereU is the excitationenergy

It is upon the densityparameter

sinceit allowsthe introduction

predictedand

the densityin

and a is the “densityparameter”.

thatefforthas been concentrated

of empiricismto accountfor the

shortcomingsof the constantsingle-particlespacingassumption.

This expressionis describedin AppendixE.

The analyticalexpressionis significantsinceit was the only

expressionavailablebeforefastelectroniccomputersallowedthe

implementationof themore realisticmethodproposedby Morettoand

Huizenga. It is stillin use
22

and has been usedby Fong to com-

1
pute fissionproductyields. Yieldsbasedon both methodswill

be presentedin thiswork.

A SAMPLEYIELD CALCULATIONBASEDON AN ANALYTICALDENSITYFORMULA

As an exampleof the methodof evaluation,yieldsare computed

for
235

U(nth,f)assumingthe nucleardensityof statesexpression

to be givenby the analyticalexpressionof Gilbertand Cameron.17

This formulais discussedat lengthin AppendixE, The expression

is writtenin two piecesand describesthe densityof statesat



excitationenergy,E,

The

p ‘E)‘:-&w “‘xH
a

E-E

()
PL(E)=~exp & E < Ex

subscripts,L and H, referto the valueof E relativeto a

transitionenergy,E~, L (low)for energiesless thanEx and H

(high)for energiesaboveEx. The two formulasare requiredto

join smoothly

appearing,T,

The

ten

at Ex, a conditionwhich definesthe two parameters

the temperature,and E
0’

5

Ex
-E E

x

E. = Ex - T log [T pH(Ex)] .

excitationenergyin the high excitationenergyformis writ-

as U

E.

P is the

accounts

and is related

U+P .

pairingenergy

to the

of the

excitationenergyargument,E, by

nucleus. This particularstatement

for the factthat thereis a residualinteraction,pair-

ing, in the groundstateof the nucleus, Its effectis t. ca~e

an overallshiftof the energyaxis. The transitionenergy,Ex, is

actuallygiven

Ux “E -
x

where

in termsof Ux,

P

20



Ux = 2.5+ 150/A

This resultwas determinedempiricallyby Gilbertand Cameron.
17

The fit expressionreproducesthe data to approximatelyf 200 keV.

As shownin AppendicesE and F, use of this formulaalso requires

a single-particleshellenergy,S, which entersthrough~, the den-

sityparameter. The densityparameteris usuallythe objectto be

modeledwhen usingthis formula, as discussedin AppendixF.

Dependingupon the valueof E relativeto the cross-over

energy,Ex, threetypesof integralsare encounteredin the yield

calculation,

H (j)(G-k_E)dEdk~n/2 Emp~i)(E)pL
11 =

12 ‘Jkn’yEmp:i)(’)p:’) (G-k-E)” ‘k

*3 = 11
kn/2

‘i)(E)p~j)(Gk-E)dE dk ,Emp ~

where,for the yield,n = 1, m = O, for the mement,<IE>,n = 1,

m =1, andforthe

to the formof the

or high excitation

moment<I >, n = 3, m = O.
k

The subscriptsrefer

Gilbertand Camerondensity,low excitation(L)

(H),and the superscriptsindexthe single-

particleparametersappropriateto that fissionfragment. 11 may

be evaluatedanalytically.The orderof integrationin 12 may be

reversedand one integrationperformedanalytically,the second

,.
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integrationperformednumerically.Both integrationsin 13 must

be performednumerically.

For this firstexample,it is desiredthat the integralsbe

evaluatedsufficientlyaccuratelythatnumericalerrorsmay con-

fidentlybe ignored. Any choiceof computationalmethodmust sat-

isfy thisrequirement.To determinethemethodof numericaleval-

uationof the integrals,fragmentdatawere scannedto determine

extremeand medianvaluesof the energies,S, P, Ex, and T. Test

caseswere then chosenand the integralsevaluatedby a standard

23
adaptiveNewton-CotesQuadratureRule with a relativecomputa-

-9
tionalerrorof 10 . Thesesame testintegralswere thenevalu-

23
atedusingGauss-Legendreand Gauss-LaguerreQuadratureRules

and comparedto theNewton-Cotesvalues. Ultimately,combinations

of 12-pointGauss-Legendreand Gauss-LaguerreRuleswere chosen

giving

of the

faster

4
valuesthatdeviatedby less than 7 partsin 10 from those

Newton-Cotes.The GaussQuadratureRulesare generally

thanthe Newton-Cotes

Modelingof the density

F. For thisexample,simple

Rulemakingthemmore desirable.

