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ABSTRACT

The general problem of determining inelastic cross sections from sphere transmission
measurements is considered. Experimental problems encountered in this type of investigation
are discussed. Analytical methods of correcting for multiple scattering and other important
effects in spherical shells are presented. These methods are applied to the determination of
average inelastic cross sections of many materials for fission spectrum neutrons. Experi-
mental work with U, Np*?, and A1*'(n,p)Mg?’ threshold detectors is evaluated.







ACKNOWLEDGMENTS

During the course of the measurements and calculations reported herein, the authors
benefited from the contributions of many members of Los Alamos Scientific Laboratory. Those
whose assistance was most essential are as follows:

(1) C. W. Johnstone with the electronic apparatus.

(2) B. G. Carlson, M. Goldstein, R. Von Holdt, Mrs. B. J. Masters, and P. E. Harper with
the numerical computations.

(3) E. D. Cashwell, C. J. Everett, and J. M. Kister with setting up and performing the
Monte Carlo calculations on the MANIAC.

Discugsions with H. H. Barschall and J. M. B. Kellogg initiated the experimental program.
Their support continued throughout the work.

John E. Evans assisted in planning and performing the first measurements, and W. George
and E. Bennett joined us during two consecutive summers as participants in the summer
graduate student program of LASL.

Many of the spheres were lent to us by E. R. Graves and R. W. Davis, and we take this
opportunity to thank them. Spheres were supplied by Knolls Atomic Power Laboratory for the
measurements of zirconium and titanium.







CONTENTS

Page

ABSTRACT 3
ACKNOWLEDGMENTS 5
DEFINITIONS 13
CHAPTER 1 INTRODUCTION 17
1.1 Purposes of the Investigation 17
1.2 Reciprocity Theorem 17
1.3 The Sphere Method 17
CHAPTER 2 THIN-SHELL THEORY 20
CHAPTER 3 THICK-SHELL THEORY AND ISOTROPIC SCATTERING 26
8.1 Number of Second Collisions 28
8.2 Number of Third and Higher Order Collisions 27
8.3 Normal Mode Distribution 30
3.4 Calculation of Transmission 32
3.5 Analysis of Experiments 33
3.6  Alternative Derivation 34

CHAPTER 4 ANISOTROPIC SCATTERING AND JUSTIFICATION OF TRANSPORT
APPROXIMATION 36
4.1 Outline of Methods 36
4,2 Numerical Test of Transport Theory 31
4.3 Analytical Justification 39
4.4 Small Angle Limit 42
CHAPTER 5 DETERMINATION OF ESCAPE PROBABILITIES 45
5.1 Escape Probability After First Transport Collision 45
5.2 Escape Probability After a Second Transport Collision 48
5.3 Escape Probability After a Third or Later Transport Collision 50
5.4 Importance of Collision Distribution 52

5.5 Escape Probability, Including the Elastic Scattering Angular
Distribution Explicitly 54
CHAPTER 6 CORRECTIONS 58
6.1  Finite Distance Between Source and Detector 58
6.2 Finite Counter Size Correction Factors 64
6.3 Absorption in the Counter 71
-7 -

/



6.4 Angular Asymmetry of Counter
6.5 Correction for Loss of Energy on Elastic Collisions
6.6 Treatment of a Non-isotropic Neutron Source

CHAPTER T DETECTOR CHARACTERISTICS

CHAPTER 8 GENERAL GROUP THEORY

8.1 Reciprocity Conditions
8.2 Group Formulation
8.3 A Conservation Theorem

8.4 Determination of Group Constants by Variation of Shell

Thickness
8.5 An Approximate Relation Between Cross Sections

CHAPTER 9 EXPERIMENTAL ARRANGEMENTS

9.1 Reactor Facilities

9.2 Monitor Systems and Reactor Stability
9.3 Spiral Counter System

9.4  AI*'(n,p)Mg?’ Counting System

9.5 Sphere Design and Dimensions

CHAPTER 10 EXTRANEOUS EFFECTS

10.1 Fast Neutrons Not Produced by the Source
10.2 Room Scattering of Source Neutrons

10.3 Scattering from Supports

10.4 Check on Neutron Spectrum

10.5 Non-threshold Neutron Detection

10.6 y-ray Effects

10.7 Spurious Counter Effects

10.8 Counter Size and Position in Sphere

10.9 Counter Angular Asymmetry

CHAPTER 11 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH

U?%® THRESHOLD DETECTOR

11.1 Table of Cross Sections

11.2 Accuracy of Final Inelastic Cross Sections
11.3 Errors Involved in Use of Equation 1.1
11.4 Interpretation of Corrected oy,

11.5 Conclusions

CHAPTER 12 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH

Np®'! THRESHOLD DETECTOR

12.1 Table of Cross Sections
12.2 Accuracy of Final Inelastic Cross Sections
12.3 Conclusions

CHAPTER 13 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH

AP'(n,p)Mg?' THRESHOLD DETECTOR

13.1 Table of Cross Sections
13.2 Accuracy of Final Inelastic Cross Sections
13.3 General Remarks

73
74
76

8

83

83
86
88

89
91

92

92
92
96
97
98

100

100
100
102
102
102
102
103
103
104

105

105
105
107

109
109

111

111
111

111

115

115
115

117



CHAPTER 14 ANALYSIS OF EXPERIMENTAL DATA BY TWO-GROUP
METHOD

14.1 Two-group Analysis of Iron
14,2 Two-group Analysis of Cadmium
14.3 Two-group Analysis for Other Elements

CHAPTER 15 CONCLUSIONS

REFERENCES

TABLES

CHAPTER 4 ANISOTROPIC SCATTERING AND JUSTIFICATION OF TRANSPORT
APPROXIMATION

4.1 A Comparison of Various Methods of Computing Sphere Transmission

CHAPTER 5 DETERMINATION OF ESCAPE PROBABILITIES

5.1 [Escape Probabilities from Spherical Shells After First, Second,
and Normal Mode Collisions

CHAPTER 6 CORRECTIONS

6.1 Comparison of Cross Sections Corrected for Losses of Energy in
Elastic Collisions by Monte Carlo Method and by Eq. 6.42

CHAPTER 11 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
U?® THRESHOLD DETECTOR

11.1 Results of Sphere Transmission Experiments Using a ye

Threshold Detector and a Fission Spectrum Source

CHAPTER 12 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
Np**' THRESHOLD DETECTOR

12.1 Results of the Sphere Transmission Experiments Using the sz”

Threshold Detector and a Fission Spectrum Source

CHAPTER 13 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
A1*(n,p)Mg?’ THRESHOLD DETECTOR

13.1 Results of Sphere Transmission Measurements Using Al*%(n,p)Mg?’
Threshold Detector and the Fission Spectrum Source

CHAPTER 14 ANALYSIS OF EXPERIMENTAL DATA BY TWO-GROUP METHODS

14.1 Inelastic Cross Sections for Fission Spectrum Neutrons for
Groups 2 and 3

ILLUSTRATIONS

CHAPTER 2 THIN-SHELL THEORY

2.1 Geometry used for analysis of sphere experiments

2.2 Neutron path whena = 2

2.3 Curve of T when scattering is almost entirely inelastic
2.4 Curve of T when scattering is mostly elastic

-9 -

119

119
121
121

125

127

38

52

76

106

112

116

124

21
22

24




CHAPTER 8§ THICK-SHELL THEORY AND ISOTROPIC SCATTERING

3.1
3.2

3.3

Paths of neutrons starting at outer and inner edges

Plot of 1 — P(r), the probability of making another collision
for neutrons scattered isotropically at various points in
spherical shells, with ry/r, = 0.8

Radial distribution of neutrons that have made first collisions,
second collisions, and normal mode collisions for a shell with
0, X =0.8and r/ry = 0.8

CHAPTER 5 DETERMINATION OF ESCAPE PROBABILITIES

5.1

5.2

5.3
5.4

5.5

5.6

5.7

Plot of Py, the escape probability from a spherical shell after
the first elastic collision

Geometrical arrangement showing the spherical shells used

in computing P,

Plot of P,, the escape probability after a second elastic collision
Plot of P, the escape probability after a third or later elastic
transport collision

Plot of m; for iron angular distribution, measured with “28”
detector, when oy./0; = 1

Plot of n; for iron angular distribution, measured with “28”
detector, when "tr/"t =0.75

Plot of m; for iron angular distribution, measured with “28”
detector, when arn_/ot =0.50

CHAPTER 6 CORRECTIONS

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

Plot of (1 - K)Pf, finite distance effect correction for escape
probability, assuming spherically symmetric scattering and
exponential collision distribution

Plot of (1 — K)P; , finite distance effect correction for escape
probability, assuming spherically symmetric scattering and
second collision distribution

Plot of (1 — K)PX , finite distance effect correction for escape
probability, assuming spherically symmetric scattering and
normal mode collision distribution

Finite distance effect for escape probability,nf , including iron
angular distribution measured with “28” counter and exponential
collision distribution when o;,./0; = 1

Finite distance effect for escape probability, ny , including iron
angular distribution measured with “28” counter and exponential
collision distribution, when °tr/°t =0.75

Finite distance effect for escape probability,wf , including iron
angular distribution measured with “28” counter and exponential
collision distribution, when o}, /0y = 0.50

Geometrical arrangement showing a cylindrical neutron source
inside a sphere -

The spherical geometry showing the solid angle  required for a
neutron to pass through the source after a collision

CHAPTER 7 DETECTOR CHARACTERISTICS

7.1

7.2

Relative detection sensitivities for the three threshold detectors
used in the sphere trangsmission experiments

