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LIE GROUP INVARIANT FINITE DIFFERENCE SCHEMES FOR THE
NEUTRON DIFFUSION EQUATION

ABSTRACT
by
Peter James Jaegers

Finite difference techniques are used to solve a variety of differential equations. For the
neutron diffusion equation, the typical local truncation error for standard finite difference
approximation is on the order of the mesh spacing squared. To improve the accuracy of the finite
difference approximation of the diffusion equation, the invariance properties of the original
differential equation have been incorporated into the finite difference equations. Using the concept
of an invariant difference operator, the invariant difference approximations of the multi-group
neutron diffusion equation were determined in one-dimensional slab and two-dimensional
Cartesian coordinates, for multiple region problems. These invariant difference equations were
defined to lie upon a cell edged mesh as opposed to the standard difference equations, which lie
upon a cell centered mesh. Results for a variety of source approximations showed that the
invariant difference equations were able to determine the eigenvalue with greater accuracy, for a
given mesh spacing, than the standard difference approximation. The local truncation errors for
these invariant difference schemes were found to be highly dependent upon the source
approximation used, and the type of source distribution played a greater role in determining the
accuracy of the invariant difference scheme than the local truncation error.



1 INTRODUCTION

Differential equations play an important role in our understanding of nature. Typically though,
the determination of an analytic solution can be extremely difficult. Even if an analytic solution can
be found, the numerical evaluation of the solution can be no easy task. It is, therefore, desirable in
many situations to use numerical methods to solve differential equations. In the ensuing

~

discussion we will limit ourselves to finite difference techniques for the solution of differential

equations.

Numerical methods have the drawback that they usually find an approximate solution to the
differential equations being simulated. For typical finite difference simulations the error associated
with the simulation is usually a function of the mesh size. This error can be made arbitrarily small
by using smaller and smaller mesh spacing. However, with this increase in accuracy comes the
requirement of a greater investment in computational resources such as computer memory and
time, since more difference equations must be solved. Therefore, it is desirable to determine finite
difference formulations that retain accuracy without a prohibitive amount of computational

investment.

One would expect that difference schemes that preserve the properties of the solution of an
original differential equation would be more accurate. To this end, difference schemes that

incorporate the symmetry properties of the original differential equation have been investigated.

In gas dynamics, Shokin [1] has studied difference schemes for which the first differential

approximation of the difference equations is invariant under the same group of Lie point




transformations as the gas dynamics equations. While Shokin's difference scheme has lead to an
improvement in accuracy, the fact that the differential approximatioq is invariant does not
guarantee that higher order approximations are invariant; hence, this method can not produce
difference equations whose exact solution coincides with the exact solution to the differential

equations being simulated.

Axford has reported in references 2 and 3 that difference schemes which are invariant under the
same group of Lie point transformations admitted by the differential equations can lead to
difference equations whose exact solution agrees with the exact solution of the simulated

differential equations.

The purpose of the author's research has been to investigate invariant finite difference schemes
which admit the same group of Lie point transformations that are admitted by the differential
equations being simulated. Special emphasis has been placed upon solving the second order
ordinary differential equations and second order elliptic partial differential equations that arise in the

study of reactor physics, namely, the steady state multi-group diffusion equation given by

VoDV (D)) - Zr.g(DP(D) + Sg@) =0 (1.1)
where Dg(r) is the gth energy group diffusion coefficient, Zr g(r) is the gth energy group removal
cross section, and ¢g(r) is the gth group neutron flux. Sg(r) is the gth group source, which can
include sources from fission, scattering, and external sources as given by

G G
Se® = Y, Zgogty® +"7f—2 VEr g0 + Sg et (1.2)
g'=1 g'=1



where Zg; is the group g' to g scattering cross section, Xg is the probability that a fission neutron
is born into group g, A is the eigenvalue, v is the average number of neutrons per fission, Zf g is
the g'th group's fission cross section, and Sg ex; is the external source of neutrons. Equation (1.1)
is a particularly useful form, since it easily lends itself to source iteration calculations. Results will
be presented that demonstrate that these types of difference schemes offer distinct advantages in
that one can achieve greater accuracy with fewer mesh points then is possible with conventional
difference schemes. In fact, it will be shown that under certain circumstances, invariant difference

schemes will produce the exact solution of the original differential equation.