parameter,~, is discussedin Appendix

model formsshallbe used, The model

itselfaccompaniesa set of single-particleshelland pairing

energies,S and P, and is of the form,

a/A = p1 -P2 s ,

whereA is the mass numberand pl andp2 are constants,An older

18
set of single-particleenergiesis thatof Cook et al. Values

of PI and P2 they give are

22



PI = 0.120

P2 = 0.00917 .

In orderto computethemass formulaof AppendixA, S, and P values

are againcalculated,the resultsdifferingfrom thoseof Cook.

Determininga model for the densityparameterbasedupon these

valuesgives,

PI = 0.1624

P2,= 0.0131 .

As mentionedin theAppendix

computedand measuredmasses

keV. This is a ratherlarge

A, the standarddeviationof the

usingthe mass formulais about 700

erroron a termwhich appearsin an

exponential.The Garvey-Kelsonrecursionrelations
24

give stand-

ard deviationsbetweencomputedand measuredmassesof only 157

keV, but the relationsdo not give the deformationdependenceof

the mass. One may entisiona mass formulawhich givesa ground-

statemass accordingto Garvey-Kelsonand a shapedependence

accordingto themass formulaof AppendixA. While the two mass

expressionsdifferby less than2 MeV, on the average,it shallbe

shownthatthe effectupon the yieldscomputedis quitepronounced.

of the possiblecombinationsof single-particleenergiesand masses,

threecombinationshave been selected,

1) S and P valuesand ground-statemassestakenfrom the

mass formulaof AppendixA.

2) Cook S andP valuesand Garvey-Kelsonground-statemasses.

3) Garvey-Kelsonground-statemassesand S and P valuestaken

from the mass formulaof AppendixA.
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As with the Garvey-Kelsonmasses,the mass formulaof AppendixA

is used to determinethe deformationdependenceof the Cook shell

and pairingenergies. For all of thesecases,a constantvalueof

the spacingparameter,6, was chosenwith d = 3 fm. Also in this

example,fragmentshapedegreesof freedomwere restrictedsome-

what by not allowingE4 to vary freely. The

thoseof Figure1 with C4 assumingthe value

respondingto themidlineof the grid,i.e.,

zero.

The integralsmust be evaluatedat

shapeparametersin each fragment. The

shapesallowedwere

for a givene cor-

&4 usuallyequalto

everycombinationof the

YMAX configurationis that

combinationof shapesat which the yieldintegralis maximumand

the GMAX configurationis that combinationwhichmaximizesG,

whichmay be determinedpriorto actualevaluationof the integrals.

At eachpointin the spaceof shapeparameters,the energiesessen-

tial to G, the Coulombenergy,the masses,the shelland pairing

energies,must be computed. Thesemay be recordedas diagnostics,

Otherquantitiesrecordedfor laterreferenceare such thingsas

the scission-pointelongationof the fragments,the deformation

energies,the parametersof the densityof statesexpression,T,

Ex, and Eo, or any combinationof any of thesequantitiesdeemed

of interest. The computedyieldsprovidetheweightingfunction

for computingaveragesof thesequantities.Of particularinterest

are two quantitiesaveragedover all chargesand masses,the total

kineticenergy(TKE)of the fragmentsand the energyappearingin

24



promptde-excitation,~> + <E>. Assuminga simpleneutronemis-

sionmodel,describedin AppendixJ, an estimateis made of the

numberof promptneutrons,v , and promptgammaenergy,E . Ex-
P Y

25
perimentalvaluesof thesequantitiesare

v = 2.40
P
Ey = 6.96MeV

TKE= 169.6MeV .

The yieldsobtainedfor eachof the threecasesfor the GMAX,YMAX,

and SUM methodsare shownin Figures2-10. For reference,the

chainyieldsfromENDF/B8for this reactionare shownin Figure11.

The totalkineticenergies,promptneutronnumbers,and totalgamma

energyappearin Table2. Overallagreementis reasonable,the

promptneutronnumberbeinga littletoohigh. Thismay be a re-

sult of the fact that the computedchainyield,theweightfunc-

tion for computingtheseaverages,is displacedsomewhatfrom the

measuredmass-chainyield.