Plot of sensitivity vs energy for a typical non-ideal threshold
detector

- 10 -~

28

29

31

41

49
51

53

55

58

57

61

62

63

65

66

67

68

72

9

80



7.3 N(E) oP(E) curves obtained by combining the sensitivity of
each neutron detector with the fission neutron spectrum 82

CHAPTER 8 GENERAL GROUP THEORY

8.1 Geometry used for discussion of reciprocity conditions for
multi-group analysis 84

CHAPTER 9 EXPERIMENTAL ARRANGEMENTS

9.1 Schematic drawing of “Water Boiler” and the experimental

arrangement 93
9.2 External collimator with source and a typical 8 inch outside

diameter sphere on its supporting cone 94
9.3  Source plate and a spiral counter in position at the center of

a hemisphere 95

CHAPTER 11 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
U%® THRESHOLD DETECTOR

11.1 Inelastic cross sections computed from the exponential formula

and from the sphere theory 108
11.2 Inelastic cross sections for scattering below the “28” detector
threshold as a function of A2/3 110

CHAPTER 12 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
Np®*' THRESHOLD DETECTOR

12.1 Cross sections for scattering below the “37” detector threshold
as a function of A%/3 114
CHAPTER 13 ANALYSIS OF EXPERIMENTAL DATA OBTAINED WITH
A1*'(n,p)Mg?’ THRESHOLD DETECTOR
13.1 Cross sections for scattering below the A1*"(n,p)Mg?' threshold
as a function of A%/3 118
CHAPTER 14 ANALYSIS OF EXPERIMENTAL DATA BY TWO-GROUP METHODS

14.1 Plot of o3, (cross section for scattering inelastically between
groups 3 and 2) as a function of oi® + of (inelastic collision cross

section in group 2) for three iron shells 120
14.2 Plot of 03, for cadmium as a function of o‘%“ + of for three
thicknesses of shell 122
- 11 -






DEFINITIONS*

Roman Alphabet

Symbol Definition

A Atomic weight

a(y) Defined by Eq. 5.5

a, n + 1 coefficient in cosine series expansion of elastic scatter-
ing angular distribution function. Eq. 4.6

b Distance between center of source and center of detector in a
sphere transmission experiment

b(u) Defined by Eq. 5.5

Ciot Total number of second or higher order neutron collisions in
the shell. Eq. 3.40

Cin Total number of second or higher order inelastic collisions in
the shell. Eq. 3.41

C, Total number of second collisions preceded by first elastic
collisions. Eq. 4.2

C’-i Effective cross section for transferring neutrons from group
j to group i, considering all processes. Section 8.2 and
Eq. 8.15

efp) Defined by Eq. 5.5

D Distance from the surface of a spherical shell at which the
normal mode flux may be considered zero (extrapolated end
point). Eq. 3.24

E; Number of neutrons that have at least one elastic collision.
Eq. 3.1

E, Number of neutrons that have n elastic collisions. Equation
3.11, for example

E’ Denotes the neutron energy after loss of energy on either

- elastic or inelastic collisions

E Average energy after an elastic collision. Eq. 6.43

F(8) dw Probability of elastic scattering at angle 8 into solid angle dw.
Eq. 6.39

fn(r) dr The fraction of neutrons making n collisions which make their
nth collision between r and r + dr. Egs. 3.1, 3.9, 5.4, and 5.13

f(r,a) Neutron flux at point r. Eq. 4.7

G(O,r,rj,rjﬂ) Probability of a second collision in subshell r; to r. ; if a

neutron scatters on its first collision at position r into
angle 8. Section 5.2

g Neutrons emitted per collision or 1 + { in neutron diffusion
theory. Eq. 3.20

*To assist the reader, equation and section numbers have been added to definitions in
some cases.
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L

ltr
m

N(E) dE

n(r,6) dw

P(r,0)

P(E’) dE’

S oD
Py, Py

p(z) dz

Q

qi

Distance between points (xo,y,) and (x,y,z) in Fig. 6.7

Number of events in which the collisions through n — 1 are
elastic and the nth collision is inelastic. Eqgs. 2.4, 3.7, and
3.14

Defined in the same way as I, except that total cross section
instead of transport cross section is used on the first col-
lisions. Eq. 4.4

Correction for finite source-to-detector distance to be sub-
tracted from observed transmission. Eqs. 6.9 and 6.10

Correction term for finite detector size inside the sphere to
be added to observed transmission. Eqs. 6.27 and 6.28

Ratio of the inside radius of sphere to the outside radius,
r/ry

One of the unknowns in the normal mode flux expression (Eq.
3.19) which is fixed by the choice of sphere size and trans-
port cross section

Defined by Eq. 2.16

Transport mean free path. Eq. 4.9

Distance traversed by a neutron that starts off-center in the
sphere in Fig. 6.7

Flux of neutrons between energy E and energy E + dE in the
fission spectrum

Number of neutrons per cubic centimeter that have their kth
collision at position r before escaping from the sphere and
whose direction of motion after this kth collision is in solid
angle dw at angle 0

Probability that a neutron which starts at position r at an
angle 8 with the radius will escape from the sphere without
making any further collisions. Eq. 3.4

Average escape probability of a neutron starting at position r,
assuming isotropic scattering. Eq. 3.5

Average escape probability for neutrons emerging from the
nth elastic collision. Eqs. 3.8 and 3.12

Defined by Eq. 6.6

Defined by Eq. 6.7

Escape probabilities after the nth elastic collision, considering
an absorbing detector in the middle of the sphere. Section
6.3

Defined in Section 6.3

Probability of neutrons escaping from the shell after only
elastic collisions and having an energy between E’ and
E’ + dE’. Section 6.5

Probabilities of emission of the neutron source and detection
of the neutron counter in energy group i per unit volume of
source and detector, respectively. For example, P}’ is the
detector probability in group i for Np?*' counter.

Probability that the total path through the shell of a neutron
originating at the sphere center is between z and z + dz,
considering only elastic collisions. Section 4.4 and Eq. 4.28

Number of neutrons escaping from the sphere with no col-
lisions. Eq. 6.19

Total number of neutrons escaping from the shell in group i.
Section 8.2 and Eq. 8.22

Perpendicular distance from detector center to line joining
points (x,,y,) and (x,y,2z). Fig. 6.7
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ry
Ty

Ty

s7*

<y(r)>
<y>

b4

m

Ot %ins Te1» Otps oet

tr in ¢ et
Oi , 0f , 0j, 0}

oD(E)

Inside radius of sphere

Outside radius of sphere

Defined by Eq. 6.40 )

Distance between dV; and dV, in Fig. 8.1

Ratlo of elastic transport cross section to total elastic cross
section, g /0e;. Eq. 3.38

Number of group { neutrons produced on the n + 1 collision in
a shell. Eq. 8.13

Number of neutrons escaping from a sphere after n elastic
transport collisions. Eqs. 2.3, 3.2, 3.42, and 3.43

Same as T,, but describing the first collision with the total
cross section, not the transport cross section

Detector volume, used especially in Section 6.2

Source volume

Finite detector size correction factors. Eqs. 6.22 and 6.25

Probability of a second inelastic collision in thin ghell ap-
proximation. Eq. 2.6

Shell thickness, ry — r;

Effective shell thickness for case of very sharply peaked
elastic scattering angular distribution. Eq. 4.27

Distance traveled through the shell material to the edge of the
shell by a neutron scattered at point r through angle 6.
Eq. 2.9

Average of y(r,0) over angle 6. Eq. 2.10

Average of y(r,8) over angle 8 and r. Eq. 2.16

One half the cylindrical detector height in the finite detector
size correction

(r-r) =XZ. Eq. 2.13

Greek Alphabet

Statistical average of a? over all possible neutron paths taken
at position r. Eq. 4.34

Phase shift. Eq. 3.19

Reduced efficiency for counter asymmetry correction. Sec-
tion 6.4

Error in inelastic cross section because of effect of energy
loss on elastic collisions. Egs. 6.37, 6.41, and 6.42

Average squared deflection of a neutron on an elastic collision

Mean free path for neutron detection in counter

Cosine ¢

Average number of neutrons per fission produced by a neutron
in energy group i

The escape probability after the first elastic collision if total
cross sections are used to specify the number of first col-
lisions. Eqs. 4.5 and 5.15

One group total, inelastic collision (capture plus inelastic
scattering), elastic, transport, and elastic transport cross
gections

Transport, inelastic scattering, capture, and elastic transport
cross sections for energy group i. For this multi-group
notation, inelastic scattering and capture are separated

Neutron detector sensitivity for energy E

- 15 -




3
el?

Ots Oins Ge1

aji
¢, o7
éi

Pm
¥

¥y

Average effective elastic cross section for a continuous
spectrum counting in a threshold detector. Eq. 7.8

Average total, inelastic collision, and elastic cross sections
for continuous spectrum neutrons counting in a given threshold
detector. Egs. 7.7, 7.5, and 6.38, respectively.

Inelastic scattering cross section from energy group j to group i

Flux at arbitrary point in space. Section 6.2

Fraction of neutrons from central source in sphere in energy
group i, in our case f;. Section 8.2

Normal mode flux in sphere. Eq. 3.19

Integrated one group flux over the volume of the sphere. Neutrons
in this flux must have made at least one elastic collision.
Section 3.6 and Eq. 3.48

Integrated flux of energy group i over the volume of the sphere.
Neutrons in this flux have made from zero to an infinite
number of collisions
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Chapter 1

INTRODUCTION

1.1 Purposes of the Investigation

A great need exists for information on the inelastic scattering of fast neutrons, both for the
theory of the compound nucleus and for the calculation of the degradation of fission neutrons in
a material. The present investigation was undertaken primarily to supply information of an in-
tegral nature on the inelastic scattering of fission spectrum neutrons. At the same time, re-
sults are obtained on the energy dependence of inelastic cross sections in various regions of
the periodic table.

