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ABSTRACT

The best avallable statistical-mechanical theories consistent with
a reasonable expenditure of computer time are used to calculate a deto-
nation product equation of state for condensed explosives and are tested
by comparison of calculated detonation properties with experiment.

Chemical equilibrium among up to nine product species, including a
separate solid phase, is assumed., The IJD cell model 1s the basic
equation of state. For application to mixtures, a variant of the
Longuet-Higgins conformal solution theory is chosen, although some other
forms are also considered.

The sensitivity of the results to variation of the uncertain inter-
moleculsr potentials and other doubtful elements of the theory is
sufficient to rule out an a priori calculation, but rough adjustment of
one parameter gives fair agieement with experiment for a variety of CHON
explosives. Although some insight into the problem is gained, the per-
formance of this relatively complex theory is comparable to that of
simpler forms previously tried. It appears that still more complicated
theories and better knowledge of the intermolecular potentials are re-

quired for further progress.
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INTRODUCTION

If a cylinder of explosive 1s suddenly heated or struck at one end,
a detonation wave propagates down the length of the charge with approxi-
mately constant velocity. This phenomenon is often treated by the model
of von Neumann and Zeldovich (Ref. 1, Chap. 3). Transport properties are
neglected, and the wave consists of a plane shock followed by a short
reaction zone of constant length in which the explosive material is
rapidly transformed into its decomposition or detonation products., The
material at the end of the reaction zone 1s in a state of chemical
equilibrium and enters a time-dependent expansion wave extending to the
rear- boundary of the charge, This model, with the aid of the so-called
Chapman-Jouguet (CJ) hypothesis, (Ref. 1, Chap. 3) reduces the problem of
calculating the state at the rear boundary of the reaction zone (termed
the CJ plane) to the solution of a set of algebraic equations, provided
that the equation of state of the detonation products is known. The CJ
state and the corresponding propagation velocity are unaffected by the
details of the flow in the reaction zone ahead or in the expansion wave
behind.

This simple theory has inspired a number of efforts to calculate

the detonation properties of both gaseous and solid explosives, These




calculations have been fairly successful for gaseous explosives, where
the equation of state is known, but less so for condensed explosives,
where 1t is not. The calculations for condensed explosives, many of
which are based on semi-empirical equations of state, have been reviewed
recently by Je.co'bs.2

Calculations made to date have not completely exploited the avail-
able equation of state theories, partly because fairly extensive numerical
work 1s required., BHowever, a reasonably complete test of existing theory
is practical with present computing equipment, and this is what we attempt
hefe: to calculate a detonation product equation of state from the best
available analytic statistical-mechanical theories consistent with a rea-
sonable expenditure of computer time, anq to test the theory through
comparison of calculated and experimental results for plane, steady det-
onation waves,

In order to limit the scope of the investigation and because most of
the experimental work has been done on materials of this class, we con-
sider only explosives containing the elements C, H, O, and N. An initial
investigation limited to a single explosive with fixed-product composi-
tion has been published.3 In the present work,:a number of explosives

are considered and equilibrium product composition is used.
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Chapter 1

THE MODEL AND RELATED ASSUMPTIONS

l.1 The Moleculaxr Model

We assume that the molecular model is appropriate up to the
highest pressures we will consider, Since this assumption, which
underlies most of the others, has been questioned, (Ref. 4, p. 286)
we examine it first.

To get a general idea of the conditions of interest, take the ex-
plosive RDX and assume the decomposition reaction

05H6N6o6 ~ 3N, + 30, +3C0 .
For RDX of initial density p = 1.8 g/cc, the experimental value of

> which gives a CJ volume of about

relative volume VCJ/$O is about 0.75,
0.2 g/cc. With the mean molecular weight of this product mixture, about
24, we have for the molar volume

'V = 10,5 cc/moie .
For a face-centered cubic lattice this glves a mean nearest-neighbor

distance of

2.91 A,




Two nitrogen molecules placed end-to end on a palr of neighboring

sites would look like:

r——l.82 A——-r—I.OQ A—-;

.——f__‘ 6—'——0
i‘-——2.9l A————
so that for this molecule the distance between nonbonded atomg i1s about
1.7 times the bond distance, To estimate the intermolecular repulsion
energy, we use the pair potentials of reference 3 which were determined
to give the experimental RDX detonation velocity in a calculation with
fixed product composition. All of these potentials give about the same
result at this distance: an interaction energy, divided by Boltzmann's

*
constant, of about 3500 °Kx. To compare this with the dissociation

*One of the best-known pair pdtentials is that of argon. It can
also be used to estimate the repulsion energy in the following way.
The radius r¥* of the potential minimm for N2 obtained from second-
virisl coefficient measurements is about 4.05 A (Ref. 6, . 1111) so
that at the value of r = 2,91 A given above, the reduced distance r/f* is
about 0.7. Using the best available potential for argon in this distance
range (obtained from molecular scattering),7 we obtain at the same re-
duced distance an interaction energy of 3000 °K, The Lennard-Jones
potentials determined from second-virial coefficient measurements give
an energy two or three times as large at this distance,3 but they repre-

sent a considerable extrapolation from the datae for which they were deter-

mined.
12




energy, we recall that in a face-centered cubic lattice, there are six
pair interactions per molecule, corresponding to a total interaction
energy of