Regardingthe mass yieldplots,the locationof the fragment

mass peaksseemsleastsensitiveto the choiceof massesand single-

particleenergies. The peaksare determinedby the quantity,

G - PI - P2

since,in the saddle-point

proportionalto

approximation,the yield integralis

exp~2J(a1 + a2)(GP1-p2)l

where a1 and a2 are constants. The plot in Figures12 shows
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this quantityfor the caseof S and P valuesand massesas givenby

Seeger. The sourceof the peak is the shellcorrectiontermto the

bindingenergy,shownin Figure13.

Experimentally*the mass distributionrisessmoothlyto mass

90, is fairlyflat frommass 90-100,peakingat 95, and dropsinto

a valleyaboutsymetricmass splits. The ratioof theyieldsat

mass 95 and 118 is about600. The computedmass peaksare then5

to 6 unitstoo closeto symmetryas comparedto data. Still,the

resultsare encouragingin lightof the simplicityof themodel.

The valleyis well definedfor yieldscomputedassumingthat

the ground-statemassesare givenby the Garvey-Kelsonformula,

However,the Seegermass formula,of AppendixA, givesa much more

shallowvalleyin theYMAX and SUM casesand a thirdpeak in the

GMAX case. This servesas an illustrationof the sensitivityof

the calculationto the inputquantities.AS a general~le~ it is

not advisableto correctone mass formulawith another. Since

only the Seegerformulaallowsdirectevaluationof themass of

nucleiin shapesother thanthatof the ground-stateand has been

testedfor agreementwith neutron-richmass measurementsin a few

cases,as discussedin AppendixA, it is more desirable. It

shouldnot be surprising,however,if mass asymmetricyieldsare

not easilyachieved.

AS mentionedin previousdiscussion,the hope here is to dem-

onstratethe equivalenceof eithertheYMAX or GMAXmethodswith

the 8UM method. The chainyieldplotsare qualitativelysimilar,
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especiallythe resultsof the SUM and YMAX methods. The SUM method

is dominatedby theYMAX term,by definition.The variablesover

which the sum is performedare the shapevariablesdescribingthe

fragmentsat the scission-pointso thatthe yieldmay be seen as a

surfacein the shapevariables. If thissurfaceis sharplypeaked .

at theYMAX configuration,the SUM methodmay be seen as an inte-

grationover a sharplypeakedsurface. To the extentthat this

surfaceis Gaussian,the resultis theYMAX valuemultipliedby

some term typicalof thewidth of the Gaussian. To the extentthat

thewidthvariableis a constantor a slowlyvaryingquantitybe-

tweenfragments,this termdropsout of the yieldexpressionupon

normalization.The extentto which theYMAX and SUM yieldsare the

same is thena measureof the constancyof thiswidthparameter.

Thereis one complicatingfactor.

The spaceof allowedshapesis somewhatlimitedin that in

all of the threecasesconsidered,the GMAX shaperequiredthat the

heavy fragmentassumethe shapeof maximumprolateness.TheyMAX

casehad a prolatnesscorrespondingto about0.1 less thanmaximum

valueof s, i.e.,CEO.6 for GMAXVS c=O.5 forYMAX. With the

distributionpeakedso closeto the edge of the shapegrid,there

may be some termsmissingin the SUM method,all of themajor con-

tributingtermsnot appearingwithinthe spaceof allowedshapes

(Figure1).

The problemmay

following.Denoting

axis of the fragment

be castsomewhatmore quantitativelyin the

by a the fractionalelongationof the symmetry

relativeto thatof sphericalfragment,the
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effectupon the G energyof an elongationis given

ships,

1/3D a U2 c a l/R Ra Ro~ R. = roA

where R is the fragmentcenter-to-centerdistance.

configuration,G is approximatelyparabolicin tie

by the relation-

r. = 1.2254fm

About the GMAX

a variablesfor

each fragment,alight
and a

heavy”
Then

=Gmax-[:;::ht+cr09~i

From the averagevaluesof the

titiesare C = 166 MeV, R = 19

yieldscomputed,the necessaryquan-

fm,D
light

= 2 MeV, D = 15,5
heavy

‘ev’‘light
= 102, and

\
= 134. Thesevaluesare represent-

eavy

ativeof the threecases. Then,

( )(2alight- ao,light -
u
heavy- ‘o,hea

‘)