2 FINITE DIFFERENCE TECHNIQUES

A common method by which differential equations are solved is through the use of finite
differences. In the finite difference technique, the differential equation to be solved is simulated by
approximating the derivatives with differences over some small interval. This leads to a set of
algebraic equations for which the unknowns are to be determined on a set of points defined by
some mesh. When formulating finite difference simulations, several things need to be considered:
1) what is the error associated which the simulation; 2) is the finite difference simulation consistent
with the original differential equation; 3) does the simulation have the properties of stability and
convergence? In this section, we will explore the construction and solution of standard types of

difference equations and answer the above questions.

2.1 Construction of a Finite Difference Approximation of the Diffusion Equation

There are several ways to derive finite difference simulations of differential equations. An
overview of these methods can be found in references 4 through 10. Typically, derivatives in the

differential equation are approximated using some sort of truncated Taylor series.

As an example, we consider the dependent variable U, which depends on the independent
variable x. Defining the grid locations x;+1 = X; + h and x;.1 = xj - h, where h is the mesh spacing,

we can expand U(x;41) and U(x;.1) in a Taylor series about x; to yield

Ukie) = UGK) + b UGx) + B2 UG+ @1
and
Uxi1) = UG) - h U ) + 2 UG -+ @.2)
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Subtracting equations (2.1) and (2.2) and truncating the terms of order h2 and greater yields

U(xi.1) - Uxi.)) =2h U'(xy) (2.3)
Solving for U'(x;), we obtain the two-point central difference approximation for a first order
derivative as

U(xi+1) - U(Xi-1) .

U'(x;) = on

2.4)

Next adding equations (2.1) and (2.2) and truncating terms of the order h} and greater leads to the

three point central difference approximation for a second order derivative given by

= Uisr) - UCGG) + Uxi)

U'x) -

(2.5)

In a similar manner, partial derivatives can also be approximated. Consider the case of a
dependent variable U, and the independent variables x and y. We can expand the terms U(Xj+1,¥j)

and U(x;.1,yj), while holding y constant, in a Taylor series as

AUGxiy) , p2 Uiy
Ukisy) = Ubkpyy) + h g PP+ B SRl g 2.6)
and
. Vs 2U(X:.V;
Uty = Uty - h oo p2 SO @)

ox 2 9x2

As before, upon adding we arrive at the three-point central difference approximation for the second

partial derivative of U with respect to x given by

Uiy _ Uivnyy) - 2U(i.y) + Ui1,y)

32 o (2.8)



Other types of difference approximations can be derived in a similar manner.

We will consider two specific examples of finite difference approximations for the one-energy
group neutron diffusion equation with constant material properties. The first case will be one-

dimensional in slab geometry, and the second will be two-dimensional in Cartesian coordinates.

The one-group one-dimensional neutron diffusion equation with constant material properties in

slab geometry is

2
Dqu’(x—) - ZROX) + S(x) = 0 (2.9)

x2
where 0 < x < a and the boundary conditions are specified at the right and left hand surfaces as

either Neumann or Dirichlet. The finite difference approximation is found by evaluating equation

(2.6) at the grid point x = x; and substituting (2.5) into (2.9) to yield

D O(Xir1) - 20(x;) + O(xi.1)
h2

- Zro(xi) + S(x;) =0. (2.10)

Defining ¢; = ¢(x;) and S; = S(x;), equation (2.10) can be rewritten as

D Gi+1 - 20; + §i.1

n -ZrOi +S5;=0 . (2.11)

Thus we arrive at a set of algebraic equations from which the unknowns ¢; can be found.

In two-dimensional Cartesian coordinates, the one-group diffusion equation with constant
material properties is

pIEY) | 1y 9%6(xy)
ox2 dy?