The “sphere method” was used in these experiments because it appeared to be the method
most compatible with experimental conditions at the reactor. By detailed theoretical investiga-
tions, it was shown that this method permits a very accurate evaluation of the inelastic cross
section.

1.2 Reciprocity Theorem

The experimental work discussed in this report was performed with an external fission
source and a detector which was surrounded with a sphere of material for a transmission de-
termination. In the theoretical treatment, however, we will assume that the source is inside the
sphere and the detector outside. This is a considerable convenience for following the paths of
neutrons from the shell. It has been shown in LA-1428! that one can obtain the same sphere
transmission by surrounding either the source or the detector. Specifically, the reciprocity
theorem states: The number of neutrons coming from an isotropic source at the center of a
spherical shell of matter and detected in an isotropic detector outside the sphere is equal to the
number detected if the positions of source and detector are interchanged.

It should be pointed out that if one performs experiments with a large anisotropic counter
inside a sphere and an anisotropic source outside the sphere, the transmission computed by as-
suming an internal source must be done as follows: The internal source must have the same
shape and absorption characteristics as the counter it replaces, and the external counter must
have the same shape and characteristic angular sensitivity as the source it replaces.

1.3 The Sphere Method

The method of spherical shells has been used by a large number of experimenters. Quali-
tatively the method works as follows:

If we place an isotropic threshold neutron detector at a large distance from an isotropic
source and count with and without a sphere of material surrounding the source, the resulting
transmission

- 17 -




_ counts (sphere on)
counts (sphere off)

is a2 measure of the amount of inelastic scattering.

We can think of this as follows: With only elastic scattering in a shell, a transmission of
unity will be obtained, because of spherical symmetry. Therefore, when both elastic and inelas-
tic collisions occur in the shell, one might tend to believe that the number of inelastic collisions
is more or less independent of the elastic cross section. If this were true, the elastic scatter-
ings would again give essentially no effect, and only the inelastic cross section would be impor-
tant in determining the sphere transmission.

On the basis of this argument, it has often been assumed that the transmission is given by
an exponential

T = =% X (1.1)

where X is the shell thickness. In particular, this has been assumed by Phillips et al.? at Los
Alamos in scattering experiments with 14 Mev neutrons. They justify the use of the exponential
by pointing out that the elastic scattering angular distribution has a very pronounced forward
peak at 14 Mev. This means that an elastic scattering does not lengthen the paths traveled by
neutrons in escaping from the sphere and, hence, does not act like a scattering at all. There-
fore, the inelastic cross section only is important in determining the transmission of a sphere.
Also, they have varied the sphere thickness over a limited range and have observed essenrtially
the same inelastic cross section at all thicknesses.

The argument of Phillips et al.? may be reasonably well justified at 14 Mev (since the in-
elastic cross section is large and the elastic transport cross section small). However, it cer-
tainly is not sufficient at lower energies, around 1 Mev, where the elastic cross section, as
well as the average scattering angle, is much larger. Equation 1.1 will break down when the in-
elastic cross section becomes small compared to the elastic transport cross section, and this
is the rule, rather than the exception, at energies around 1 Mev.

Of course, in any case, the first term in the expansion of Eq. 1.1 in a2 power series will be
valid, viz.

T =1—0iX (1.2)

for very thin shells, regardless of the elastic scattering cross section. For this reason, some
experimenters have used very thin shells. The disadvantage of this is obvious; for the sake of
statistical accuracy, shells with a transmission of 30 to 70 percent are desirable. Moreover,
Eq. 1.2 does not indicate how thin the shells have to be for Eq. 1.2 to be valid. Our theory, in
Chapter 2, will show that the shells need to be much thinner than might be expected.

It is clearly desirable to have a theory which is valid also for thicker shells. Several ap-
proaches to this problem have been advanced in the past. H. H. Barschall® has suggested the
use of an effective path length through the shell instead of the thickness X in Eq. 1.1, Amaldi
et al.4 have formulated a correction factor F(X) for multiple scatterings. The shell transmis-
sion is written

T = F(X) e~ "n¥ (1.3)

Szilard et al.® have used a method of interpreting sphere transmission data which is simi-
lar to the methods presented in Chapters 3 and 4. They conclude that the failure of their theory
to give the same cross section for all shell thicknesses of the same element may be due to a
“hardening” of the spectrum.

A tested theory to use in the evaluation of fairly thick spherical shells is clearly needed at
Present. This will be developed in Chapters 3 and 4. A large amount of experimental work was
performed to test its validity under a wide variety of conditions.

- 18 -



In addition, cross sections for inelastic scattering from a fission neutron spectrum to a
point below several detector energy thresholds have been measured and are discussed in Chap-

ters 11, 12, 13, and 14 of this report. These measurements were performed for about 15 ele-
ments.

The meaning of the average inelastic cross sections, which were measured with energy
threshold detectors and the fission neutron spectrum, is discussed in Chapter 7.

- 19 -




Chapter 2

THIN-SHELL THEORY

A theoretical analysis of the thin shell i8 particularly instructive because it shows, by a
purely analytical argument, the large effect of elastic scattering on the transmission. To show
this effect, it is clearly necessary to calculate the transmission at least up to order X’, where
X is the thickness of the shell; for, in the first order, the transmission is given by Eq. 1.2. It
has been assumed in Eq. 1.2, as it will be in the following, that inelastic scattering is the only
process which renders neutrons undetectable (i.e., that neutron capture is negligibly small).
Otherwise, the capture cross section should be added to that for inelastic scattering.

To obtain Eq. 1.2, as well as equations in this chapter, we make use of the reciprocity
theorem; i.e., we assume the source to be in the center of the spherical shell. The shell
thickness is

X = Ty — Ty (2.1)

where r, is the outer radius, and r; the inner radius. The macroscopic cross section, meas-
ured in cm™!, is used for Oy, in Eq. 1.2, as it is for all cross sections in this report, unless
otherwise indicated.

Elastic scattering has no influence on the transmission in the linear approximation Eq.
1.2 because in this approximation we have only one collision, which may be either elastic or
inelastic, so that certainly T is of the form

T =1~ (ace + boy ) (2.2)
where a and b are constant coefficients. But in the absence of inelastic scattering, elastic
scattering does not change the number of neutrons transmitted, hence a = 0.

Now let us proceed to a better approximation. We will assume throughout that one neutron
is emitted by the source. Then the number of neutrons which come out of the sphere without
any collision is exactly

To = e"O‘gx (2.3)

where oy is the total cross section. The number of first collisions is 1 — T, and the number
of inelastic first collisions is therefore

= (Z%in) (1 —
1 (c,t ) (1 - Ty) (2.4)
Expanding up to order Xz, we get

1
I, =0'inX—§am0tX2+ (2.5)

- 20 -
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Fig. 2.1 Geometry used for analysis of sphere experiments.




We now wish to calculate, to order X?, the number of neutrons which are elastically scat-
tered on their first collision and then inelastically on the second. For the sake of generality,
we assume that the elastic scattering is not isotropic, and define ¢(8) dw as the differential
cross section for elastic scattering into solid angle dw at angle 6. The elastic scattering is
illustrated in Fig. 2.1.

The probability that a neutron, after its first elastic scattering at r, is subsequently scat-
tered inelastically depends on the distance y(r,0) which it has to travel after its first scat-

tering, before escaping from the sphere. In our approximation, it is sufficient to set this
probability equal to

W, = 0y, y(r,6) (2.8)

Then the number of second inelastic scatterings is

Ty

4
L =0, ﬂ, o 0¢(6) dw dr y(r,8) (2.7
This expression is, of course, proportional to X2, and the transmission to order X’is
T=1'—Il—lz (2'8)

For an arbitrary angular distribution of elastic scattering, I, would have to be found nu-
merically. However, to demonstrate the effect of elastic collisions, we shall calculate it with
isotropic elastic scattering. We shall show in Chapter 4 that even for very anisotropic scat-
tering it is a good approximation to replace the actual scattering by isotropic scattering, if at
the same time the total cross section is replaced by the transport cross section. This makes
the present calculation quite realistic. From geometry

y(r,6) =—rcos 6 + Vri—r?sin? 6 —a Vr} —r’sin’ g (2.9)
7
where a=2 if cos § =< — 1——;— -
r
2
and a=0 if cosf=- Y1-=1
r

Geometrically, a = 2 if, and only if, the neutron path after scattering penetrates into the in-
terior cavity of the shell (see Fig. 2.2).

/

Fig. 2.2

If the scattering is isotropic, Eq. 2.9 can be averaged over solid angle and gives for any r
1 4ax
<y(r)>= & f; y(r,8) dw
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X ri-r? frp+r\ r*-r} (r+r
<y(r)> =3 + e 1n(r2_r + M r_r‘) (2.10)

For simplicity, let us assume now that the shell is thin, not only compared to a mean free
path, but also compared to its radius, i.e.