2
G= Gmu - 0.153 0.093

In termsof the a-coordinates,the spaceof allowedshapesis lim-

ited to valuesof a < 0.43• For theYMAX case,the averagevalues

are ~ = O.3 in both fragments. To the extentthat thewidth of the
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SUM distributionabouttheYMAX configurationis measuredby the

valuesof the secondderivativesof G aboutGMAX,the edgeof the

gridis too closeto assureinclusionof all of the dominantcon-

tributingtermsin the SUM method. Errorsmay be introducedinto

theYMAX and SUM comparisonsas a resultof thisalso. Comparison

of the computedmass-chainyieldsbetweenthe YMAX and SUM results

showsvaluesin errorby a multiplicativefactorof 1.57on the

averagewith extremevaluesof 0.6 and 3.1

sidered. This typeof erroris compatible

basedupon limitationsof the shapegrid.

be assumedto be typicalof the SUM yield,
*1

multiplicative3 .

for the threecasescon-

with thoseanticipated

The YMAX yieldmay then

maximumerrorbeing a

YIELD CALCULATIONSBASEDON THE MORETTODENSITYFORMULA

To evaluatetheyield and interestmoments,threeintegrals

must be evaluated,

G Gk

I =

II
kl’2p1(E1)p2(Gk-E1) dE1dk

Y
00

G G-k

//
E1kl/2

IE =
p1(E1)P2(G--k-E1)dE1dk

00

G

//

G-k

Xk = k3’2p1(E1)P2(G-k-E1)dE1dk .

00

IntegralIy is the unnormalizedyield,IE is the excitation

moment,and Ik is the translationalkineticenergymoment.

energy

The
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quantitiesin the integrandsare Pi(Ei),the densityof statesof

th
the i fragmentat excitationenergyEi, G, the energyreleased

at the scissionpoint, and k, theprescissiontranslationalkinetic

energy. In thiscase,P(E) is assumedto be givenby the Moretto

densityexpression
12

developedin AppendixD. By thismethodthe

thermodynamicfunctionsnecessaryto determinethe densityof states

are evaluatedas sumsover realisticsingle-particlestates. In

AppendixD, splinefitsare determinedto the requiredfunctions

in termsof the temperature,T, of the excitednucleus. Recallthe

definition,

Havingtheseanalyticalexpressions,the integralsmay be evaluated

employingthenumericaltechniquesused to evaluatethe integrals

over the analyticaldensityexpressions.However,with littleloss

of accuracy,theseintegralsmay be evaluatedby the saddle-point

technique.Very simply,thismeans thatthe integrandis approxi-

mated as a Gaussiancompletelydescribedby a widthand a peak

value. The integrationlimitsare extendedto * ~with the fol-

lowingexpressionresulting,

1= uf(x,y)dxdy=2nf(xo,yo)~ ●

D

D is the determinantof 2
nd

partialderivativesof !k ~f(x,y)]
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evaluatedat the saddle-point,x y . The saddle-pointis defined
00

by the solutionsto

Applyingthese

“~!l.nf= ~
ay .

conditionsto theyield integral,I the follow-
Y’

ing equationsmust be solved

T1(EIO)= T2(E20)

k = 0.5TI0
o

G - k. - E1$T1)- E2$T2)= O .

The secondderivativesare, denotingf = ln[kl/2p1p2]
Y

Since Ei =
af3. df3i.

Ei(6 only), ~ -
aE. ~

Hence,in additionto the

splinesdeterminedin Appe~dix~, splinesare alsoneededfor
dflf

Ei(Ti)and—. This derivativewas computedexactly,but it was
‘i

foundthat the splineapproximationto Ei(Ti)was so good that the

splineitselfcouldbe differentiatedto give thisquantitywith

betterthan 1% agreementto the exactevaluation.



For the integral,IE, the saddle-pointis givenby

T2 = (EIT1)/(E1+ Tl)

k. = 0.5T
2

G-k - E1(T1)-
0 E2(T2)=0 .