7

- Zpo(x,y) + S(x,y) =0 , (2.12)




where 0 < x <aand 0 <y <b and the boundary conditions are either Neumann or Dirichlet at the
outer surfaces. As before, the finite difference approximation is found by evaluating this equation
at the grid point (xj,yj). Difference approximations for the partial derivatives as given by (2.8) and
another similar approximation for the partial derivative with respect to y are then substituted into
equation (2.12); thus arriving at

b i1, - 20 + i1, +D dij+1 - 205 + i j-1
Ax? Ay?

- ZRoi; + Si;=0 , (2.13)

where Ax2 and Ay? are the x and y direction mesh spacings respectively.

2.2 Local Truncation Error

Since few finite difference simulations of differential equations produce the exact solution of
the differential equation, it is important to know the error associated with the simulation.
Considering that most difference schemes are based on a truncated Taylor series, the error

associated with the difference scheme at a grid point is called the local truncation error.

The local truncation error, €;, can be determined by replacing the unknowns in the difference
equation by the exact solution of the differential equation. That is, if the solution, u = {ujg,

....uN}, of the difference equation, Aj(u) = O, is replaced by the solution of the differential

equation, U, then the local truncation error is given by &; = A;(U).

To illustrate this process, we will first consider the one-dimensional diffusion equation as
given by (2.9). Let ®(x) be the exact solution of this differential equation. A finite difference
approximation of (2.9) was found to be (2.11). Substituting the exact solution ®(x) into (2.11)

yields




g = D 2r) - 2‘1;(2"“ + D) () + S(x) - (2.14)

Next, expanding the exact solution in a Taylor series about the point x = x; yields

d@(xi) . h2 d?d(x;) ‘..

B(xi41) = P(x)) +h—* 5 s (2.15)
and
N e APXD) K2 d2d(x;) i
D(x;.1) = P(x;) - h x 2 w (2.16)
Substituting (2.15) and (2.16) into (2.14) yields
g =[D®"(x;) - TRO(x;) + S(x;)] + 11123 @™(x,) + O(h?) . (2.17)

However @(x;) is the exact solution of equation (2.9) when (2.9) is evaluated at x = xj, so the

bracketed term in (2.17) is zero, and the local truncation error is given by

g = % o (x;) + O(h%) (2.18)

where ®(iv)(x;) is the fourth order derivative of ®(x) evaluated at grid point x;.

We will now consider the truncation error for the two-dimensional diffusion equation. As with

the one-dimensional case, we let ®(x) be the exact solution of (2.12). We then substitute the exact

solution into the finite difference approximation (2.13) to give

Diy1j - 205 + Py +D D;ji1 - 2D+ Dy i1
Ax? Ay?

D

-Tp®ij +Sij=0 . (2.19)

The exact solution is then expanded in a Taylor series to yield



3%, ;
ox2 dy?

Ax2 84<Di,,- + Ay? 84(Di'j

TS e T2 3y g09)

+ O(Ax4,Ay4) .

However, since ®(x,y) is the exact solution of (2.12) evaluated at the grid point (x,y) = (xi,¥j), the

bracketed term is zero yielding the local truncation error as

g = Ax2 Pij  Ay? 30
W12 x4 12 gyt

+ O(Ax4,Ay%) . (2.20)

Thus as expected, for both of these finite difference simulations, the local truncation errors depend

on the square of the mesh spacing and tend to zero as the mesh spacings become small.

2.3 Consistency of a Finite Difference Scheme

Sometimes it may be possible to derive a difference scheme that produces a solution to a
different differential equation than the equation being simulated. Such a difference scheme is said
to be inconsistent. A finite difference equation is said to be consistent with a differential equation if
the solution of the finite difference equation converges to the solution of the differential equation as
the mesh spacing tends to zero. Consistency can be formulated several ways, see reference S, but
the easiest formulation is to say that the local truncation error must go to zero as the mesh spacing
goes to zero. In our two example difference schemes, (2.10) and (2.13), it was found that the
local truncation errors, as given by (2.18) and (2.20), clearly tended to zero as the mesh spacings
tended to zero. Therefore, the difference schemes, (2.10) and (2.13), were consistent with the

differential equations being simulated.

