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ALTERNATIVE METHODS IN CRITICALITY

by

John Michael Pedicini, Ph.D.
Nuclear Engineering Program
University of Illinois at Urbana-Champaign, 1981

ABSTRACT

In this thesis two new methods of calculating the criticality of a
nuclear system are introduced and verified.

Most methods of determining the criticality of a nuclear system
depend implicitly upon knowledge of the angular flux, net currents, or
moments of the angular flux, on the system surface in order to know the
leakage. For small systems, leakage 1s the predominant element in
criticality calculations. Unfortunately, in these methods the 1least
accurate fluxes, currents, or moments are those occuring near system
surfaces or interfaces. This is due to a mathematicai inability to
satisfy rigorously with a finite order angular polynomial expansion or
angular difference technique the physical boundary conditions which
occur on these surfaces. Consequently, one must accept 1large
computational effort or less precise criticality calculations.

The methods introduced in this thesis, including a direct 1leakage
operator and an indirect multiple scattering leakage operator, obviate
the need to know angular fluxes accurately at system boundaries.
Instead, the system wide s8calar flux, an integral quantity which is
substantially easier to obtain with good precision, is sufficient to

obtain production, absorption, scattering, and leakage rates.



I. INTRODUCTION

A. Opening Remarks

From the beginning of Reactor Physics as a science, an important
question has been that of criticality. Any system with a neutron
multiplicity (defined as the average number of neutrons emitted per
neutron interaction), ¢, greater than unity can be made to go critical
if the dimensions are appropriate. The determination of this critical
size is the primary problem discussed in this thesis.

Methods for the calculation of critical size can be divided into
two classes of techniques. The first class will be referred to as
Mathematical Criticality (MC), in that the problems solvable by these
techniques are highly idealized and physically unreal. The second class
will be referred to as Physical Criticality (PC), since the techniques
used, although benchmarked against MC techniques in MC solvable
problems, are applicable to a wide range of physically real and
interesting problems.

Mathematical Criticality applies to those cases in which the system
to be studied is so simplified that an analytic and mathematically
complete formulation is possible. These simple models are then treated
as eilgenvalue problems for some system parameter, such as the critical
dimension or neutron multiplicity. Such eigenvalues are determined
exactly or they are approximated with a high degree of precision. These
values are most useful as benchmarks to test PC techniques applied to

the simple systems.




Physical Criticality techniques implicitly equate the neutron
production rate to the sum of the neutron leakage and destruction rates.
This balance condition is often masked through the use of a source
iteration technique. In typical problems there is little imprecision in
the values of the production and destruction rates, since these depend
on the system wide scalar flux, an integral quantity that is fairly
accurate despite boundary perturbations. Unfortunately, for these
techniques, the leakage rates depend upon the angular fluxes, net
currents, or moments of the angular flux, on the system boundaries.
These are the least accurate fluxes, currents, or moments in the system
due to a mathematical 1inability to satisfy rigorously, with a finite
order angular polynomial expansion or angular difference technique, the
physical conditions which apply at the system boundaries. Consequently,
approximations which show adequate precision in the system~wide
parameters are inadequate to the task of accurately calculating leakage.
Approximations of high enough order to yield accurate 1leakages are
difficult to solve and are more complex than are necessary to calculate
properly production and destruction rates.

Reduction of the calculational effort necessary for an accurate
leakage calculation to the level which is adequate for the determination
of the scalar flux is the central motivation of this thesis. To achieve
this objective two new techniques are introduced, namely, the direct
leakage operator and the indirect multiple scattering leakage operator.
These techniques obviate the need to know the angular fluxes accurately
at the system boundaries, since the operators require only the

system~wide scalar flux for initiation, and are intended to provide



completely independent 1leakage calculations. Because of their
formulation they should be easily adaptable to existing neutron
transport computations. The direct leakage operator differs from the
indirect leakage operator in that it concerns itself only with neutrons
which leak from the point of origin with no interactions within the
system. Thus, the direct leakage operator requires that all collisions
be treated as neutron deaths and that any collisions from which neutrons
emerge be treated as neutron births. Hence, all transport of neutrons
within the system is handled by the scalar flux calculation. On the
other hand, the indirect leakage operator handles internally all
transport of the neutrons which eventually leak out of the system and
uses the scalar flux calculation only to obtain a fission source
distribution. For the indirect leakage operator the standard
definitions of birth in fission and death in absorption apply.