16,500 °K/mole = 1.4 ev/mole = 32 kecal/mole = 1.3 kcal/g ,
whereas t%e dissociation energy of N2 is about 9 ev. These simple con-
siderations indicate that molecules exist under such conditions, Since
the CJ temperatures are probably of the order of 2000 to 4000 °XK,
however, the intermolecular Interaction energy will be several times the

molecular kinetic energy, and the so-called "lmperfection" terms in the

equation of state will dominate,

l.2 Separation of the Partition-Function

For calculational convenience, we assume that the partition function
is separable, that is, that the overall partition function, after inte-
gration over momentum, can be expressed as a product of the configura-
tional and internal partition functions, and that the internal partition
function (for vibration, rotation, etc.) is the same as that at infinite
dilution. While this assumptlon is probably not badly wrong, it does
introduce some uncertainty.

An estimate of the effect of compression on the vibrational parti-
tion function has been made by Co'btrell,8 who has done a quantum-mechanical
calculation for the Eé * molecule ion confined in an ellipsoidal box. At
a pressure of 0.6 mb, a volume of lh‘A;/ﬁolecule or 8.4 ce/mole, and a

temperature of 3000 °K; he finds that the vibrational energy has increased

13




by about 1 keal/mole, or asbout 1/6 RT, over its value in free space. .

A rough estimate of the effects of restricted rotation can be
obtained by consideration of molecules having hindered internal rotation.
In ethane at 1000 °K, for example, the contribution to the heat capacity
from internal rotation is about l/h R greater than it would be for free
rotation. (Ref. 9, p. 118) Thus the use of this assumption introduces
non-negligible errors of perhaps 10-15% of the contribution of the internal

partition function,

1.3 Non-Additivity of Pailr Forces

Most statistical mechanical theories use the assumption that the total
energy of a system of molecules in a given configuration can be expressed

as a sum of pair interactions, that is,

N

UEY, By ooy B = ) ug @ F) (1.1)
i,J=1
i<

where the T's are the vector positions of the N molecules, U is the total

configurational energy, and.ui is the Interactlion energy of the i-j pair,

J
For a dilute system this description is appropriate. As the system is
compressed, however, 1t must eventually fall, until finally the appropriate
type of théory, such as metallic band theory or the Fermi-Thomas model,
makes no reference to pair potentials, The failure of this assumption may
be one of the more important sources of error, since its magnitude in re-

pulsive regions is so difficult to estimate, However, a first order

1k




quantum-mechanical calculation by Rosen 10 (See also Refs, 11 and 12.)

gives encouragingly small results. He finds for helium

®
E be I
a = 1.15 e~ for the configuration e+—r—eo,
E + Eb + E
ab c ac
= 9.8 e_(8/3)r for the configuration ®s—r—e0o °

?
where Eabc is the energy of the three-body configuration shown, the de-‘
nominator is the sum of the three-pair interactions, and r is in units
of Bohr radii (0.529 A). The diameter of the potential well for helium
is r* = 2,95 A (Ref. 6, p. 1111). To obtain results for conditions compa-
rable to those in detonations, we take the reduced distance r/r¥ = 0.7,

and thus use r = O,7Tr¥ or 2,1 A, At this distance we find

E
abe £ -0,02 for the triangular configuration,
E. + E.b + E
ab c ac

n

2 40,0002 for the linear configuration.

Another way of reassuring oneself about this problem is to compare
results from a pair-potentlial model with those from a theory appropriate
to higher densities, such as the Fermi-Thomas model. To facilitate this
comparison we have calculated the palr potential which would give to a
system of like molecules on a face-centered cubic lattice the same energies
at all compressions as those calculated from the Fermi-Thomas model for a
temperature of O °K.13 This fictitious potentlal for argon is compared
with some potentials estimated from experimental data in Fig. l.l. Mole-
cules with the palr potential labeled FID placed on the sites of a face-

centered cubic lattice reproduce the Fermi-Thomas-Dirac results for argon

15
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at 0 °K. The other potentials are obtained from experimental results
quoted in reference 14, The fictitious potential is seen to come fairly
close to the experimental potential obtained from molecular scattering
data at its lower limit of validity. Thils result is encouraging, but

perhaps fortuitous.

1.4 The Metallic Transition

We have stated above our assumption that the molecular model is the
éppropriate one, but that at some high pressure it becomes inappropriate.
This comes about in the following way (Ref. 15, Chap. 10). At low den-
sities, the energy levels of a regular array of atoms or moiecules
correspond to those of the isolated molecules but are highly degenerate
because of the large number of particles. As the material is compressed,
these degenerate levels split up due to the perturbations of near neigh-
bors, but are so large in number that 'bands! of energy levels are formed.
As the compression is continued, these bands eventually overlap. If the
substance is initially nonconducting (lowest band filled with electrons)
then it takes on metallic character when the ground state band overlaps
(or is separated by an energy of about kT from) the first excited band.