10




2.4 Stability and Convergence

Much has been written in the literature about stability and convergence, see references 10, 14,
16, and 17. In particular it has been shown that the source iteration calculation used to solve the
discrete form of the neutron diffusion equation is stable and convergent; references 14, 16, and 17
contain detailed discussions and proofs of the stability and convergence. Since this subject is well

known a discussion of this topic will not be presented here.

11







3 GROUP ANALYSIS OF THE NEUTRON DIFFUSION EQUATION

The determination of a group of point transformations admitted by a differential equation can be
found systematically from the transformation theory of differential equations first proposed by
Sophus Lie, references 3,11,12, and 13. The group of point transformations admitted by the
neutron diffusion equation will be constructed and used later to formulate invariant difference

schemes.

3.1 A Brief Introduction to Group Theory

In this section, a brief discussion of the definitions and theory of a group of Lie point

transformations is presented.

3.1.1 Continuous Point Transformations
We will consider the case of one dependent variable, y, and one independent variable, x. Let a

set of point transformations be given by
X =f(xya) (3.1a)
and

y = g(x,y;a) (3.1b)

where "a" is a parameter. The functions f(x,y;a) and g(x,y;a) are assumed to be continuous and
continuously differentiable to all orders in the parameter "a". As the parameter "a" varies, (3.1a)

and (3.1b) transform the point P(x,y) into the point P'( x, y) by

X = f(x,y;a9 + da) (3.2a)

and

13



¥y = g(x,y;a0 + da) , (3.2b)
where ag is an identity element such that

x = f(x,y;20) (3.3a)

and

y = g(x,y;29). (3.3b)

If 8a is sufficiently small then the point P'( X, ;) can be close to the desired point P(x,y). These

transformation are called continuous point transformations.

3.1.2 Definition of a Group of Continuous Point Transformations

For a set of continuous point transformation given by (3.1a) and (3.1b), each value of the
parameter "a", called the group parameter, labels a different element of the set. A group is defined
as a set of elements together with a binary operation that satisfies the four group axioms namely,

closure, existence of an identity element, existence of an inverse element, and associativity of a

binary operation. A binary operation is the successive performance of two transformations.

Consider two transformations, the first given by (3.1a) and (3.1b) and the second given by

X = fX,y;b) (3.4a)
and
y = gX.¥b). ’ (3.4b)
Closure is satisfied if
X = f(f(x,y:2).g(x.y;a);b) = f(x,y;c(a,b)) (3.52)

14




and

y = g(f(x.y:a).g(x.y;a):b) = g(x.y;c(a,b)) (3.5b)

where c(a,b) is called the composition function.

The existence of an identity element axiom is satisfied for some value of the group parameter

"ag" provided tl?at

x = f(x,y;a0) = X (3.6a)
and

y = g(x,y;a0) = y. (3.6b)

The existence of an inverse element axiom is satisfied if some value of the group parameter "a"

exists such as

x = f(x,y;2) (3.72)
and

y = g(x,y;2). (3.7b)

Finally, the associativity axiom states given three values of the group parameter a, b, and ¢ and

their corresponding transformation denoted by T, Th, and T, then
(T4, Tp)Te = Ta(To, To). (3.8)

If the equations (3.1a) and (3.1b) satisfy the above group axioms, then they are called the finite

equations of the group.

15




3.1.3 Definition of the Coordinate Functions of an Infinitesimal
Transformation

Let the group parameter be a = a5 + 8a, where 0a is a small change in the group parameter

away from the identity element. Equations (3.1a) and (3.1b) can be written as
X = f(x,y;ap + 0a) (3.9a)

and o

¥ = g(x,y;a0 + 0a). (3.9b)

Expanding (3.9a) and (3.9b) in a Taylor series about the identity element yields

x = f(x,y;a0) + af(xa’—%%a +-- (3.10a)
and
¥ = g(x.y;a0) + %’gﬂsa . (3.10b)

Since 0a is arbitrarily small, the higher order terms in da can be neglected, and thus with the use of

(3.3a) and (3.3b), equations (3.10a) and (3.10b) can be written as
X=x+ ———saf("a’i;a") a (3.102)
and

=y + Bg(x,Z;ao) 5a . (3.11b)

Defining 8x = x - x and 8y = y - y as the change induced in the variables x and y by a small

change in the group parameter away from the identity, we arrive at
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ox = a—fg%’zﬂ)—ﬁa =&(x,y)da (3.12a)

and
Sy = ag("a’z;a") a=T(x,y)da, (3.12b)
which are called the infinitesimal transformations of the group. The functions £(x,y) and 1(x,y)

are called the coordinate functions of the infinitesimal transformation.