For the purposes of this thesis results obtained with these two new
operator techniques are tested against only those problems solvable by
MC techniques. The reasons for this are twofold. One reason is that
the most precise criticality calculations available are those for MC
solvable problems. The other reason is that highly accurate analytic
scalar fluxes are available for these problems, which enables the
precision of the operator techniques themselves to be determined. In
theory the operator techniques are not limited in any respect for any
calculation for which an initiating scalar flux is available. However,
the direct leakage operator technique is presently not developed enough
to handle anisotropic neutron sources. The state of the indirect

leakage operator 1s somewhat less advanced, due to the internal



transport, and is limited to steady state, monoenergetic neutrons,
isotropic scatterings, and isotropic fission. In this thesis, the
direct 1leakage operator has proved fully as accurate as the available
scalar fluxes, while the indirect 1leakage operator has proved only
slightly less accurate,

A further capability obtained from the extra computational effort
involved in the indirect leakage operator is the ability to calculate
the spatial leakage probability distribution for neutrons born in
fission. This type of calculation, unique to this thesis, 1s carried
out in such detail that the probability of a neutron born in fission at
a specified location scattering n times and then 1leaking out of the

assembly can be determined.

B. Overview of Mathematical Criticality Calculations

Not surprisingly, most of the MC techniques available are applied
to the integral form of the Boltzmann transport equation. This is
probably related to the fact that eigenvalue theory is well developed
for differential equations and also for integral equations but 1is not
readily available for 1integro~differential equations, such as the
Boltzmann transport equation. The Boltzmann equation can be formulated
in a purely integral form, but it cannot be formulated in a purely
differential form due to discontinuous changes in energy and angle
required by the physicsl. Typically, the assumptions added to the
integral transport equation for an MC calculation are steady state,
monoenergetic neutrons, spatially constant cross sections, isotropic

fission, isotropic scattering, and no external sources.



Variational theory as applied to the transport equation has long
been used as an MC techniqﬁe1’2’3’4. The detailed application of this
technique will appear in Chapter Two, where it is used to obtain the
scalar fluxes needed to initiate the leakage operators. The technique
involves obtaining a variational principle whose necessary condition for
an extremal is the integral transport equation. The functional of the
variational principle can be interpreted as an eigenvalue. Polynomials
comprised of the first n terms of a series expansion of the asymptotic
solution to the transport equation, with each term muliplied by an
independently variable parameter, are inserted into the functional as
trial functions, and the functional is then extremized with respect to
the parameters. Once the parameters are found, they can be reinserted
into the functional in order to-obtain an estimate of the eigenvalue.
The abbreviation for this approach is Vn, where n is the order of the
polynomial used as a trial function. Previously, V2 slab, V, spherical,
V2 cylindrical, and V, spherical results have been reported in the
literatureI’A. This technique is extended considerably in this thesis
and now includes V, slab and V, cylindrical results. In addition, the
author has standardized the derivation and solution algorithms
associated with the V_  technique.

The Extrapolated Endpoint Method (EEM), or simply the endpoint
method, is as old as the previously discussed variational
technique1’3’4’5’6’7’8. It arises from approximations made in order to
utilize the Wiener-Hopf Technique, which 1s customarily applied to
integral equations in a semi-infinite planar geometry (single boundary