Some attempts have been made to calculate the point at which this
metallic transition occurs in simple substances. For Hé,l6 it was con-
cluded that the metallic transition may never occur, but if it does the
transition pressure is greater than 250 kb, For helium, which has a very
high ionization energy, the transition pressure has been estimated to be

100 to 200 mb.17 Both of these calculations are for a temperature of

17



0 °K. The point at which this type of transition might occur in systems
of interest to us is uncertain. The high temperature probably tends to
lower the transition pressure by increasing the kinetic energy of the
electrons, but the perturbation of the regular lattice structure through
molecular motion probably has the opposite effect. In a similar fashion,
the variety of molecular species probably increases the transition pres-
sure. Hirschfelder (Ref. 6, p. 264) states that the metallic state is

probably reached at pressures of about 1 mb.

18




Chapter 2
THEORY

Since we limit our consideration to CHON explosives, it should be
sufficient to consider a system of detpnation products consisting of two
phases: one, solid carbon in some form, and the other, a fluid mixture of
the remaining product species. Thus we require an equation of state for
a pure solid, an equation of state for a fluid mixture (which we hereafter
call the gas equation of state), and a method of calculating the equili-
brium composition of such a fwo-phase system, These define the overall
equation of state of the mixture; the hydrodynamic conservation equations
must then be solved with this equation of state,

This chapter is devoted to a qualitative discussion of the required
theory., The corresponding equations are collected in Appendix A, and a

description of the machine code is given in Appendix B,

2.1 Ideal Thermodynamic Functions

For fluids it is convenient to separate the eguation of state calcu-~
lation into ideal and imperfection parts corresponding to the factoring of

the partition function into internal and configurational terms. The solid

19




equation of state is formally separated in the same way into an ideal part
at the temperature of interest and one atmosphere pressure and an imper-
fection part depending on both temperature and pressure. The ideal parts,
usually referred to as ideal thermodynamic functions, have been tabulated
by the National Bureau of Standards and others for all of the species of
interest to us. For use in the calculation, the results are represented
by analytic fits constructed to give a thermodynamically consistent set of

functions.

2.2 Solid Equation of State

From the phase diagram of carbon, 18 Fig. 2.1, we see that our region of

interest probably contains the diamond-graphite transition curve. For sim~
plicity, and because this transition is rather slow, we assume that the
carbon is always present as graphite,

The particle size of the precipitated carbon may be limited by several
effects such as nucleation, rate of reaction, and diffusion, To obtain an
estimate of the maximum particle size, we calculate an approximate upper
size limit for a diffusion-controlled precipitation. The simple theory for
aiffusion-limited crystal growth > gives

r = a(at)/? |
where r is the particle radius at time t, d is the diffusion coefficlent,
and « 1s a dimensionless function of concentration ranging from 0.1 to 10,

The principal uncertainty in applying this equation is the value of the

diffusion coefficient under detonation conditions. In the absence of

20
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experimental information and reliable theory, we assume that it lies in
the range of values measured for liquids under normsl conditions: about
lO"5 cm?/éec. This choice appears to be at least consistent with the
trends of experimental measurements of self-diffusion in 002.20 For a
time of 1 psec, it gives a particle radius of about 300 A,

Thus the carbon particles are not large, and it is possible that the
other effects mentioned sbove could completely prevent their precipitation
in the reaction zone even when they are present at equilibrium. In any
case, we allow the carbon to be present as a separate phase, and represent
the effects of small particle size by allowing small incresses in its heat
of formation as an addltional parameter,

The graphite equation of state 1is constructed from the experimental
Hugoniot curve by a method similar to that described by Rice et al. (Ref. 21,
P. 1) It 1s assumed that:

(1) The energy is known along some reference curve in the p-v plane.

(2) At a given volume, the energy is & linear function of pressure,

(3) The Gruneisen number,

1 -1
- [:®)] =
v .
is constant.

Thus the equation of state takes the form

E=E_(v) + (@GN - pr(v)] . (2.2)

22



The reference curve (subscript r) is taken to be

the experimental Hugoniot22 for v/v6 <l ,

the curve p = O for v/vo >1 .
The energles on the Hugonlot are known from the experimental pressures
and volumes and the Hugoniot equation; the energies and volumes on p = O
are obtained by assuming constant values of the heat capacity Qv and.
thermal expansion coefficient «:

E-.E =CT ,
o] '

(@]
—2=ar . (2.3)
(@]

The value of G is obtained from the thermodynamic relation

c-5i 3@
T n nEY i

applied at normal volume.

For our calculations, the thermodymemic variables p, v, and T are more
convenient than p, v, and E. The details of this transformation are given
in Appendix A. It results in a more complicated set of equations, and an

iteration is required to determine v, given p and T. The constants used

are
CV/R = 2.5 (Ref. 23)
o = 8,03 x lO"6(°K)"'-L (mean value for all direc‘oions)2l¥
v, = O.ukl cc/g (Ref. 25, pp. 2-18)
o]
TO = 298 °K
G = 0.1656 .

23




This value of Cv is an approximate mean for the range 300-2000 °K,
Similarly, the value of G corresponds to an approximate mean value of
#n(Ref., 26) over the range of the experimental data. The equation of state
is rather insensitive to the cholce of ¢ and «.