3.1.4 The Definition of the Group Generator of the Infinitesimal
Transformation

The change in a function, F(x,y), due to a small change in the group parameter away from the

identity can be given by
SF(x,y) = F(x+8x,y+0y) - F(x,y) . (3.13)
Substituting (3.12a) and (3.12b) into (3.3) gives

SF(x,y) = F(x+£8a,y+nda) - F(x,y) . (3.14)

Expanding F(x+£0a,y+1a) in a Taylor series and neglecting terms in da2 and higher, we obtain

8F(c.y) = (60 o) 4 )0 g (3.15)
| X y
Introducing the notation
0 = e + ey (3.16)
X oy’
equation (3.15) can be written as
SF(x,y) = UF(x,y)da, (3.17)

17



where U is called the group generator or the symbol of the infinitesimal transformation. The group

generator can also be defined as

OF(x,y) _8x dF(x,y) + dy JF(x,y)
da 68 9 Sa Y

_ dF(x,y) JF(x,y)
= &(x,y) —a T FNeY) oy (3.18)
where
ox - &(x,y) and o _ n,y) . (3.19)
da da

The operator 93, is called the group operator or the Lie derivative.

3.1.5 The Invariance Properties of Equations
A function, F(x,y) = 0, is said to be invariant under the action of a group of point

transformations if

UF(x,y) =0. (3.20)

Given a function F(x,y) = 0, equation (3.20) can be used to determine the coordinate functions

of the infinitesimal transformation.

To examine the invariance of differential equations, it is necessary to know how the derivatives
transform; therefore, further coordinate functions are needed. These coordinate functions along
with the coordinate functions for the dependent and independent variables comprise the extended

infinitesimal transformation. Consider a kth order ordinary differential equation, (ODE), given by

F(x,y,y...,yK)) = 0. Taking the Lie derivative yields
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8F _ 5x OF 8y oF &y’ aF+”_ Sy® JF

—_— (3.21)
5a 820X a0V ga Y da Jy®
However, using (3.19) and defining the coordinate function for the jth derivative as
: . 0
nO(x,y; - y®) = 2
da
equation (3.21) can be rewritten as
ZF &y &4 oy & + M00yy) I b 4n® Gy, y<k>)——~ (3.22)
a
Introducing the kth extension of the group generator, equation (3.22) can be written as
OF = §CF(x,y.y', - y®), (3.23)

da

where
k) _ 9 9 ..M N O (xv. . O
U™ =&(x,y) 3 T EY) ay+n (x,y,y") ay'+ +N% (x,y, -y )ay(k) (3.24)

The coordinate functions for the derivatives can be written in terms of the derivatives of the
coordinate functions of the dependent and independent variables. For one dependent and

independent variable, the general formula for the derivative coordinate function is

NOx,y, - yO) = ﬁm(i-l)(x,y,. . yG-Dy - yo)ﬁxg(x,y) , (3.25)

where Dy is the total derivative operator and for j = 1, 1) = n(x,y). A kth order ODE is invariant

under a group of point transformations if

0CF(x,y, - y®) = 0, when F(x,y;-~y®) =0 . (3.26)
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Equation (3.26) leads to an over-determined system of partial differential equations, (P.D.E.'s),

from which the coordinate functions &(x,y) and 1(X,y) can be found.