LettingfE = kn[E1k1/2P1P2], the secondderivativesare

a2fE a@2-1 + —— =—
~k2 2k~ aE2 ~

For the integralIk, the saddle-pointis givenby

T1 = T
2

k. = 1.5 T
1

G-k - E1(T1)- E2(T2)= O .0

Lettingf = 2n[k3/2
k

P1P2],the secondderivativesare

a2fk a~2

aE1ak‘q ‘
o
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Hence,the saddle-pointapproximationyieldssimpleplug-infor-

mulasby which all integralsmay be evaluated. The accuracy

the approximationmust be determined.

To test the validityof

the densityof the statesto

P(E)= exp (2=) .

the saddle-point

be givenby

For thisexperiment,the a-parametershallbe

by

a = A/9.5

whereA is the

span the range

approximation,

of

assume

assumedto be given

MeV
-1

26
mass number, and empiricallyobservedresult . To

of valuesanticipated,valuesof A, assumedwere A. ~&•ˆÄ•D•••
J. J.

= 75, 95, and 118with A2 givenby 236 - Al. The integralswere

23
evaluatedusinga standard7-pointNewton-CotesQuadratureRule

and the resultscomparedto the saddle-pointapproximationfor

valuesof G rangingfrom1 to 65 MeV. The Newton-Cotesevaluation

was carriedout to a relativecomputationalerrorof 10-4. The

approximation

at 1 MeV, the

monotonically

for Iy reproducedthe Newton-Cotesvalue to within25%

errordroppingto 2% at 5 MeV and increasing

to 10% at G = 65 MeV. This monotonicerrorindicates

a smallsystematicerrorin the saddle-pointapproximation,but its

smallnessmake the expressionacceptable.In the caseof the inte-

gral,IE, the saddle-pointexpressionreproducedthe Newton-Cotes

valuesverywell with an errorof 5% at 1 lleVand a nmnotonically

decreasingerrorwith increasingG. The k-momentintegral,Ik,

was consistentlylow by about10% relativeto the Newton-Cotesvalue.
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The smallvalueof k predictedby this theory,k = 1 MeV, makes

thiserrorof littleconsequence.

A SAMPLEYIELDBASEDON THE MORETTODENSITYFORMULA

Considerthe predictionof yieldsfor the reaction
235

U(nth,f)

usingthe splinefit expressionsfor the thermodynamicfunctions

requiredto evaluatethe densityof statesexpressionaccordingto

theMorettoprescription12 (AppendixD). As an example,assumethe

spacingparameter,6, to be a constantfor all mass and charge

splits,6 = 3 fm, and allowboth shapesof freedom,E and E4 in

each fragment. Two casesare considered,describedpreviously,

the GMAX andYMAX cases. The YMAX methodis modifiedsomewhatby

requiringtheYMAX configurationto lie in the vicinityof the GMAX

configuration.This is doneby exploringthe shapecombinations

aboutGM4X until the localmaximumis found. This is necessary

due to the sizeof the spaceof possibleshapecombinations.With

39 shapespossiblein each fragment,thereare 39 x 39 combinations

forwhich the yieldintegralwouldhave to be evaluated. This is

simplytoo expensive. Recallthat the interestin theYMAX con-

figurationcomesfrom the possibilitythatsingle-particleeffects

may displacethe centroidof the shapedistributionfrom thatex-

pectedby assuminga minimumpotentialenergyconfiguration.Mas-

9
ses are takenfrom the SeegerandHoward mass formula. There are

no explicitsingle-particleenergies,S or P.

In Figure14, the GMAX and YMAX yieldsare shown, Both yields

rise rapidlyto aboutmass 90 and thenmore slowlytowardsymmetry.
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The GMAX showsa localminimumat mass 102. Both yieldsfavor

evenmass numbers. The energyto be partitionedis shownfor both

casesin Figure15. The behavioris similarto

obviouspairingeffect. The source

at mass 102 is apparentin the GMAX

theYMAX G but is totallyabsentin

this,the effectof single-particl’e

of statesmustbe investigated.In

of the GMAX

G. The dip

the yieldwith the

dip in the yield

is suggestedin

theYMAX yield. To explain

correctionsupon the density

theYMAX case,the single-

particleshellcorrectionenergiesfor the fragmentssum to -1.5

MeV in the vicinityof mass 102 whereasthe same energiessum to

+0.5 MeV in the GMAX case. Thismay be understoodin the context

of the analyticaldensityformulation, namely,that the nucleiwith

the smallershellcorrectionshave the largerleveldensities,

This calculationwas repeatedfor 6 valuesof 6 such that the

yield and configurationparameterswere scannedthroughvaluesof

lfm<dS7fm. Similaryieldswere obtainedand,basedon this

factalone,it is concludedthat the statisticalmodelof fission

basedon the assumptionof fixedscission-pointtip-to-tipsepara-

tion is not very good. One point is noteworthyand has implica-

tionsregardingthe analyticaldensity

are plottedthe valuesof the spectrum

single-particleshellenergiesfor the

formulation.In Figure16

averagedvaluesof the

fragment(light)