X «<ry (2.11)

Then Eq. 2.10 simplifies to

_X ry—r 2r, r—ry 2r
(x> =3 + 2" In (rz S r) + 120 (r 2. r;) (2.12)
Let us now set

r-ry=X2Z (2.13)

where Z runs from zero to one. Then Eq. 2.12 may be written as

<y(r)> =§ [1 + 1n (%) ~—ZInZ-(1-2Z)In(1- Z)] (2.14)

The two last terms in the square bracket always give a positive contribution, which varies
from0atZ=0and1l, toln2at Z="1. Eventhe maximum vaiue, In 2, is small compared with
In (2 ry/X) under the assumption of Eq. 2.11. Therefore we find: The average length of the path
of a scattered neutron, <y(r)>, is almost independent of the location of the scattering, r. It is
largest if the scattering occurs in the middle of the shell, smallest if it occurs at the outer or
inner edge. As a consequence, the probability of making an inelastic collision after an elastic
one is almost independent of the point where the elastic collision occurs.

Some understanding of this result, and of the form of Eq. 2.14, may be obtained as follows:
Consider the neutrons starting from r in direction 8, and those in direction 7 — 8. The sum of
their paths, for a thin shell, is approximately twice the path through a slab of thickness X at
angle 8 to the normal, i.e.

2X
cos 6

{(2.15)

This is independent of Z, the starting position within the shell {Eq. 2.13). Averaging Eq. 2.15
over the solid angle gives a logarithmic divergence which is cut off by the sphericity when
cos 6 ~ X/r,; hence the appearance of In (r,/X) in Eq. 2.14.

Averaging Eq. 2.14 over Z (i.e., over r) gives +¥, from each of the two last terms and
hence

X 13 2r XL .
=— = = —
<y>=3 [2 +1n (—1x )] 2 (2.16)

where the factor L is clearly quite large, usually between 3 and 4, and largest for the thinnest
shells. The number of second inelastic collisions (i.e., I, Eq. 2.7) is obtained using Eq. 2.16
for <y>, the average path length in the shell after a collision

Iz = %’ Uinael sz (2.17)

The transmission (Eq. 2.8) is then, to order X?
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T=1-0j,X +% oinX%(oy —oglL) + ... (2.18)

For an anisotropic scattering angular distribution, instead of an isotropic, one should use the
elastic transport cross section og4 instead of o¢) in Eq. 2.18.

The coefficient of X2 in this formula is very interesting indeed. If the scattering is almost
entirely inelastic, then

T=1-0,X+20k Xt+... (2.19)

which is the well-known expansion of the exponential. In this case, the X? term is positive,
i.e., the curve of T vs X has the familiar upward bend (Fig. 2.3). But if the

X X

Fig. 2.3 —Bcattering almost entirely inelastic, Fig. 2,4— Scattering mostly elastic.

scattering is mostly elastic, then because of a large value of L, oL is greater than oy,, and
the X? term in Eq. 2.18 is negative. Then the curve of transmission vs thickness bends down-
ward as illustrated in Fig. 2.4. Clearly, in this case, it must be entirely wrong to evaluate
transmission experiments by assuming

T = e‘clnx

The choice of the exponential formula is particularly bad because the negative coefficient of
X2 in Eq. 2.18 is apt to be large, much larger than the positive factor in the “elementary”
formula (Eq. 2.19), both because L > 1 and because 0} > 0Oyp.

Obviously, the curve of T vs X cannot bend downward indefinitely. There must be an
inflection point and finally a quasi-exponential behavior, caused by higher order terms as
shown schematically in Fig. 2.4. Of course, at no point (except for extremely thin shells) can
the inelastic cross section be derived from the transmission by the exponential formula.

The reason for the behavior of Eq. 2.18 i8, of course, that the path of a neutron in the
shell is greatly increased by elastic scattering. Suppose a neutron makes a collision at some
point r in the shell: then, if it continued radially outward, it would still go a distance ry —r,
and if we average this quantity over all scattering positions r, we get 1/2 X. On the other hand,
if the neutron is scattered in a random direction at r, then its average path in the shell before
leaving is %, X L, according to Eq. 2.16, which is L times (3 to 4 times) longer. Clearly, by
going more or less tangentially, the neutron must go a longer distance in the shell than if it
went radially.
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The coefficient of X? will be negative as long as

Og1 . 1
%el>l (2.20)

Thus relatively small inelastic scattering (Y or Y} of total) will suffice to make the trans-
mission curve bend initially downward.

Let us examine now how thin the shell must be made if one wants to avoid multiple-
scattering corrections: Assuming oe)> 0yn, the parenthesis in Eq. 2.18 18 about —oe1(L — 1).
Therefore, if the inelastic cross section is deduced from a measured transmission by means
of the exponential formula (Eq. 1.1) or the linear formula (Eq. 1.2), the relative error in it,
according to Eq. 2.18, will be

% 0 (L — DX (2.21)

The inelastic cross section deduced from an elementary analysis will always be too large. I
we want to make the error (Eq. 2.21) equal to 5 percent, and if L = 4, then the probability of

an elastic scattering in the shell must be kept down to 8 percent. In the region of 1 or 2 Mev,
0;, 18 about ¥, or 4 of o) for most substances; therefore the probability of inelastic scattering
must be about 1 percent! To measure the transmission in such a case with sufficient accuracy
is virtually impossible.

From the previous discussion it can be seen that the elementary formulas should not, in
general, be used to evaluate sphere transmission experiments. A more nearly correct method
of computing inelastic cross sections is to use Eq. 2.8 or 2,18, These equations, however, have
a limited range of application and should not be used in the case of a thick shell. Some specific
examples in which transmissions computed according to Eq. 2.18 are compared with transmis-
sions determined from a more detailed theory are given in Chapter 4.
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Chapter 3

THICK-SHELL THEORY AND ISOTROPIC SCATTERING

We shall now treat the case of a shell of arbitrary thickness in which an arbitrary number
of collisions may take place. However, we shall still assume that the thickness is of the order
of one mean free path, rather than many. This means that the density of neutrons from the
source will not fall off too much from the inside of the shell to the ocutside—an assumption
which will be useful in the theory. The case of very thick shells could be treated by diffusion
theory, but it has practical importance for measurements only when it is desired to measure
extremely small absorption cross sections.

The theory will be greatly simplified if we assume isotropic scattering. As will be shown
in Chapter 4, this assumption is a good approximation if the elastic transport cross section is
used for the elastic scattering cross section. The error thus made in the inelastic cross sec-
tion is of the order of 1 percent. We shall, therefore, use in this section the total transport
cross section o¢r and the elastic transport cross section cet, rather than the total cross section
o, and the total elastic cross section gel. We further assume, as before, that the detector does
not respond to inelastically scattered neutrons.

3.1 Number of Second Collisions

Let us consider the neutrons which have suffered one elastic collision in the shell. Their
number (for one source neutron) is, similar to Eq. 2.4

= O'Lt -—
E;= o (1-Ty) (3.1)

with
T, = e~ %eX (3.2)
The fraction which suffer their first collision between r and r + dr is

e~ 0ul{r—riy,  dr

fy(r) dr = =T,

(3.3)

A neutron which starts at position r at an angle 8 with the radius will have a probability
P(r,6) = e~ %u ¥(r.0) (8.4)
of escaping from the sphere without making any further collisions. Here y(r,8) is the distance
travelled in the shell (if there is no collision), as shown in Figs. 2.1 and 2.2 and as calculated
in Eq. 2.9. If the scattering is isotropic, we are interested in the average escape probability
of a neutron starting at r
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P(r) =4i1r [  B(r,0) dw (3.5)

The probability that such a neutron makes at least a second collision is then 1 — P(r), and the
probability that this neutron makes a second collision which is inelastic, is

Oin
— [1 - P(r (3.6
72 [1 - P()] )
The total number of inelastic second scatterings is then
o T2
I, = E a—‘nf f,(r) dr [1 - P(r)] (3.7)
tr n

It is convenient to introduce the average escape probability for neutrons emerging from first
collisions

I,
Py = [ 1yr) dr P(r) (3.8)
n
Then, if we remember that by definition
f2
J fy(r)dr=1 (3.9)
1Y .
we find
I, = E, 28 (1 p,) (3.10)
Otr

3.2 Number of Third and Higher Order Collisions

The number of second elastic collisions is

Ez = E1 o_et (1 - Pl) (3.11)

Otr

Suppose we knew the spatial distribution of these neutrons, f,(r) dr. Then we could define an
average escape probability for neutrons after the second collision

P, = [ ty(r) dr P(r) (3.12)

The number of neutrons which are inelastically scattered on their third collision is then
I = E; 8 (1- Py
Otr

=E, Jn %t (1 _py1-p,) (3.13)
Oty Otr

This may be continued in an obvious way, giving for inelastic collisions on the n + 1 collision:

[+ 8
I,+1=E -2
n+1l 15

(f’ﬂ->""1(1 —PY)(1-Py...1— P,) (3.14)
tr

O%r

The difficulty here lies clearly in the calculation of spatial neutron distributions. It is
possible, though troublesome, to obtain this for the second collisions, f,(r), but it would be
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prohibitive to try to calculate the distributions for higher collisions. However, two circum-
stances help at this crucial point:

(1) The spatial distribution of successive collisions converges to a limiting distribution
which we shall call f_,(r), and this convergence is quite rapid. This will be discussed in Sec-
tion 3.3.

(2) The escape probability P(r) does not depend very much on r, and therefore the average
escape probability P, is not very sensitive to the assumed distribution function fx(r).

Concerning statement 2, we remember the result of Eq. 2.14 which showed, at least for a
thin shell, that 1 — P(r) [actually <y(r)> in Eq. 2.14] varies only by about 20 percent from maxi-
mum to minimum as a function of r. Any “reasonable” distribution function f;(r) of the starting
points of the neutrons will give the same average (1 — P) within a few percent.