3.1.6 More General Lie Algebra
Typically, one encounters a situation in which there are systems of partial differential
equations. Consider the case in which there are n independent and m dependent variables; a set of
point transformations is given by

il = fi(xla° : 'xn,YI,‘ * 'Ym,al" : af) 1 S l s n (3'27a)

and ,
yj = gj(il,' XneYls 'Ym,al;‘ : 'al') 1 Sj sm. (3°27b)
Equations (3.27a) and (3.27b) comprise an r-parameter group of point transformation if they

satisfy the four group axioms as stated earlier. The corresponding group generator for this case is

given by
N ~ = d
=Y, &isX, y) + Z N;j,s(X, y)a (3.28a)
i:
where the coordinate functions are given by
af
&is(X,y) =3+ la=do (3.28b)
> 081, . .

nj,s(x,Y)=’§: a=dg - (3.28b)
(Xl,- Xn) ¥ = (Yh' ,ym) and a= (al,---,af) fors =1,...,.. As before, in dealing with

differential equations the extensions of the group generators are required to determine how the
derivatives transform under the action of the group. The formulae for these coordinate functions

can become quite complicated.
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As a specific example, we will consider the results for one dependent variable, ¢, and two

independent variables, x and y. The second extension of the group generator for this case is

G®_g 9 ,g 9 0 0 1o
U —§1ax+§2ay+ﬂ + M +M

5 5 90 5 99x yaafby (3.292)
I N J M
Max - Way by by
where
M _oM Fa_ﬂ_aglq 05 . 98 (. p 95
e e g L = (6) % B (2.29b)
m_om [on 38| & & p &
it o L (M S 0 (2.29¢)
a’n n 9%, 9%, on , d& )
@ _ ] _ M 59511, _,9%
MNxx ax2+[2 axa¢ ax2:| X X2 ¢y+ a¢ 2 ox Oxx -2 3% ¢xy
o . 0%, 2 . 0%, 0%, 9%,
om _, -2 D - J - . (3.29d)
e L
d&; 982 a&2
-3—= X¥Yxx = xx‘2“— X\¥Yxy »
% ox0 *ag¢y¢ % OxOxy
n | o' 0%, 9%, )
(2) — (2) _ - - -
Ty = Mx = 5xay +an¢ axay} O +Lya¢ axay} 5y Oy
on 08 9% d& 9% p |d'7m 9%, 3%,
+{a¢ ax ay}“”‘y 3 e ) ¢ 36> 90 ayaqj ik (3290
9% (, ¢ % 9%, 92 92 |
- X/ T 5 ¥x T 5 \Wx -2—= xy = 2 x¥x
20 (6:) o (o) ” (oxFoy 2 2100725
3 ¢y¢xx 3 ¢x¢yy ’
and
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3211 a?'n azéz azgl an agz aél
@) 5 ) ] %], x
Tyy ay2+[ dydo ayz} 7 oy? ¢ +L¢ ay}q’yy 3y v
0 az 82 aZ az
+[——2'l 2052 (o2 2 O g, TR P OB 5 3200
o dydd dydd 90 3%
) 9&; ok,
- 3 . - X - 2 XV ¢
3 Oydyy _¢a¢ dyy % dydxy

In the next sections, these results will be used to determine the Lie group of point
transformations that are admitted by the neutron diffusion equations in one-dimensional slab

geometry and two-dimensional Cartesian geometry.

3.2 Determination of the Invariance Condition for the Neutron Diffusion Equation
in One-Dimensional Slab Geometry

Here we will consider the case of the multi-group, one-dimensional neutron diffusion equation

with constant properties as given by

Fg(%,05(x),05(x),05(x)) = Dygdg(x) - Tp g0g(x) + Sg(x) =0, (3.30)

where Dy is the group g diffusion length and ZR g is the group g removal cross section. We now

recognize that equation (3.30) will be of identical form for each energy group; therefore, we can

omit the subscript g, and the invariance condition for (3.30) is

TPR(x,0(x),0 (x).6 (x)) =0 (3.31)

whenever F(x,0(x),9'(x),$"(x)) = 0, where ﬁa) is the second extension of the group generator as

given by (3.24). Upon performing the differentiations, the expanded invariance condition is

ESx(X) - NER + Dixx + DO'(2Myg-Exe) + DO (Myy-2Ex0)

3 (3.32)
- D¢ Egp + DO"(Ny-Ex-2¢0'€p) =0,
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where the subscripts indicate partial differentiations. Using (3.30), the second derivative of the

flux is eliminated from (3.32) with the result that

ESx(X) - NER + DNyx + DO'(2N,4-Exx) + DO (M 44-2E10)

3 (3.33)
- D9 Egp + (ZrO-S(x))(My-Ex-2¢'€4) = 0 .