and compliment(heavy). Theseplotsseem to supportthe observa-

tionof Gilbertand Cameron
17

regardingthe effectof the shell

correctionenergyupon the density.
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A caveatis in orderhere. In computingtheYMAX and GMAX

yields,the shapesof the fragmentsat the scission-pointwas re-

corded. For the earlieryield calculationbasedon the analytical

densitymodel,mentionwas made of the fact thatthe scissioncon-

figurationusuallyoccurredat maximumvaluesof the c shapepar-

ameter,E* 006. In the caseof yieldsbasedon theMorettoden-

sitywith two shapedegreesof freedom, E and &4, the problemwith

E is diminished.However,the valuesof E4 now assumethe prolate

maximum(seeFigure1). It wouldbe a tediousbut straightforward

processto extendthe spaceof allowedshapesin the E4 degreeof

freedom. To do so, however,wouldbe to admitsome ratherunphys-

ical shapes,shownin Figure17,with surfaceripplesand sharp

corners. Lookingat the fragmentelongationsfor the two casesin

thisyieldexample,a
lightand aheavy’

a’light a’heavy

0.504 0.494

0.441 0.504

With both & and &4 degreesof freedomavailable,

gationis 0.613, In the caseof & only varying,

the maximumelon-

the maximumelon-

gationis 0.432 (AppendixH and Table1). It may be seen that

while the maximumvalueof e was not attained,a greaterelongation

was attained. This is a manifestationof the effectdescribedin

the discussionof the scissionconfiguration;as more shapedegrees

of freedomare addedto the collectiveshapedescription,the GMAX

configurationassumesshapesof greaterelongationuntil,with
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infinitelymany degreesof freedom,the shapeis thatof an in-

finitelylongneedle.7 Of course,beforethatlimitis attained,

the descriptionof the nucleusvia the mass formulabreaksdown

completely.

SEMIQUANTITATIVEAGREEMENT

The yieldscomputedfor fixedvaluesof 6 bear littleresem-

blance to experimentaldata. The yieldintegralsare quitesen-

sitiveto 6 throughthe energyrelease,G. Allowingd to becomea

freevariabledependingupon such thingsas mass, charge,and in-

cidentneutronenergy,it may be possibleto parametrize the yield

in termsof 6 in a way whichvariessmoothlybetweenfissioning

systems. .

In any comparisonmade betweencomputedscission-pointyields

and measuredfissionproductyields,a treatmentof promptneutron

emissionis necessary. The emissionof promptneutronsappearsto

be post-scissionphenomenon,the neutronsemittedfromhighlyex-

citedfissionfragments.Modelshave been developedto treatthe
.

generalproblemof the decayof highlyexcitednuclei. Theseare,

in general,too expensiveconsideringthe largenumberof nuclei

forwhich such calculationswouldbe performed. Two simpletreat-

ments are presentedin AppendixJ. Theseare proposedas methods

of estimationof the numberof promptneutronswhichmay be emitted

from the fragments,

To furtherminimizethe effectof promptneutrons,a p~rame-

terizationis attemptedin termsof the fragmentcharge. While



the chargeyieldis not affectedby the emissionof promptneutrons,

it may be affectedby any beta-decaycontaminationin the data.

That such contaminationmay be presentis indicatedby the fact

that the yieldfor a givenchargeis not necessarilyequalto that

8
of the complimentarychargein the accepteddataset. In the

●

absenceof betterinformation,theyieldof a givenfragmentcharge

is assumedto be the averageof theyieldsof that chargeand-its

compliment.