For thicker shells, of the order of one mean free path, the dependence on r may be slightly
greater. Consider, for example, neutrons starting at the outer and inner edges of the shell, r,
and ry, respectively. They will, on the whole, follow the same paths, such as that shown in
Fig. 8.1.

~

Fig, 3.1

Let y be the length of a typical path through the material on one traversal of the shell.
Then the probability of a collision within the shell is

1-P(r,8)=1—-e" %Y - (8.15)
if the neutron starts from the inside (point A) going either “up” or “down.” If it starts from the
outside (point B) and goes “up,” the neutron will not traverse any material, giving zero collision
probability, while if it starts “down,” we get

1 —P'(ry,0) =1— e 205Y (3.18)

The average between “up” and “down” is
1 Plry,0) =3 (1~ & 2%Y) (3.17)

If we expand Eqs. 3.15 and 3.17 in powers of y, the linear terms are equal
1= P(ry,8) =1 — P(r5,0) = 04,y (3.18)

This corresponds to the result in Eq. 2.14, where the inner and outer edge gave equal values of
<y(r)>. However, for thicker shells, Eq. 3.15 is clearly greater than Eq. 3.17. The maximum
collision probability, which for thin shells lies at the middle of the shell, moves with increas-
ing shell thickness towards the inside edge. At the same time, the variation of 1 — P(r) with r
is apt to increase, but even for very thick shells it is not likely to exceed a factor of 2 (com-
pare Eqgs. 3.15 and 3.17).

In Fig. 3.2 we give 1 — P(r) as a function of r for some typical cases.
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Fig. 3.2—Plot of 1 ~ P(r), the probability of making another collision for neutrons scattered
isotropically at various points in spherical shells, with ry/ r, = 0.8,
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3.3 Normal Mode Distribution

Statement 1 (page 28) claims that the spatial distribution of the nth collision, fo(r), tends to
a limit as n increases. To see this, and to calculate this limit, let us make the following con-
sideration: For given fp, the spatial distribution of the next collisions, fn +1 (r), is completely
determined, and does not change if we increase the absolute number of neutrons emitted in each
of the nth collisions. Imagine this is done, e.g., by ascribing to the material a fictitious fission
cross section, such that in each collision not one neutron is emitted, but g neutrons.* Then we
can choose g in such a way that, in the limit of large n, the total number of neutrons making an
nth and the n + 1 collision is the same. Then our shell will be just critical, and the spatial dis-
tribution of neutrons will be that characteristic of a critical assembly of the given shell geom-
etry, i.e., the fundamental normal mode of the shell. We have shown, then, that also in our
actual problem, with only elastic and inelastic collisions and no fission, the neutron distribution
tends toward the normal mode.

This argument does not show, of course, how many collisions are required to reach the
normal mode. This depends on the deviation of the distribution of first collisions, fy(r), from
the normal mode. Fortunately, this deviation usually is not very great, especially if the thick-
ness of the shell is not more than about one mean free path. In Fig. 3.3 we compare the distri-
bution of first collisions with the normal mode and with a histogram of the distribution of neu-
trons that have made a second collision for a typical case. All collision distributions are
normalized to one collision in the shell, If f; does not differ much from fn,, then f, f;, etc.,
will, of course, be even closer to f,.

To calculate the normal mode distribution, we use the method of the extrapolated end point.
We assume that within the shell the neutron flux distribution is

”sink(r+6)

= (3.19)

Pm

where k is related in the usual manner of integral theory to the fictitious number of neutrons
produced per collision, g, viz.

——\—jk/"kr =g (3.20)
arctan (——
Otr

and all distances are in centimeters.
To determine k and the “phase shift” 5, we use the following boundary conditions:
(1) At the inner radius, we assume the slope of ¢m to be zero

dém _
dr =0 at Ty (3.21)
kr1 cot [k(rl + 6)] =1 (3.22)

This boundary condition is not exact but should ensure reasonably well that there is no net flux,
except for source neutrons, through the inner surface of the sphere r;.
(2) At the outer radius, we have the condition of the extrapolated end point

sink(r, +6+D) =0 (3.28)

*g {s usually denoted by 1 + f in neutron diffusion theory. This f is not used explicitly in
this report.
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Figure 3.3-— Radial distribution of neutrons that have made first collisions, second colli-
sions, and normal mode collisions for a shell with ¢y, X= 0.8 and ry/r, = 0.8,

- 31 -




where D is the extrapolation distance for which Frankel and Nelson give the very good approxi-
mate formula*

- 0.71 (3.24)
g Oyr
From Eq. 3.28, we have k(r, + § + D) = 7, and Eq. 8.22 becomes
krycot [ —k(X +D)] =1 (3.25)
It may be noted that
k
kD = 0.71 arctan(—) (3.26)
Otr
Rearranging Eq. 3.25 and substituting Eq. 3.26
kX + 0,71 arctan (‘—:—i—) + arctan (kry) =7 (3.27)
I

In practice, Eq. 3.27 was solved numerically by assuming values of k until the desired X and r,
would satisfy the equation,

For very thin shells, k becomes large, and arctan (k/o,) = 7/2. Then the phase of the sine
at the outer edge is

K(r, + 8) =7 — kD = 1.29 (§)= 116° (3.28)

which is now independent of X. If X « r,, then the phase at the inner edge is

_m 1
k(ry +3) = 2 " kry (3.29)
and therefore
_ n 1 - 1
kX = 0.29 2 +—krl 0.45 +_kr1 (8.30)

from which k i8 easily determined.

With the neutron distribution given by the normal mode r2¢p, (¢, from Eq. 3.19) the es-
cape probability can be calculated. In all cases we have considered, Py, does not differ greatly
from Py, the escape probability after one collision. This problem is considered in more detail
in Section 5.4.

3.4 Calculation of Transmission

If we assume that all higher escape probabilities are equal to that for the normal mode
P2=P3=...=Pm (3.31)

according to Eq. 3.14, the inelastic collision probabilities after the first collision (n = 1,
n + 1 = collision number) are given by

*This formula appeared originally in 1944 in a Los Alamos Scientific Laboratory report,
now available as AECD-3497.
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n—-1
-1
I, .= El(%) a- P"(%) a-py)" (3.82)
This series can be summed and gives
- - El(am/otr)(l - P‘)
..2-1 T0 4+ 17 T (gt /0y )T = Py (3.33)
= By, (1-Py) (3.34)

Oin + Ot Pm

We insert E; from Eq. 3.1 and the first inelastic collisions from Eq. 2.4 and find thus the
total number of inelastic collisions, which is equal to the number of neutrons which fail to be
transmitted

1—T=(1—T)(ﬁn 1+E¢t_(1"'_1’4)_ (3.35)
¥ o4 Oin + OetPm

Since we have actually computed curves of escape probability for neutrons which have
made a second elastic transport collision, an alternate and slightly more accurate formula for
sphere transmission is

1-T =(1-Ty) 2 [1 toa-py+ f,lt,}oﬁ’ilg’éfﬂ (3.36)

Equations 3.35 and 3.36 are our final formulas. These formulas can be simplified if we
assume that the escape probability is the same for the first collision, second collision, and
the normal mode: P; = P, = Pp,. Then Egs. 3.35 and 3.36 reduce to

1-T=(1-T) <% +ceth) (3.37)

This formula allows a simple physical interpretation. The total number of neutrons which “are
supplied” to the shell is 1 — T,. These can be removed from the shell by two processes, either
by inelastic scattering, or by escape. In a given collision, the probability of inelastic scattering
is o, , that of elastic scattering followed by escape is 0q4 Py, . This gives for the fraction scat-
tered inelastically the expression in Eq. 3.37.

3.5 Analysis of Experiments

Let us assume the total transport cross section oy, i8 known, and 0, is to be determined.
Then we first calculate P; and Py, as a function of otr, ry and r,; this is done in Chapter 5.

Ty = e~ uXig immediately obtained. Experiment gives 1 — T. Since 0y = 04y — 03, Eq. 3.35
contains only the one unknown 0y,, for which it can easily be solved.

In practice, other experiments give not o4, but the total cross section o¢. In addition,
Jurney and Zabel® !® have measured the angular distribution of the elastically scattered neu-
trons (for most of the neutron spectra and elements of interest here). From these data we
can obtain the ratio of elastic transport to total elastic cross section, viz.

"
s =%t - J061(8) (1 = cos 6) sin 6 a0
el ¥ %1 (6) sin 6 df

0

(3.38)
e

We then write

Oet = (04~ 01n) § (3.39)
Otp = Ogt + Oin
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which reduces all cross sections in Egs. 3.35, 3.36, and 3.37 to the measured o; and the un-

known oy, . The escape probabilities Py, Py, and Py, as well as Ty, depend on o, and thus be- |
come functions of the unknown ¢j,,. The best way to solve Eq. 3.35 is then by trial and error,

i.e., to calculate the right hand side for a few assumed values of 0;, until agreement with the

observed 1 — T is achieved.