However, since § = £(x,$) and 1 = 1(x,$) the coefficients on the various powers of ¢' must be

equal to zero. This results in a system of P.D.E.'s that are used to solve for the coordinate

functions §(x,0) and n(x,0); specifically these are

Eop=0, (3.34a)
Moo - 28x¢ =0, (3.34b)
D(2M - Exx) - 2E0(Zr$ - S(X) =0, (3.34c)
and
Dy - Zr1 + ESx(x) + (Zrd -S(x))(ny - €x) = 0. (3.34d)

If S(x) is assumed to be any general function of x, then it is found that & = 0 and 1} = n(x),

where n(x) satisfies

Dnyx(x) - Zgn(x) =0, (3.35)
or for each energy group
DgnNg,xx(X) - Zr,gNg(x) =0 . (3.36)

The group generator for the one dimensional, multi-group diffusion equation is

d
a¢g(x)

Ug = ng(x) (3.37)
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and is of the special form called an evolutionary vector field.

3.3 Determination of the Invariance Condition for the Neutron Diffusion Equation
in Two-Dimensional Cartesian Geometry

The multi-group, two-dimensional neutron diffusion equation is

F(x,y,¢g(x,y) ’q)g,x(xvY) ’q)g.y(x’y) vq)g.xx(x’)I)vq)g,xy(x,y) ’q)g,yy(x,Y))

(3.38)
= Dgg xx(X,y) + Dgbg yy(X,y) - ZR gd(X,y) + Sg(x,y)=0.

As with the one-dimensional case, we will drop the subscript g since the form of equation (3.38)
will be the same for all groups. Using the second extension of the group generator as given by

equation (3.29a) with definitions (3.29b) though (3.29f) the invariance condition is

DX F(X,¥,0(%,3).0x (%05 (X, 0xx () 0xy (K.Y byy (KoyD] = 0. (3.39)

Upon expanding out the terms in equation (3.39) and using equation (3.38) to eliminate ¢xx, we
arrive at a system of P.D.E.'s for which the coordinate functions &1(x,y,$), E2(x,y,$), and
n(x,y,0) can be solved. Since these expressions are quite complicated they will not be presented
here; however, if there are no assumptions about the source S(x,y) then one obtains the

evolutionary form of the group generator as

N 3
0, = ng(xy)—2— (3.40)
ST d0gxy)

where the coordinate function ng(x,y) satisfies the homogeneous diffusion equation,
Dgng,xx(x,Y) + Dgng,yy(X,Y) - ZR,gng(X,Y) =0. (3.41)

The results of Sections 3.2 and 3.3 will be used later to obtain an invariant finite difference scheme

for the neutron diffusion equation. In particular equations (3.37) and (3.40) will be used in the
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next section to derive the extension of the group generator to grid points, which will then be used

in Chapters S and 6 to formulate the invariant finite difference schemes.
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4 GROUP INVARIANT DIFFERENCE SCHEMES

As stated earlier, the objective of the author's research is to improve difference schemes by
incorporating the invariance properties of the differential equation being simulated into the finite
difference simulation to produce invariant difference schemes. There are, however, several

definitions of what is meant by an invariant difference scheme.

In reference 1, Shokin defines an invariant difference scheme to be a finite difference scheme
whose first differential approximation admits a group of point transformations. Shokin's
definition implies that the group acts on a space, whose coordinates include the dependent and
independent variables, the grid spacings and derivatives up to one order greater than appears in the
original differential equations. Therefore, higher order differential approximations of the
difference scheme are not guaranteed to be admitted by the group; thus, Shokin's definition can not
lead to difference equations, whose solution agrees with the exact solution of the differential
equations being simulated. It is important to note that this type of invariant difference scheme leads

to greatly improved difference equations for the solution of the gas dynamics equations.