Yieldsare computed,y-, for all massesand chargesfor
L

sevenvaluesof 6, 1 fmS6 S

Thesevaluesare thenlumped

yield,yc(Z,6),

~c(z,6)=~yc(A,z,6)

A

7 fm, giving

accordingto

.

a set of yc(A,Z,d).

chargeto give the charge

For a givenZ, log[yc(Z,6)]is a smoothfunctionof d allowing

cubicsplineinterpolationfor intermediatevalues. Assumingsome

60 and Zo, the solutionof

yc(z,c$) Yc(zo9~o)

Yd(z) p Yd(zo) ?

for all Z, whereyd ‘s the measured(data)yieldof a givencharge,

givesa familyof 6(Z;Z0,60)which reproducesthe chargeyields.

To aake the finalcomparison,the logarithmsof the computedyields,

YC(A,Z,C$), are also interpolatedusingcubicsplinesin 6. ‘Figure
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18 showsthe smoothbehaviorof both chargeand independentyields

integrals.

As an example,yieldsfor 235U(nth,f)were computedfor both

theYMAX and GMAX casesfor sevenvaluesof 6. AssumingZ = 460

and 60 = 2 fm, the familyof 6(Z)shownin Figure19 results.

Using thesed(Z),the yieldswere redeterminedand are shownin

Figures20 and 21. The two treatmentsof promptneutronsdescribed

in AppendixJ give the finalfissionproductyieldsshownin Fig-

ures 22 and 23. In general,theYMAX yieldsare smootherand more

satisfactorythan the GMAXyieldsand the simplecascadetreatment

of promptneutronsis betterthan the 2T model. Smalldiscrepan-

cies in the computedand measuredchargeyields,Figure21, are

apparent. This is due to the fact that,in spiteof the smooth

behaviorpredictedin Figure18, the computedyieldhas some small

discontinuousvariationas G, increasingwith 6, allowsother

termsto “turnon” and contributeto the totalchargeyield,

Other integralquantitiesare of interesthere, the total

numberof promptneutrons,v s and the totalenergyavailablefor
P

gamma-rayemission,Ey, computedfrom the two neutronmodels,the

prescissionkineticenergy,k, the Coulombenergyat the scission

point,C, and the averagecoolingenergy,the totalenergyof de-

excitationtakenawayby emittinga neutron,E
cool’
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CASCADE 2T

GMAXYMAX YMAX—— ——

Yp 3.96 4.21 3.52 3.77

‘Y
5.43 5.01 7.66 7.41

E 7.32 7.45 7,70
cool

7.72

k 1.42 1.38 1.42 1.38

c 158. 157. 158. 157.

All energiesare givenin MeV, Energyaccountingis very good

with Vp x cooling+ E the energyin promptde-excitationchan-
Y’

nels,agreeingto within0.5lleVfor the two neutrontreatments

for both theYMAX and GMAX cases. Again,the SimpleCascadeModel

promptneutrontreatmentfissionproductspectra(Figure23) agrees

betterwith the experimentalyields. me totalnumberof prompt

neutronsfor this caseis high by about1.5 while the totalgamma

energyis only about1 MeV low. It then appearsthat the total

fragmentexcitationenergyis high by 10-12MeV, ratherthanim-

properlydistributed, on the average,betweenneutronand gamma

decay. Note also that the totalfragmentkineticenergy,k+ C,

is low by about10 MeV.

Up to thispointit has been assumedthatall of the energy,

G, iS to be partitioned.From thisexample,however,it appears

that10 Me’vor so of the G energyshouldbe constrainedto remain

in the translationalkineticenergydegreeof freedom,i.e,,G =

k. -bEl + E2 +k, fith k. ~ lo MeV. men G - k is the ener= t.
o

be partitioned.Note that thepostulatedslow,quasi-staticde-

1
scentfromsaddle-to-scissionis incompatiblewith the apparent
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requirementof a high prescissionkineticenergyto achieveoverall

agreementwith experimentalobservation.A scissionconfiguration

whichnearlysatisfiesexperimentalobservedvaluesof the total

fragmentexcitationenergy,translationalkineticenergy,and

yielddistributionmay be achievedby carefullychoosingan amount

of energyto be shiftedinto a constantk coupledwith the 6(Z)
o

determination.