3.6 Alternative Derivation

Instead of considering inelastic scattering on the second, third, and subsequent collisions,
we may Introduce the total flux of neutrons in the shell which have suffered at least one elastic
collision. Let us integrate this flux over the entire volume of the shell, and call the result ¥,
assuming that the source emits one neutron per second. The spatial distribution of the collisions
i8 again assumed to be f,(r) dr so that \I(fm/41rr2 is the actual flux (per square centimeter per
second) at r. The number of transport collisions per cubic centimeter per second is then
\Ilotrfm/tlvrr’, and the total number of second or higher collisions per second is

Ciot = ¥O4p (3.40)

because of the normalization of fy.
Of the collisions (Eq. 3.40), the number

Cin = ¥0in (3.41)

will be inelastic, and ¥oqt elastic. Of the latter neutrons, a fraction Pm will escape, so that the
number of neutrons escaping after two or more elastic transport collisions is

T,y = Y0 Ppy . (3.42)

To this we add the neutrons escaping after one elastic scattering
= Tet
Ty=(1-Ty (_)Pl (3.43)
Otr
and the number escaping without any scattering, T,. This gives for the total transmission
T= To + T1 + T,z ’ (3.44)
This expression for the transmission still contains in T,,, the unknown integrated flux ¥.
To eliminate ¥, we note that we can also calculate the total number of inelastically scat-
tered neutrons, which, of course, equals 1 — T. We know that Eq. 3.41 represents the total

number of inelastic collisions on the second collision or later. We need only add the number
of first inelastic collisions

I =(1—Ty (gl'l) (3.45)
tr
which gives
1-T=(1-T) (1‘5) + Yoyp (3.46)
Oy

On the other hand, Egs. 3.42 to 3.44 give

1-T=(1-T) (1 - M)— Y0t Py (3.47)
Oty
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Equating the two expressions for 1 — T gives

= (1~ Tp)oet(1 —Py)
¥ (O + 0ot P) (3.48)

and inserting this into Eq. 3.46 gives

- oy oet(l1 —~ Py)
1-T=(1-"T,) (0_;)[1 + m} (3.49)

This is identical with Eq. 3.35. The present derivation is the mathematical extension of the
physical argument at the end of Section 3.4.
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Chapter 4

ANISOTROPIC SCATTERING AND JUSTIFICATION OF TRANSPORT APPROXIMATION

4.1 Outline of Methods

In principle, the theory with anisotropic scattering is simple. The number of neutrons
elastically scattered on the first collision in the shell at position r into direction ¢ is

Oe) (8) dw dr e-o,(r-ry) (4.1)

where now the total cross section is used rather than the transport. The fraction of these which
suffer a second collision is [1 — P(r,6)], where P is given by Eq. 3.4. Therefore the total
number of second collisions that are preceded by first elastic collisions is

Cz = j;’ e—ag(r—rl) dr Oel (8) dw[l - P(rle)] (4-2)

Of these, Cy(0in/0t) are inelastic, the rest elastic. The latter again have a certain angular dis-
tribution, more complicated than after the first collision, and their further fate may be treated
similarly.

In calculating the total transmission, it must be remembered that the number of neutrons
transmitted without collisions is now

T§ = e~0(r-ry) (4.3)

rather than Ty(Eq. 3.2),i.e., here also the total cross section must be substituted for the trans-
port. Likewise, the number of inelastic scatterings on the first collision is

1= (2—: (1 - T). (4.4)

Both Tj and If are less than their transport-theory counterparts, T, and I;.

To calculate the number of second and higher order collisions, two different methods have
been chosen, viz.

(a) The angular distribution of elastic scattering has been taken into account on all colli-
sions. In this case, the only feasible method is Monte Carlo. The results of Monte Carlo cal-
culations for typical cases will be given below; the method of calculation is described in
LA-1583.7

(b) We have assumed that, after the second collision, the neutrons are distributed ran-
domly in direction, and according to the normal mode (Section 3.3) in space. Then, after the
first collision, we can use the theory of Chapter 3, i.e., isotrople elastic scattering and trans-
port cross sections. To be in accord with the assumption of isotropic second scattering, we
must then also calculate the escape probability P(r, 8) in Eq. 4.2 by using the transport cross
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section. The total cross section and the actual angular distribution are used only in the de-
scription of the first collision.

- The formula for transmission of a sphere in this approximation is then (similar to
Eq. 3.36)

2
1-T=(@-Tpn [1 22 g 4 LA — Py "et] (4.5)
ot Otr Otr (Oin + Oet Pm)

The computation of the escape probability 7, essentially 1 — C, (Eq. 4.2) except for the nor-
malization oy /(1 — Tgo,,, is discussed in Section 5.5.

To qualitatively justify the procedure (b), we note that those neutrons which are scattered
through large angles on their first collision will afterwards travel long distances through the
material and will thus have an enhanced chance of making a second collision. Moreover, the
radius vector from the source to the point of second scattering is more or less randomly ori-
ented relative to the radius vector to the point of first scattering, if the neutron has a long
path between first and second collisions. Considering both of these arguments, we conclude
that, even though the differential scattering cross section 0,}(0) is strongly peaked forward,
the flux of neutrons available for second collisions will be approximately random in direction
relative to the radial direction at the point of second collision. Therefore, the neutrons emerg-
ing from the second collision will also tend to be isotropic in orientation relative to the radius
vector.

Procedures (a) and (b) can then be compared with:

(c) Theory using the transport cross section and isotropic elastic scattering for the first
and all later collisions, i.e., use the method of Chapter 3.

4.2 Numerical Test of Transport Theory

To test the transport theory, we have calculated the transmission for 11 different cases,
using both the “correct” procedure (b) and the transport procedure. Four different angular
distributions for elastic scattering were used in the computations in examples 1 to 8. Three
assumed distributions were of the form

0, (6) = 2y + 2, co8 0 +a, cos® 6 +ay cos® § +a, cost § +ag cos® @ (4.8)

The coefficients were assumed as follows:

Cases 1-5 Case 6 . Cases 7—8

a, 0.115 0.059 0.311
a, 0.066 0.030 0.625
a, —0.250 ~0.258 ~2.283
ag —0.382 0.010 —3.827
a, 0.954 1.210 4,107
ag 1.040 0.953 5.394

Thus, cases 1 to 5 correspond to a moderate peak in the forward direction, 7 and 8 to a stronger
peak, and 6 to an even more pronounced peak. In fact, cases 1 to 5 correspond rather closely

to a measured distribution for fission neutrons in iron, and 7 and 8 to that for uranium.® The
angular distribution used in case 6 was chosen from the continuum theory predictions® for about
4.0 Mev neutrons and A = 45. This is thought to be a rather extreme case, being far more for-
ward peaked than almost all distributions used in our analysis and even much more forward
peaked than distributions recently measured at 4.0 Mev neutron energy.’? Various thicknesses

of the shell and various ratios of inner to outer radius were considered and are listed in
Table 4.1,
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Ot,
Case barns

1
2
3
4
5
6
7
8
9
0
1

3.15
3.14
3.17
3.17
3.17
3.17
7.6

7.6

3.17
3.17
3.17

Table 4.1 —A COMPARISON OF VARIOUS METHODS OF COMPUTING SPHERE TRANSMISSION

Transmission Transmission

by method (c), by method (d),
transport thin shell theory,

Oins
barns

0.717
0.704
0.72
0.72
0.72
0.72
2.6
2.6
0.72
0.72
0.72

et

Oel

0.58
0.58
0.58
0.58
0.58
0.300
0.402
0.402
1*
1%

1*

Ot X

0.172
0.277
0.551
1.108
2.465
2.465
0.50
1.38
2.465
1.6
0.8

Ty
Ty

0.895
0.825
0.798
0.594
0.094
0.094
0.400
0.600
0.094
0.80

0.80

Transmission Transmission

by method (a), by method (b),
Monte Carlo angular distribution,

calculation first collision
0.9575
0.9312
0.8528
0.7087 0.7072
0.4632 0.4677
0.519 0.513
0.8325
0.5574
0.405 0.423
0.5265
0.7718

1= 2L [5(0,6) + 5(r )]

procedure

0.9569
0.9300
0.8509
0.7043
0.4643
0.510

0.8305
0.5554
0.413

0.4772
0.7376

Eq. 2.18

0.9574
0.9306
0.8460
0.6812

O3n(b) —oif {c)
Om ’

%

1.4
1.7
1.3
1.0
0.6
0.6
1.2
0.5
2.0
10.0
14.0




As an extremely unfavorable case for the transport approximation, we have also consid-
ered an angular distribution in which the neutrons are scattered either directly forward or
directly backward, 6 = 0 or 180° with equal probability. In this case, of course, transport and
total cross section are equal (cases 9, 10, 11).

In the “reasonable” cases 1 to 8, the agreement between procedures (b) and (c) is very
close indeed, as shown by Table 4.1. A good way to show the agreement is to calculate the
transmission by the “correct” method (b), using the assumed thickness, cross sections and
angular distribution, and then to deduce an apparent inelastic cross section from this calcu-
lated transmission by use of method (c). Table 4.1 shows that the inelastic cross section de-
duced from (c) agrees to within 2 percent (always in the same direction) with the “correct”
cross section from method (b), for cases 1 through 8. It is also clear from the table that the
method of Chapter 2, method (d), does not give accurate results below about 90 percent trans-
mission for the cases tried. For the lowest transmission calculated using Eq. 2.18, the error
made in inelastic cross section is about 10 percent.

In the abnormal cases 9, 10 and 11, the error is as great as 14 percent. This is not sur-
prising. The assumed scattering in these cases, straight backward, does not give rise to a
very long path of the neutrons through the shell, on the average, 3/2 times the thickness X.
Half of the scattering is assumed to go forward and thus does not lengthen the path at all
(average path after scattering = 1/2 X). Averaging between backward and forward scattering
glves a path after scattering equal to the shell thickness, far less than the average path after
isotropic scattering (except in case 9, where the shell is almost solid). Therefore, using the
transport assumption and the same cross sections, we expect much more chance for inelastic
collisions after the first collision, and a much smaller transmission, than using the “correct”
theory. This is borne out by Table 4.1. Conversely, if the inelastic cross section is deduced
from the “calculated” transmission by the transport method (¢) as described in the last para-
graph, we get values that are too small. Fortunately, experimental angular distributions ordi-
narily do not have the behavior assumed in cases 9, 10, and 11, but are commonly peaked in
the forward direction.