This equation of state gives results which are similar to those
obtained with a different form used in earlier work.27 This 1s not
surprising, since both are fitted to the experimental Hugoniot, and all

of the displacements from it are quite small.

2.3 Gas Equation of State

In classical statistical mechanics the imperfection part of the

equation of state is derived from the partition function or phase integral

. fv"°fve"9[" U, o, ;N)/m]dzl...a}’N (2.4)
in which the vectors T denote the molecular positions, U is the total
energy of any configuration, and the integration is over the volume v of
tge system. As pointed out in Chapter 1, it is usually assumed that U is

expressible as a sum of pailr interactions

N
- > > > >
U, By vee, By) = ) u,(FL E) (2.5)
i,d=1
i<
where uij’ hereafter called the pair potential, is the interaction energy

of the 1i-3 pair of molecules. The problem thus separates into two parts:

determination of the pair potentials u,,, and calculation of the phase

i3
integral given these functions.
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The pair potentials must be determined indirectly from various kinds
of experimental data, for quantum-mechanical calculation of them is
practical for only the simplest molecules. (Several recent theoretical
calculations for helium agree with each other to within 20-50%, and with
experiment (molecular scattering data) to within 30-50%.28) For pure
fluids, at least, the problem of evaluating the phase integral is in much
better shape., The cell or free volume theory of Lennard-Jones and
Devonshire and its various modifications and improvements provide a
fairly good approximation above the critical density,

The problem becomes mich more complicated for a mixture, With.c
different kinds of molecules there are c(c + 1)/2 different pair poten-
tials, and there is very little experimental information on the inter-
actlions between unlike molecules, The problem of evaluating the phase
Integral becomes more complicated, and it is doubtful whether any simple
theory such as the cell model can give satisfactory results, Most of the
tractable theories of mixtures are obtained by perturbing the pure fluid
equation of state; if these methods are used, it is still of considerable

interest.

Pair Potentials

At the high pressures and densities produced by detonations in
condensed explosives, the attractive parts of the pair potentials are
relatively unimportant; the equation of state depends largely on their

shapes in the repulsive region which is, unfortunately, poorly determined
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by the usual methods. These consist of measuring, in dilute systems, bulk
properties which can be calculated exactly from the pair potential. The
determination is made by calculating the measured property with a variety
of assumed potentials until one is found which reproduces the experimental
data. The experiments are usually done at low temperatures, where the
small fraction of energetic collisions makes the results insensitive to
the shape of the repulsive part of the potential. In the last few years,
however, a number of potential curves have been determined from the scat-
tering of molecular beams., This method gives results in the repulsive
range of interest to us but can be used only when one member of the
interscting pair is in monatomic form, With the help of quantum-mechani-
cal ideas, however, appropriate collections of such results can be used
to estimate potentials for diatomic or polyatomic species. Another source
of information is data on shock Hiugoniots orginating in condensed materials,
Subject to the uncertainty in the equation of state used, the Hugoniot can
be calculsated from en assumed pair potential and the results compared with
experiment. We have done this where the necessary data were available.
The three most commonly used analytic representations of the pair
potential are:

Lennard-Jones (L-J)

-n -6
o el B -2 (] e

Mason-Rice (MR)

o ety O e ey .o
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Modified Morse (MM)

°<1‘:'—*>_a_9t__ge<l'%>] , (2.6¢)

u(r) = km*[?% e

where r is the separation distance, kT* is the well depth (value of
minimum energy) at separation r*, k is Boltzmann's constant, and o and n
are adjustable parameters which may range from 9 to 15. Since the expon-
ential form of repulsion is probably more realistic, the latter two forms
are preferred. The second is most commonly used but causes trouble at
high densities because of its spurious descent to minus infinity at zero
separation. The third removes this defect at the cost of a slight dis-
tortion of the correct form at large separations.

The mixture equations of state that we use require that the poten-
tials be expressible as

u(r) = KI*f(r/r*) , (2.7)

with the same functional form f(r/r¥*) for all interactions. To satisfy
this requirement, we assume that one of the above analytic forms (with the
same value of n or « throughout) applies to all pairs of like moiecules and
that, for each such pair, values of r¥*¥ and T¥ are given. Then we use for
the unlike pairs a common analytic form (with the same n or o), and deter-

mine the values of r¥ and T¥ from the empirical combining rules

- - o
¥y = #(ry = %) THy = (THTEZ . (2.8)
These appear to hold within 2 or 3% for spherical and slightly nonspherical

molecules like argon and nitrogen, but for mixtures like CO2 that contain
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more nonspherical molecules, deviations of 10 to 15% have been found (Ref. 6,
pp. 169, 222; Ref, 29, p. 52; Ref. 30).

In a separate reportBl we have described the pertinent experimental
information on the product species we plan to use, the calculation of the
shock Hugoniots where experimental data are aveilable, amd the resulting
choice of a potential for éach species, The results are summarized in
Table 2,1 and Fig. 2.2. A brief description of the extent of knowledge

about each species follows.