In the processof determiningthe 6CZ),the energiesrelevant

to determiningany

minedas functions

splinesin d. The

energyto be shiftedintok. may alsobe deter-

of Z and 6(Z)and interpolatedwith cubic

energiesof interestare G, the energyreleased

at the scission-point,the scission-pointCoulombenergy,C, and

the scission-pointenergyof deformation,D. All quantitiesused

are the spectrum-averagedvalues, AssumingZ. = 46 and examining

theseenergiesas functions

suitsare obtainedfrom the

8 <G>
o

2 21.9

3 32.2

4 41,6

5 49.4

6 56.9

7 63.3

All energiesare

yield givesV =
P

<c>

158.

152.

145,

138.

133.

129.

of the valueof 6., the followingre-

GMAX case:

q>

14.03

9.57 .

7.16

6.40

4.36

3.06

inMeV, For the caseof d ‘2 fm, theGMAX
o

3.96 and an averageneutroncoolingenergyof 7,32



MeV/neutroneFor this case,the value,<G> = 21.9MeV, yielded

6 or 7 chargesfor eachmass,similarto ENDF/B.8 This valuemay

be takenas a lowerboundon <G> with lowervaluesgivingto few

charges. The promptneutronyieldis governedby the sum of the

excitationand deformationenergies,<E> + ~>. For the purpose

of thisexercise,it shallbe assumedthat<E>~<G> since~> is

generallysmall, The valueof Vp is high by about1.5 in the 60

8
= 2 fm case. At 7.32MeV coolingenergy,the indicationis that

<G> -I-<D> is highby about1.5 x 7.32MeV~ll.O MeV. The amount

of energynecessaryfor the desirednumberof promptneutronsis

then about (21.9+ 14.03)- 11.0s25.0 MeV. By increasingthe

valueof Oo? the energy,G, in excessof about22.0MeV may be

arbitrarilymovedinto the prescissionkineticenergydegreeof

freedomand, afteraddingthe Coulombenergy,comparedto the ex-

perimentalvalue. At the same time,the sum of the deformation

energyand G may be comparedto the valueneededfor the prompt

neutronsand gammas,25.0MeV. Definingthe energywhichmay be

shifted,b, as

A = <G> - 21.9MeV ,

the totalkineticenergyis givenby *> + <C> -I-A.The energyfor

promptneutronsand gammasis <E> + <D> = <G> + ~> -<k> - A

e<G>+ <D> - A , The followingresultsare obtained:
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6 A <c>+ A <G> + Q> - A
o

3 10.3 162.3 31.47

4 19.7 164.7 29.06

5 27.5 165.5 28.03

6 35.0 168.0 26.26

7 41.4 170.4 24.96

Recallingthe k is of the orderof 1 MeV and that the gammaray

energywas low by about1 MeV, some 6~ between5 and 6 fm should

giveacceptableresults.

Assuming60 =5 fmandZ = 46, the computedGenergy is
o

arbitrarilyshiftedby 27.5MeV. The yield integralsare evaluated

at 5, 6, and 7 fm and quadraticsplinesused to interpolateinter-

mediatevaluesof d. Fittinggivesthe familyof 6(Z)shownin

Figure24. Using thesevalues,the yieldswere recomputed.In

Figures25 and 26 the fragmentmass and chargedistributionsre-

sultingare shown. Assumingthe simplecascadetreatment(Appendix

J) of the promptneutrons,the fission-productdistributionshown

in Figure27 results. Again,YMAX yieldsare somewhatbetterthan

GMAXyields,

Energyaccountingmay be performed. The spectrumaveraged

energiesof interestare



vpl

v
ph

‘yl

‘yh

cool

coo
;

c

k

GMAX

1.223

1.586

2.338

2.412

7.401

7.073

141,3

28.33

Again,energiesare

1.067

1.948

2.230

2.890

7.427

7.162

139.4

28.28

in MeV, Where appropriate,the termsare

listedseparatelyfor the light(l)and heavy(h)fragment, Experi-

mentalvaluesare available8’25 for Vp, EY, and totalkinetic

energy,~, a bar over the quantitydenotingan experimental

value,

7“ 2,40
P

~y G 6.96MeV

= = 169.6Mev

The computednumberof neutronsis high and the gammaenergylow.

With the averagecoolingenergyavailablefor eachemittedneu-

tron,AEV may be defined,

(Vpl+ ‘Ph - VP) X
[

‘pl

1

xcooll+vhxcoo\
+V =AEV .vPI ph

Here,AEV is the estimateof the excessexcitationenergyin the

neutrondecaychannel. For the gammadecaychannel,a similar
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