system), on the integral transport equation in a finite planar geometry



(two-boundary system). With more than one boundary, no exact solution
is known, but an approximation can be made by treating the behavior of
the solution near each boundary as if no other boundary existed. It is
assumed that the solution of a two-boundary problem in which the
boundaries are very far apart will behave in the central region like the
solution in a semi-infinite systems. With this assumption, the solution
of a two-boundary problem 1is constructed as a combination of two
one-boundary solutions such that the asymptotic components coincides.
This sort of approximation 1is, of course, more accurate for larger
systems than for smaller systemsA. The point beyond the system boundary
where the asymptotic flux goes to zero 1s called the extrapolated
endpoint, which is the origin of the name of the method. These endpoint
distances are also often used in diffusion theory calculations as the
extrapolation distances. This distance is tabulated as a function of
the neutron multiplicity, c. To determine the critical radius requires
the use of two criticality conditions obtained from the integral
transport equation in an infinite system. These are conditions that
must be satisfied in order to have a nontrivial solution. One condition
is found by Fourier transforming the integral transport equation. The
other condition is found by expanding the flux, contained in the
integrand of the integral equation, in a Taylor’s series about the
variable of integration and then integrating to obtain an infinite
moments series. These two conditions are identified as equivalent. The
solution of the Taylor‘s expansion form is assumed to be in the form of
a solution of the scalar Helmholtz equation. The solution to the

Fourier transform condition is actually a qualifier, as a function of c,



upon the admissable values of the Fourier transform variables. These
admissable Fourler transform variables are identified with the constants
that appear in the scalar Helmholtz equation, which is subsequently
solved. The solution function is equated to zero, the first root is
found, and the value of the position where this occurs is calculated8.
This distance is assumed to be the sum of the critical radius and
previously tabulated extrapolation distance. The spherical integral
transport equation is reducible to the slab form and presents no
problems. The c¢ylindrical case 1is handled by analogy and assumption
rather than by the approach specified above mainly because cylindrical
geometry endpoints have not been obtained. 1In practice, the critical
radii calculated have 1less than one percent error for boundary
separations greater than three tenths of a mean free paths, and are
considered exact for boundary separations greater than six mean free
paths4. Due to its complexity, this technique is rarely used.

A somewhat newer approach is the method of singular eigenfunction
expansions, also known as Case’s Method6,9,10, This approach 1is based
on the fact that, under certain conditions, the integro-differential
transport equation is separable. The previous assumptions associated
with MC, namely steady state, monoenergetic neutrons, spatially constant
cross sections, isotropic fission, isotropic scattering, and no external
sources, are also applied 1in this method. Using essentially the
standard separation of variables technique, the angular flux 1is
separated into a series of spatially dependent exponentials multiplied
by angle-dependent coefficients. It 1s shown that there are two

discrete eigenvalues outside the angular domain of integration and a



continuous spectrum inside. Inserting the separated form into the
original equation and applying normalization conditions yield a
transcendental equation for the two discrete eigenvalues. By using the
boundary conditions of the problem, conditions on the eigenfunctions are
found and reduced to a single inhomogeneous Fredholm integral equation
of the second kind for the continuous eigenvalue spectrum. Therefore,
the angular flux is expanded in a pair of terms plus an integral of the
continuum eigenfunctions. Solving the integral equation for the
continuum eigenvalues is difficult, but Kaper, Leaf, and LindemanlO
claim to have done it numerically to great accuracy and, thereby, claim
to have calculated the benchmark critical dimensions for the slab and
sphere.

Two other techniques are mentioned mainly because there are no
accurate independent data to compare to in cylindrical geometry. These
are the integral transform method of Hembd!! and the matrix eigenvalue
method of Milgramlz. These have been shown to be essentially
equivalent13, and, therefore, only the integral transform method will be
discussed. The integral transport equation limited by the assumptions
discussed earlier 1s Fourier transformed, and the resulting integral
equation for the transformed flux has its kernel replaced by a bilinear
expansion. The bilinear expansion is determined to be a representation
of the kernel in terms of its real and complex conjugate eigenfunctions.
An infinite system of linear algebraic equations for the coefficients
which appear in the transformed equation with expanded kernel 1is
obtained. Once these coefficients are known, the transformed equation

with expanded kernel can be inverted to yield the scalar flux. The
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linear algebraic system is shown to represent an eigenvalue problem for
the fundamental and higher decay constants of a neutron pulse decaying
in the geometry of interest. The fundamental decay problem is stated to

be mathematically equivalent to the critical problem.