To test the accuracy of method (b), E. D. Cashwell and C. J. Everett of LASL Group T-8,
and J. M. Kister, Group T-7, have run four problems on the Los Alamos MANIAC with the
Monte Carlo method,? taking into account the exact angular distribution in all collisions, i.e.,
method (a). The three angular distributions used, as well as other speciﬁcauons of the prob-
lem, are listed in Table 4.1.

The Monte Carlo transmissions were compared with those calculated from method (b),
and the agreement was within 2 percent. The corresponding maximum error in the deduced in-
elastic cross section is about 2 percent (case 9, non-realistic angular distribution). We con-
sider this as an excellent empirical justification of method (b). Considering, then, method (b)
as established, the calculations reported in Table 4.1 justify also method (c), i.e., the use of
the transport cross section even for the first collision, for a realistic angular distribution of
elastic scattering.

4,3 Analytical Justification

The considerations of the last section may be regarded as a justification of the transport
approximation by empirical mathematics. However, a more general and theoretical argument
is desirable.

As is well known, the concept of the transport cross section was developed originally in
differential diffusion theory. In the limits of that theory, i.e., when there are many collisions
before absorption or escape, the neutron flux at a given point in space may be written as a
function of direction in the form

f(r,a) = A(r) + B(r) cos a - (4.7)

where o is the angle between r and the direction of motion of the neutron. Under these condi-
tions, i.e., when all higher spherical harmonics are absent from the angular distribution, the
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entire influence of scattering on the neutron distribution can be described by the transport cross
section. Indeed, the net number of neutrons elastically scattered into the direction a is

dqo’
C=-0, f(r,a)+ f 0, (6) f(r,a’) e

= B(r) f O,y (6) (co8 a’ — cos a) ‘%
=—B(r) cos a f Oy (6) (1 —cos 6) % (4.8)

The first term in the first line represents the neutrons scattered out, the second those scattered
in from direction a’. In the second line, Eq. 4.7 has been used; in the last, well known relations

of spherical trigonometry, The last integral is the elastic transport cross section. In the further
development of diffusion theory, only o,, occurs; e.g., the diffusion coefficient is

Do = 1/3 ltl‘ v (4.9)

where 1, is the transport mean free path and v is the neutron velocity.

The distribution (Eq. 4.7) will be established whenever there are many collisions. In our
problem, then, the use of the transport cross gection will be valid within the same limits in
which the normal mode solution is valid, i.e., for shell thickness large compared with a mean

free path. Thus, the transport approximation is exact within the limits where the multiple
scattering is most important.

Let us now investigate the opposite 1imit, that of a thin shell. The number of {first inelastic
collisions is, as in Eq, 2.6

I{=0pX— A omotx’ +..e (4.10)
The number of second inelastic collisions is given by Eq. 2.7,
i1 47
=0 0., (8) dw dr y(r,9) (4.11)
2 in j; j; el )

which can also be derived from Eq. 4.2. The length of chord y(r,6) is given by Eq. 2.9. Except
for very small |cos 6|, Eq. 2.9 may be written for a thin shell in the form

=0=-r
y(r,6) “08 ifcos >0
X+r—rg

y(r,0) = Teos 8] 1fcos <0 (4.12)

This means essentially that the curvature of the shell is neglected.
Let us now expand 0, (6) (cross section for scattering per unit solid angle) in powers of
cos &,

Ogy (6) =89 + 8y cOB 6 +a, coa’ 6 +8aycos’ §+... (4.18)
Inserting this into Eq. 4.11 we see that we can use the approximation of Eq. 4.12 for y, together
with every term in Eq. 4,13 except the first. The first term, on the other hand, has been inte-

grated in Eqs. 2.14 and 2,168, Therefore, we can evaluate Eq. 4.11 in good approximation, and
noting that <ry — r> =<r ~r;> =% X, we get

Ii = l/z O'sz [aoL —-a1 + az - 2 %n"" z '?l‘an] (4‘14)
n T

odd even
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Adding this to Eq. 4.10, we get to order X*

2 2 3

-Z %*Z(é"ﬁ‘i—f) an] (4.15)
odd

even

I'=1{ +1j=01pX (1 —9-11}-(-)+£0mx2[ao(L—1) —a +3a2

where we have used the expression for the total elastic cross section corresponding to Eq., 4.13

1
Ol =8y + 2 ——y a, (4.18)
ev':’.n
The elastic transport cross section is

1 1 1 1
Tot =B g8 tgE ) Tyg et Y T .17
odd even
Now our old Eq. 2,18 gives, if ogt is substituted for o¢)
1 1 2
I=1-T=01pX 1—5 o;m X +-2—0m0etX(L—1) (4.18)

In other words, if we use the transport cross section, the bracket in the “correct” result (Eq,
4.15) is replaced by Eq. 4.17, multiplied by L. ~ 1, Reasonable values of L are between 3 and 4,
corresponding to r,/r, between 0.55 and 0.85, Eq. 2.16. Choosing L = 4, the bracket in Eq.
4.15 is

32, —a, + —g—az — 0.33a, + 0.30a, — 0,20a; (4.19)

whereas the transport theory gives for this case
3ay—ay +ay—0.8ay + 0,62, — 0.429a, (4.20)

Thus for L = 4, the coefficient of a; i8 correctly* given by transport theory. If the angular dis-
tribution is just a, + a; cos 6, we would therefore get the correct resuit by using the transport
croas section theory. With most measured angular distributions of elastic scattering, the “cor-
rect” result (Eq. 4.19) is likely to'be smaller by 10 percent or so than the transport result

(Eq. 4.20). For angular distributions requiring high order terms (a) in the cosine expansion
(Eq. 4.13), the discrepancy between the exact and transport theory is increased.

Thus we see that even in the limit of very thin shells, the transport theory is quite a good
approximation, especially if we remember that the bracket in Eq. 4.15 occurs only in a correc-
tion term. Since the transport theory is a good approximation for thin shells and is exact for
thick ones, it is not surprising that it is very good for intermediate thicknesses, in accord with
Table 4.1. Even the sign of the error can be understood: We have seen that the elastic trans-
port cross section, used in Eq. 2.18 or 4.18, predicts too high an inelastic scattering for a given
cross section, and hence too low a sphere transmission. This agrees with Table 4.1.

Since Eq. 4.18 predicts slightly too much inelastic scattering, it follows that o ot 18 slightly
larger than a true effective elastic cross section would be. The use of the total elastic cross
section O¢) in Eq. 4.18 would greatly aggravate this error; in fact, the factor (1 ~ cos §) does
not reduce the cross section quite enough.

* The coefficient of a, is, of course, always correct.
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In view of the above discussions of inelastic scattering, it is important to note that the
evaluation of experiments with the transport cross section gives a lower limit to the inelastic
scattering cross section and as we have shown, a very close limit.

4.4 Small Angle Limit

An interesting special case is that of a very sharp forward peak in the differential cross
section for elastic scattering. This is not relevant for our own experiments at energles around
1 to 8 Mev, where there is always considerable elastic scattering through 90° and more, but it
is important at high energies, such as 14 Mev. We shall treat this case also analytically. We
shall assume throughout that the shell is thin compared to its radius and that we have effec-
tively plane geometry. In the beginning, we shall assume further that oy X « 1; then we can
use the approximations of Chapter 2. Later on, we shall relax this condition.

Using Eq. 2.9 for small angles 6, we find (see Eq. 4.12)

y(r,6) = (r2 — 1) (1 +%o’) (4.21)

If the neutron had proceeded forward, the path length would have been r; — r, so that the in-
crease of path is 1/2(r; — r) 6%, as is geometrically obvious.

The sum of first and second inelastic collisions is, to order X’, similar to Egs. 2.18
and 4.15 '

2
I + Iz = O'.in,x —% OmO'txz + O'elx [gi;_x(l + %?-)] (4.22)

where <6%> is the average of 6% over all elastic collisions. In the last term, 0] X i8 the proba-
bility of a first elastic collision, to order X. This is multiplied by the probability of a second

inelastic collision, which is oy, times the average of Eq. 4.21 over r. Equation 4.22 may be
rewritten

Il + IZ = amX (1 _gig_}£+—i_' el <62>X) (4-28)

Now for small scattering angles

4 o
Oot = f Ge1(6) (1 ~cos 6) dw = —'31;—8% (4.24)
(]

80 that the total number of inelastically scattered neutrons is

1~T=I +I = 0pX (1 —°g‘x+i’5—§§) (4.25)
To accuracy X?, this may be written in the form

T=e 0¥ (4.28)
We define an effective thickness Y by

_ 1
Y=X|{1 +50etx (4-27)

The last factor describes the lengthening of the path due to elastic collisions.
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We can now generalize this result to greater thickness of the shell. For this purpose, let
us separate the effects of elastic and inelastic scattering. All that the elastic scattering does
is to lengthen the path of the neutrons. Let p(z) dz be the probability that the total path through
the shell of a neutron, originating at the sphere center, is between z and z + dz, if there is only
elastic scattering of the correct cross section and angular distribution. In principle, p(z) can
be calculated; clearly, p(z) = 0 if z < X and p is normalized so that

f; p(z)dz=1 (4.28)

Now consider the inelastic scattering. The probability that a neutron will not be inelasti-
cally scattered if it travels a distance z, is e~%;;,2, Hence, with no approximations, the total
probability of transmission without making inelastic collisions is

T = fo " p(z) e-0z dz (4.29)

Now let us make our assumption that the scattering angles are small, Then, in general,
the path length z will be not much greater than the shell thickness X. Precisely, we assume
that

oj;p (Zz—-X) <1 (4.30)
for all important values of z. Then we may expand Eq. 4.29 as follows

T = e %X [ p(z) e=9n#X dz
=e0,X [ p(z) dz [1 —om(z —X) +....]
=e X [1 -0y <z—X>+...]