Teble 2.1. Potential Constants Chosen (exp-six form)?

Species o r*(A) T*(°K)
A 12 3.83 119
N2 15 4,05 120
co 15 4,05 120
E,0 i} 3.35 138
NO lsb 3.97 105
, 1 534 37
C02 lsb 4.20 200
O2 15 3.73 132
CE, 10 .29 154

aThe MM form was uéed for Eéo and 02.

b
These values of o were guessed.,
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Nitrogen, Carbon Monoxide, Hydrogen, and Methane, For all of these

except carbon monoxide, both bulk measurements and molecular scattering
data are availeble, and pair potentials consistent with both sets of data
have been proposed. Only bulk measurements are available for carbon
monoxide, but they give results very close to those for nitrogen, with
which it is iscelectronic, and the carbon monoxide potential is, therefore,
taken to be identicel to that of nitrogen.

Nitric Oxide. For this substance, only bulk measurements and the

potential determined from them are available. Since there is an unpaired
eiectron, it is possible that thg form of the pqtential is different from
those of the other species,

Water, Water has a strong dipole moment and is nonspherical in shape.
A spherically symmetric potential function of the sort commonly used may
be a poor approximation, and several angle-dependent forms have been pro-
posed, To avoid excessive complication in the equation of state calcula-
tion, we tried a spherically symmetric form and made a number of calcula.-
tions of the Hugoniot curve to compare with the extensive experimental data
available. None of the potentials tried agreed well with experiment; the
choice was made to minimize the disagreement.

Carbon Dioxide. This molecule, like water, is nonspherical, and the

bulk measurements using different properties give different potentials,
depending on the property chosen and on the temperature range over which
it is measured. There are no molecular scattering results. Ouxr choice

represents a compromise among the available data.
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2,4 Pure-Fluid Equation of State

In the fixed-product-composition detonation calculations mentioned
in the introduction, several different gas equations of state were used.
All of them gav; results which were falrly close together, particularly
at high initial densities. This suggests that the pure-component equa-
tion of state (given the pair potential) is not one of the major uncer-
tainties of the problem. We feel that the best equation of state con-
sistent with the available computing time is the free-volume theory of
Lennard-Jones and Devonshire, and its modifications (Ref. 6, Chap. 4).

In its simplest form, this model (hereafter called the LJD theory)
imagines the available space to be divided into cells whose centers form
a regular lattice spanning the available volume., FEach cell contains a
single molecule; all but one are assumed fixed at their cell centers,
and this one is allowed to move in the force field of 1ts neighbors which
are "smeared out! onto a éphere of radius equal to the nearest-neighbor
distance,

A number of improvements and modifications of this theory have been
made. Kirkwood32 provided a consistent statistical-mechanical derivation
of the cell model which does not fix the neighbors while one molecule moves,
but provides for the calculation of the probability of all positions with-
in the cell, under the assumption that this probability is the same in all
cells. His result takes the form of an integral equation for the cell
probability and contains the earlier theory as a zeroth order approximation

to the solution. Both Kirkwood!s theory and the original one assume that
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each cell contains exactly one molecule., A number of later investigations
have elaborated the theory to include the presence of 'holes" (empty cells)
and multiply-occupied cells. In the region of interest to us, these compli-
cations have very little effect because of the high pressures and densities.*

To date, no one has presented an exact solution of Kirkwood'!s integral
equation for a nonsingular pair potential. Wood.53 has solved it exactly
for the case of hard spheres, with a result which is exactly that given
by the simple LJD theory. An earlier numerical calculation by Hirschfelderih
for hard spheres which removed the approximation of spherical smoothing but
otherwlse retained the incomnsistent LJD approach (i.e., did not solve
Kirkwood!s integral equation, but did hold the neighbors at their lattice
positions) gave a different answer., Thus for herd spheres, the effects of
these two approximations-spherical smoothing, and the approximation of the
integral equation solution by the LJD model of fixed neighbors exactly can-
cel each other to give the correct result.

The so-called "improved free-volume! theory for which, with the
Lennard-Jones pair potential, extensive numerical results have recently
been published by Dshler and E’:Lrschfelder,35 mey not be an improvement at
all, since, although the integral equation is solved, the approximation
of spherical smoothing is still made, Thus it is not surprising to find
that their theory agrees less well with Monte Carlo calculations made with

the same pair potential than does the original ILJD theory.

* This is not true, of course, at sufficiently low pressures on the

isentrope through the CJ state.
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‘Therefore, we use the original LJD cell theory. Some more recent
developments in this field are not without interest, but we have retained
the LJD theory, partly on the grounds of vested interest in machine codes
already prepared, Moreover, 1t gives reasonably good agreement with the
Monte Carlo results at high densities, énd in the calculation of Higoniot

curves the errors in E and P appear to cancel each other to some extent.
Mixtures

The Problem. Getting'a tractable statistical-mechanical theory for
the equation of state of a mixture is a formidable problem, particularly
with molecules of appreciably different sizes. An extended discussion of
this problem, with applications of most of the current theories to mixtures
of hard spheres, is given in a separate report.36 The results described
there are qualitatively similar to those given in the next chapter for
systems of more realistic molecules at high pressure, for under these
conditions the size differences are the controlling factors.