A second definition is that employed by Axford, references 2 and 3, which states that a
difference scheme is invariant under a group of point transformations if it admits the extension of
the group to the grid point values of the difference scheme. This definition implies that the
extensions of the group generators act upon a space whose coordinates are the dependent and
independent variables evaluated at the grid points. Axford has shown in reference 2 that such
difference schemes can lead to difference equations whose solution agrees with the exact solution

of the differential equation being simulated.
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The focus of the author's research is to explore more fully invariant difference schemes of the
type based upon Axford's definition of an invariant difference scheme. Considerations such as the

consistency of these invariant difference schemes and the truncation error will be addressed.

4.1 Extension of the Group to Grid Point Values for One Dependent and
Independent Variable

In this section we will examine the construction of the invariance condition for a finite
difference equation. Currently the discussion will be limited to the case of one dependent and

independent variable. Consider the finite difference equation as given by

H(Xi-1,Xi:Xi41,Yi-1,YiYi+1) = 0, (4.1)
where the xj's are the independent variables and the yj's are the dependent variables evaluated at
the grid locations, i.e. y(xj) =y;. As with a differential equation, the invariance condition can be
determined by taking the Lie derivative of (4.1) which is

m = ﬁ(D)H = M oH 8x1 oH SXH.] aH 8x JH

da sa 0%l 52 O%  ga 0% ga Nl 4.2)
SYM oH 8}’1 aH SYH-I dH _

da aYl l da aY1 da aY1+l B

~(D) . PR .
where U® is the symbol or generator of the infinitesimal transformation of the group extended to
the grid point values. For a differential equation that admits an evolutionary vector field, the

infinitesimal point transformations are given by

4.3)

|
]
»”

and

y=y+n(xy)da. (4.4)
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Since the independent variable does not transform under the action of the group, the invariance

condition (4.2) reduces to

@y - Sia OH  8yidH  8yiy OH _

= 4.5
da OYi-l  §a 9Yi Sa 9Yisl 4.3)
To determine the coordinate functions we need to extend the infinitesimal transformations
Xi = Xj (4.6)
and
_ Sy (X;
i = y(x) +%8a= i + M (xiy)0a (4.7)
a
to
_ Sv(x;
Yitl = Y(Xis1) + —SY(SX‘”) a (4.8)
a
and
_ Oy(x;.
Vit = y(xi.) +—-";—'%a @.9)
a .

where Xj; = xj + Ax* and xj.; = x; + Ax". We start by expanding Y(Xi+1) in a Taylor series as

- N s (AxHk dv(x;)
Yy =V(x: 1) = Vx: . .10
Y(Kie1) = Y(Xiy1) = J(x)) + kz=l i (4.10)
However, the kth order derivative transforms as
kg, kg k
d Y® = d y(x) = d Y(X) +n(k)(x,y)8a , (4.11)

dxk dxk dxk
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where 1(K(x,y) is the coordinate function for the kth derivative given by (3.35). Substituting (4.7)

and (4.11) into (4.10) yields

?(xi+1>=y(xi>+2 (axy” d;":’) [n(x,,y,)+ b @x) n(k)(x,,yl)}aa (4.12)

or

y(Xis1) = Y(Xis1) +|}q(x1aY1) + Z ( i ﬂ(k)(xnyn)}sa (4.13)

For an evolutionary vector field (§ = 0) the coordinate functions for the kth order derivatives

are simply given by

dxk
so (4.13) reduces to
e )= o (Ax+)k dn(xiy:)
F(xiv1) = y(Xis1) + [n(xi,yo D Y } (4.15)

Next comparing (4.8) with (4.15) we see that the coordinate function for the dependent variable at

the grid point x4 is

dy(xis1) _ (AX“)" dnxyi) 4.16
da NGy + 2 dxk (@10

For the neutron diffusion equation, equation (4.16) can be further simplified by the fact that the

dependent variable's coordinate function is only a function of x, 1(x,y) = 1(x), thus
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