[~} e—O'mY (4.31)

where
v =<z> (4.32)

neglecting terms of order oin%(z — X)? (assumption of Eq. 4.30).

Thus, if Eq. 4.30 is true, we need only find the average length of path due to elastic scat-
tering.

We thus calculate the average path length of a neutron which does not suffer inelastic col-
lisions, assuming that the neutron starts at the center of the sphere. The distance that an av-
erage neutron travels in going from r to r +dr is

__dr _ <a?(r)> )
dy= <cos a> dr (1 +—T— +aee (4.33)

where « is the angle between neutron direction and radius vector, and < o?(r) > is the statistical
average of a?over all possible neutron paths, taken at position r. As is well known, o?
increases linearly with the distance the neutron has already traveled, Explicitly
<a®(r)>=gq (r—ry) <6®>
= 2(r —ry) Og (4.34)
where <6%> is the average over the deflections in one collision, and, on the right hand side, the

distance traveled has been put equal to r — r,. Inserting in Eq. 4.33 and integrating over r, the
total average path length of the neutron becomes

- 43 -




Y=x (1 +3 aetx) (4.35)

in exact agreement with the thin-shell formula (4.27).
Thus, Eqs. 4.26 and 4.27 have been established if only (1) < @? > remains small, and (2)
the condition of Eq. 4.30 is fulfilled, Condition 1, according to Eq. 4.34, means

Ot X < 1 (4.36)
replacing z by its average Y, (Eq. 4.35) means
O1p Ot X* << 1 (4.37)

In practice, for 14 Mev neutrons, oy, > 0g¢; hence, if Eq. 4.37 is fulfilled, Eq. 4.36 will be
true a fortiori. On the other hand, for the same reason it is not necessary that oy X be small;
in other words, the average number of inelastic scatterings xﬁ_y well be larger than 1, In
practice, again, oel = 0fn, 80 01X may also be larger than one. In fact, the number of elastic
collisions in the shell is totally irrelevant, as long as the deflection in each of them is small
so that Eqs. 4.36 and 4.37 remain true.

We shall now compare the results of the small angle limit (Egs. 4.25, 4.26, 4.31) with the
transport theory as summarized in Eq. 4.18. Equation 4.25 differs from Eq. 4.18 only by the
absence of the factor L — 1. Since L is, in general, equal to 3 or 4, the effect of elastic scat-
tering in the correct formula (Eq. 4.25) is smaller than in the transport formula (Eq. 4.18) by
a numerical factor of 2 or 3. This is understandable because great lengthening of the path oc-
curs only for scattering between say, 60° and 150°, and such large angles are specifically ex-
cluded by condition 1, above.

We see that the error of transport theory is in the same direction as in the general case
discussed in Section 4.3, but much greater. In both cases, transport theory overestimates the
enhancement of the number of inelastically scattered neutrons by elastic collisions. However,
in the case of very fast neutrons, the whole enhancing effect of elastic scattering is very small,
even if it is overestimated by the use of transport theory. Thus the discrepancy between cor-
rect and transport theory in this limit is not very important. However, if high accuracy is
desired, the use of Eqs. 4.26 and 4.27 is recommended at 14 Mev, and at intermediate energies
(6 to 10 Mev) the result will lie between the values of Eqs. 4.26 and 4.27 and those of the trans-
port theory used in the bulk of this paper.
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Chapter 5

DETERMINATION OF ESCAPE PROBABILITIES

5.1 Escape Probability After First Transport Collision (P,)

The escape probability after the first transport collision, Py, is defined by Eq. 3.8
= [
Py = fr‘ f,(r) dr P(r)

where fi(r) dr is the first collislon distribution in the spherical shell, given by Eq. 8.3, and
P(r) is the escape probability from the shell as a function of radius (Eq. 3.5). The quantity
P(r,0) in Eq. 3.5 is defined in Eq. 3.4. The integral, which we will do by numerical methods,
is thus

n M (r~r) A
j;l _[:1 e Yar e du

Pt = (5.1)
2(1 - Ty)

where all distances are now expressed in transport mean free paths and the new variable
i = cos ¢ is introduced; y(r,u), as in Eq. 2.9, is

yo) =—ru+vVri+off—rt-av rf + 8t -1t

where a=2 it —-‘/1——;: zu=-1

[
i
o
=
-t
\)
*®
v
!
ﬁ
3

Isotropic elastic scattering is assumed in Eq. 5.1 because we are now treating only transport
collisions.

To completely specify P, it is only necessary to give the values of two parameters since
these will fix ry and ry: (1) the shell thickness in transport mean free paths o, X, and (2) the
ratio of inside to outside shell radius ry/r,, or K. Then
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ry = K(O’tr X)

1-K

(5.2)
(0¢rX)
=1"x

The determination of the proper transport cross section to use for a given incident neutron
energy is discussed in Section 3.5.

The integration of Eq. 5.1 was done numerically on the CPC (Card Program Calculator)
machines at L.os Alamos for a variety of choices of 64X and K. The results are graphed in
Fig. 6.1. Simpson’s rule was used to perform both the u and r integrals. In most of the com-
putations, five equally spaced values of r and 21 values of u varying from 1 to —1 were chosen.
To determine whether Py could be obtained to sufficient accuracy by calculating P(r) at five
points in the shell and combining these values, P(r) was also calculated for nine equally
spaced values of r and these nine values were combined to form P;. The P; values computed
by the two methods were compared for a number of shells and were found to differ by 0.3
percent in the worst case. To check whether a sufficient number of intervals was chosen for
the u integration, the number of values of 1 was increased from 21 to 41 in some typical
cases, with the result that P(r);; was at most 0.1 percent different from P(r)y;. Some of the
numerical integrals were performed using both the trapezoidal rule and Simpson’s rule. The
results of the two methods agreed to 0.1 percent. It is thought, however, in view of the smooth
nature of the curves for P(r,6) and P(r), that Simpson’s rule gives a slightly better approxi-
mation to the correct answer. The small differences mentioned above are not the result of
carrying too few places in the machine computation. In all of the numerical computations eight
places were carried. In view of these uncertainties the values of P, calculated on the CPC
machines are thought to be uncertain to < 0.4 percent.

To construct each of the curves for a fixed K in Fig. 5.1, five values of 0¢y X were chosen
{otrX=0.2, 0.4, 0.8, 1.2, and 1.6). Smooth curves were drawn through these points and the
origin. For an arbitrary shell, K and 01X usually require an escape probability somewhere
between the computed points. To obtain this escape probability, one reads P, for each K at
the desired o¢rX. These values can then be plotted as a function of K and a smooth curve
drawn through the points. P, at the desired K can then be read from this curve. P; determined
by interpolation between computed points was within 1 percent of values actually calculated on
the computing machine for several cases.

It can be shown that

60y,  OP
m = ) (5.3)
For most of the experimental work reported herein, 60y,/0y, (the error in inelastic cross
section due to an error in computation of escape probability) is less than 1 percent, although
for some of the measurements taken with the Np?' detector 6ain/0in is about 2 percent. This
is, however, about ‘/, of the statistical counting error in these cases and is thus not very
significant.

In Section 3.2 it is pointed out that P(r) should not depend very much on r in a spherical
shell. Curves of some typical examples of 1 — P(r), computed by the above methods, are
given in Fig. 3.2 to illustrate this point. As expected, the magnitude of 1 — P(r) changes more
from the inside to the outside radius of the shell for a thick shell than it does for a thin shell.
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5.2 Escape Probability After a Second Transport Collision (P,)

The escape probability after a second transport collision, P,, is computed from Eq. 8.13.
The relative probability [fs(r) dr] of a second elastic collision between r and r + dr is yet to be
determined. We shall now endeavor to find this probability for a finite size Ar.

Thus we write

j;:’ j:} e~{r—11) dy dr G(G,r,rj,rju)
f — e
[F et auar[1- Py

fl(rj) A!‘j = (5 -4)

where ry is the inner radius of the subshell in question and ry,; is the outer radius in transport
mean free paths. Thus

Arj=rTj4 —Tj
G(8,r,ry,rj+1) is the probability of 2 second collision in the subshell between rjand rj.1, if a
neutron scatters on its first collision at a position r and through an angle §. The numerator in
Eq. 5.4 is then the number of second collisions in the spherical subshell Arj, and the denomi-
nator is just the total second collision rate. To minimize computing effort, a four-region dis-

tribution function was decided upon, i.e., Arj = (r, — ry)/4. The geometry is shown in Fig. 5.2.
To describe G(6,r,rj, rj+1 ), we define the following quantities

a(r,j,u) =rp— Vel —r?+ ¥t
b(r,j,u) = ru+ Vrf —r? + £ : (5.5)
clu,r) = 2 Vr} — r? + r2p?

Of course, u = cos 8, and distances are expressed in transport mean free paths.
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