Some of the difficulties are brought out by comparison with the simpler
but still difficult problem of determining the equation of state of a pure
fluid at high density. In a highly compressed pure fluid, the average
positions of the molecules are close to the sites of a regular lattice,
and the LJD cell theory, which allows only small displacements from the
lattice sites, gives a fairly good approximation to the true equation of
state.

In a mixture the problem is far from solved even if the molecules

are assumed to lie on regular lattice sites, for the most probable
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arrangement of the molecules on the sites must still be determined.
Although this order-disorder problem has inspired a number of very complex
theories,57 it has not been solved in closed form for any three-dimensional
lattice. The approximate methods which have been developed are of doubtful
validity when the interaction energies are large compared to XT.

In a mixture, the lattice approximation itself is, of course, very
poor, for the differences in molecular size produce an average configura-
tion with a very irregular structure. The extremely complicated problem
of determining this structure is well illustrated by Bernalts studies of
the geometrical structure of pure liquids of normal density.38 This
problem bears some resemblance to that of the mixture, since a normal-
density liquid has a rather open structure which can be roughly described
as a mixture of molecules and holes,

The theory of mixtures is in a rather unsatisfactory state. Although
mich work has been done, much more remains. The present theories do not
agree even on the sign of the corrections to ideal mixing. In view of
their character, this is hardly a surprise. They simply do not go deeply
enough into the details of the very complex problem,

Several different ways of attacking the problem are discussed in
reference 36, Here we consider only two: the perturbation method and
the pseudopotential method,

Perturbation Theories, The theories which use this approach can be

divided into two classes: conformal solution theory, and what we choose

to call n-fluid theory. It has only recently become clear that these
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both stem from a common approach, viz., perturbation from a pure fluld
whose properties are assumed known.39 They differ mainly in the choice

of expansion variable. The conformal solution method (Ref. 29, Chap. 9,
10; Ref. L40; 41) begins with the assumption that all of the intermolecular

interaction potentials have the same functional form,

ulj(r) = kT§Jf(r/f§j) (2.9)

where T¥, and r¥, may have different values for each component pair. Thus

i 13
each pure component obeys the same reduced equation of state

W
- F;(%, E—T?- , v = W) . (2.10)

To obtain the equation of state of the mixture, some reference fluid obeying
this common reduced equation of state is chosen, and the mixture pértition
function is expanded about that of the reference fluid in powers of

(r”{'j - r;) a.nd.('I"’i*'J - T?), vhere the subscript r denotes the reference
fluid. This expansion can be carrled out exactly; for F', the imperfection

Gibbs free energy of the mixture, it takes the form

C
fr pV*: : :r*.
F,(T’P,?() =7 -T—¥-, ﬁ_{ + 3(pvr-RP) g xixj _—i‘—“J - )

i, J=l

+E' z (N - >+---, (2.11)

where X is the mole fraction of component i, and c¢ is the number of
components., The coefficients of the first-order terms have the convenient

property of being expressed entirely in terms of the macroscoplc properties
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of the reference fluid (and the composition), Unfortunately, the coeffi-
clents of the higher-order terms cannot be so simply expressed; they con-
tain statistical-mechanical integrals of the molecular distribution
functions of the reference fluid, and thus depend on its microscopic
properties,

In the original formulation by Longuet-Higgins ,ho one of the pure
components was chosen as the reference fluid. We refer to this form of
the conformal solution theory as the LH theory. Nosanow's recent work39
suggests that the reference fluid be chosen so that the first-order terms
of Eq. 2.11 venish., Thus, if we choose as the reference fluid a composi-
tion-dependent fictitious substance obeying the common reduced equations
of state with potential constants

c c
r¥ = z xixjréieJ B T* = Z xiijeiej s (2.12)
i, j=l i,J3=1

the extensive properties of the mixture become, in first order, Jjust those
of the reference fluid. We call this form of the conformsl solution
theory the corresponding states, or "CS!" theory. Unfortunately, this
approximation criterion does not yield a unique reference fluid, since
any functions of r*iej my be used as the expansion variables, For example,
if the expansion is made in powers (rf)f.j Y and (T*ifd )n, with n an adjustable

parameter, we have:

C ) C
@ = ) wx )™, @R ) ) . (20)
1,3=1 1,3=1
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Theories of the second class, which we call‘n-fluid theories, have
received wide attention., Recently Nosanow39 has provided a unified
statistical-mechanical derivation of them. The method is quite similaxr
to that of the conformel solution theory. As before, it is assumed that
the properties of any pure fluid with given palr potential are knowm, i.e.,
that the function F;[T,p,u(r)] is given. The principal differences are in
the choice of the expansion variable and of the reference fluid.

The expansion is made in the differences between the individual pair-
potential functions and the potential function of the reference fluild

uij(r) - ur(r) B (2.14)

and. these functional differences are treated as the variables of the Taylor
series, It is thus no longer necessary that the potential functions have
the same functional form, but only that their differences be, in some sense,
sufficiently small. Of course, for molecules of different sizes these
differences become large at sufficiently small separations, and there the
expansion may become Invalid., The hope 1s that such configurations are
sufficiently improbable that the final result is correct, but this has not
been proved. As in the conformal solution theory, the expansion is exact,
but only the first-order coefficients can be expressed entirely in terms of
the maeroscopic properties of the reference fluid.

The form of the expansion is then generalized to a linear combination
of expansions about a set of reference fluids whose maximim number is
equal to the number of different pairs of components. The coefficients

of this linear combination and the potentials of the reference fluids
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are then chosen so that the first-order terms of the overall expansion
vanish,

There are three ways of doing this; each ylelds a system which serves
as a model of the mixture, correct to first order in the expansion variable.

(1) A single substance with potential function

u(r) = z xyxgu, () (2.15)

The imperfection free energy of the mixture i1s just that of this substance.

(2) A set of c substances with potential functions

C
u (r) = ZXJuaJ(r) , (@=1, ++o, ) . (2.168)
3=1
The imperfection free energy of the mixture is given by

(o]

F’(T,p,%) = ZXQFI'_[T,p,ud(r)] . (2.16b)
o=l

(3) A set of c(c+l)/2 substances with potential functions

uaB(r) = uij(r) s (¢y B =1, **°c) . (2.17a)

The imperfection free energy of the mixture is given by

(]
F/(T,px) = Z xaxBFIf T,p,uaB(r)] . (2.17b)
o, B=1

Pseudopotential Theories. These theories are obtained by an approach

completely different from the perturbation methods. The partition funection

for a mixture is rearranged to the form
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f"...f" <e-eu(’ﬁ> & - f..:[ve-sqs(ﬁ,z,m)dﬁ ,
Av

o(R,%,T) = - B~ tn Q"B%{)} ’
Av

B = 1/xT , R = (}'i, .-, }'N) . (2.18)

where X represents the chemical composition of the system. The brackets
denote an a prilori average, for each set of position vectors occurring in
the integration, over all possible interchanges of the molecules among
these positions, so that evaluation of this integrand at each set of
position vectors occurring In the integration requires the solution of a
complicated order-disorder problem, Thus the problem has been formslly
rearranged to represent a single fictitious substance with an extremeiy
complicated composition- and temperature-dependent poténtial function ¢,
called the pseudopotential, The fictitious substance corresponding to
this potential is clearly not conformal with the components of the mixture,
in the sense of Eq. 2.9.

The order-disorder problem required for the calculation of the
pseudopotential has been solved approximately by three different methods.he-uh
In the moment method, the pseudopotential is expanded in powers of the
uij(r)/kT. Its Pirst term is equivalent to the one-fluid theory. The
higher-order terms are quite complicated. The series is known to converge,
but the convergence is slow in systems of interest to us, where uij/kT is

large, and there is no guarantee that two or three terms will give a better

result than one, The pair-correlation method gives a more interesting

first-order result: a rather complicated expression for the effective
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potential function, which contains both the composition and the temperature
and gives the one-fluid result only in the high-temperature limit. Higher
approximations can be obtained in principle by this method also, but the
result does not take the form of a power series, and no expansion varisble

can be identified, In the pseudo-pair-potential method, the moment method

series is rearranged into a sum of pair interaction terms plus a sum of
triplet interaction terms, ete. The pair interaction terms are summed in

closed form to give

c c
-Bu_, (r)
¢ = ch(rij) s o(r) = = ¥ 4n z 2xaxye @y . (2.19)
i<y o=l y=1

It can be shown that the first-order result of the moment method
(one-fluid.theory) is a rigorous upper bound to the Gibbs free energy, and
that the pseudo-pair-potential result is a rigorous lower bound to the same
quantity, However, these bounds are so widely separated as to be of mostly
theoretical interest.

Discussion. The LH theory suffers from the arbitrary choice of refer-
ence fluid. Once this is chosen as one of the pure components, the theory
gives wrong results for the special case of a mixture consisting of any other
pure component,

The CS theory does not have this disadvantage, for In the above special
case the fictitious pure fluid representing the mixture reduces to the pure
component in question. However, both of these theories suffer from the

arbitrariness in the choice of the expansion variables.
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The one-fluid theory is poor in several ways. The predicted mixture
free energy is known to be too high., In the framework of the cell theory,
it implies that all cells must be of the same size, Thus, the large com-
ponents are squeezed too hard, and their chemical potentials are almost
certainly too high. The one-fluid theory has been derived in a number
of ways, but since it so often turms up as a first approximation to some
other theory, one suspects that it could be improved,

The two-fluid theory almost certainly represents an improvement. It
has also been derived In several different ways, but these are generally
more sophisticated and reasonable than those leading to the one-fluid
theory. In the cell theory framework, it corresponds to taking a different
size cell for each component, which seems more reasonable than the one-
fluid limitation to cells of equal slze, Both theories suffer from a
practical disadvantage: +they yield effective potential constants only for
a power-law potential funetion such as the L-J form. That is, the sums in

Egs. 2.15 and 2.16a vhich become, with a common functional form for the

potential,

c c

r r

zijgJ'fC'—;J_) ) xi"j“’%fijITJ) ’ (2.20)

J=1 i,J=1
can be expressed in the form

T*f (r/r*) (2.21)
with

T* = T*(;,?.\*)a*): T* = -I_'*(z:,,T,,*)};*) )
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(vhere T* and r* denote the sets of all T?j and rij) only for a power-law
potential function.hs Thus, for the exp-six and MM potentials, Eq. 2.6,
for example, the effective pair potential of the mixture in the one-fluid
model or the pair potentials of the reference fluids in the two-fluid model
should be used in the form of Eq. 2.20, rather than in the simpler form
of Eq. 2.21.

Of the pseudopotential theories, the only practical result of the
moment method is the one-fluid theory, which is probably mich too hard.
The results given in reference 36 indicate that the pseudo-pair-potential
results are much too soft, at least at high pressures. This leaves the
Palr correlation method, whose worth i1s difficult to assess. None of the
DPseudopotential results are simple enough for use in the complete detonation
calculation, although some limited results for the pair-correlation theory

are given in the next chapter.

2.5 Chemical Equilibrium

6,17

The method proposed by Brinkle is used, with some refinements;

to solve for the chemical composition.

2.6 Hydrodynamic Conservation Equations

These are standard, (Ref., 1, Chap. 3) with the exception of the

Chapman-Jouguet condition. The correct form of this hypothesis is open
to question, but the best guess on the basis of the present 1:.heo:r'yl+8

1s that the equilibrium CJ condition — tangency of the Rayleigh line
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P-P
2’ "o (2.22)
(o} VO -V

D2=V

(with D the detonation velocity) to the equilibrium detonation Bigoniot -

should at least be approached asymptotically with time. Therefore, we have

used this form of the CJ condition, which is equivalent to finding the

point on the equilibrium detonation Hugoniot at which the calculated deton-

atlon veloclty is a minimum,
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Chapter 3

IILUSTRATIVE NUMERICAL RESULTS

In this chapter we give numerical results illustrating some properties
of various portions of the theory and show the relatlve importance of the

different contributions to the equation of state,

3.1 Solid Eguetion of State

An isotherm calculated from the graphite equation of state is shown
in Fig. 3.1, together with the experimental Higoniot. The isentrope with
the same temperature at p = O lies very close to the isotherm; the isen-
tropic temperature rise is small due to the small value of the Gruneisen
constant G.

This equation of state give; results similar to those obtained from

a different form used in earlier W'ork.27

3.2 Gas Equation of State for Pure Flulds

Calculated isotherms for argon at 300, 1000, and 3000 °K and an

isentrope through the 3000° isotherm at 0.3 mb pressure are shown in
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Fig. 3.1 Shock Hugoniot (experimental) and 3000 °K isotherm (calculated)
for graphite.
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Figure 3.2. The pair potential used in the exp-six form adjusted to fit
molecular scattering data as described in Ref. 31, An experimental isen-
trope through the point T = 300 °K » P = 0,001 nb is also shown,hg and is
seen to be in fairly good agreement with the calculated one. In spite of
the dips in the isotherms, the isentrope is quite smooth., Thig 18 probably
somevwhat fortultous: +the isentrope chosen enters the phase transition
region shortly below its lower end in the filgure. Isentropes of higher
entropy probably look somewhat like the 3000° isotherm.,

As discussed in Chépter 2, the equation of state 1s often thought of
ag divided into ideal and imperfection parts, the latter arising from the
intermolecular forces. Under detonation conditions, the average inter-
molecular distances correspond to strong repulsion, and the intermolecular
forces make the main contributions to the internal energy and pressure of
the system. As an illustration, take the argon state point:

p = 0.3 mb.

T = 3000 °K.

v

5 /me

PV/RT = 12,3 .

10.2 cc/mole

4.57 (relative to 0 °X.,)

[}

The energy and pressure are divided into ideal and imperfection parts as
follows:
1deal imperfection
E/RT 35% ok
BV/RE & 92%
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Fig., 3.2. Isotherms and isentropes for argon. Illustrating the
characterlstics of the gas equation of state for pure fluids.
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The imperfection part is often thought of as further subdivided into
Mattice” and "excess-over-lattice" parts. The lattice part corresponds
to a (classical) face-centered cubic crystal at O °K, is thus independent
of the statistical-mechanical equation of state, and depends only on the
palr potential. When the imperfection parts of the energy and pressure
are divided in this way, the results are

excess
lattice over lattice

E/RT 45% 55%
PV/RT - 1 % o6k .

Also of interest is the question of what part of the potential curve
makes the major contribution to the equation of state. To see this, we
make use of the inverted form of the cell integrals given in the Appendix
of reference 1i. These express the imperfection energy and pressure in the

form

E’ «jp u(r)a(r)dr, PV - RT °=:J'pc,ru'(r)(}(r)dr,

where u(r) is the pair potential and G(r) is the weighting function or
effective radial distribution function for the cell theory. Figure 3.3
shows the normalized weighting function and integrands of these integrals.
The range of significant distances is sufficiently small, with half-width
on the order of 0.5 A, that the attractive portion of the potential has

almost no effect on the equation of state,
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