C. Overview of Physical Criticality Calculations

Physical Criticality techniques are mostly applied to the
integro-differential form of the transport equation. There are
exceptions to this, as well as hard to classify techniques, such as the
method of Dahl and Sj6strand14 and the Serber-Wilson
technique3’7’15’16’17. Most PC techniques are based on an iterative
solution called the source iteration technique. In source iteration, a
comparison is made between the total fission source (integral over all
space, energies, and angles) of the Kth and (K-1)th iterates. As the
number of iterations increases, the ratio approaches Keff if each
iterate was appropriately normalized. The method iterates, after Keff
is converged, on some system parameter, such as the radius, to drive
K.f¢ to the desired value (usually one). Implicit in this technique,
for any self-consistent formulation, i1is the fact that the neutron
fission rate 1is equal to the destruction rate plus the leakage rate.
The value of the fission and destruction rates are dependent wupon the
system-wide scalar flux, but the leakage rate is dependent, in the
source 1iteration formalism, upon the surface angular fluxes, net
currents, or angular moments. This 1is due to the inherent neutron

balance condition present in the starting equation. As discussed




earlier, the system-wide scalar flux is much more accurate than the
surface angular fluxes, net currents, or angular moments.

The technique of Dahl and Sj6strand is included in this section
mainly Dbecause of their successful treatment of anisotropic
scatteringla, a problem usually not considered by MC methods. For the
purpose of this thesis, the only interest 1is 1in their isotropic
treatment. Starting with the integral transport equation, they expand
the spatial distribution of the scalar flux in a series of Legendre
polynomials., The series is truncated at nine terms and inserted into
the integral transport equation to yield a standard matrix eigenvalue
problem which is solved for the eigenvalues. It should be noted that
they apply their expansion only to the scalar flux in an gquation that
already contains the boundary conditions. Therefore, the previously
discussed 1limitations of PC should not apply, and the error present
should be attributable only to truncation and numerics.

Some of the earliest, accurate criticality calculations were done
by diffusion theory rather than transport theory. The most important
difference between the two theories is that the transport equation,
through the use of a streaming operator acting upon the angular flux,
handles collisionless transport exactly, while the diffusion equation
handles leakage from a differential volume element by Fick’s law of
diffusion, which yields a Laplacian acting upon the scalar flux. The
diffusion equation 1is far more tractable and, therefore, better known
and more often used. The diffusion equation is inapplicable to small
systems due to the fact that the desired solution is selected from the

class of all solutions by boundary conditions applied just where the

11
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Fick’s law assumption fails, namely at the boundaries3. The

Serber-Wilson Method (SWM)15’16’17 is an ingenious attempt to improve
this situation. In the SWM, the general solution of the diffusion
equation 1is substituted inté6 the integral transport equation and
required to satisfy exactly the integral transport equation at one
point. The SWM has been applied only to spheres and the point selected
is wusually the center. By using the physical constants present in the
diffusion solution and in the integral transport equation, an equation
can be obtained for the critical radius of a sphere. The SWM represents
the best available criticality technique for one-group diffusion theory
fluxes. The SWM is mentioned not because of its accuracy (diffusion
theory compares poorly with transport theory in any case) but because a
diffusion theory scalar flux is used as one of the test cases in this
thesis.

Expansion of an unknown function in a complete set of basis
functions followed by appropriate truncation has always been a popular
technique in mathematical physics. The earliest example of this in
neutron transport theory is the Pn method, so called because the
spherical harmonics basis functions frequently reduce to Legendre
polynomialsls’lg. Typically, the angular flux 1is expanded in an
infinite set of spherical harmonics in angle with spatially dependent
expansion coefficients. The expansion is inserted into the
integro-differential transport equation and the integrations are carried
out. After use of suitable recurrence relations, the result is
multiplied by the complex conjugate of each of the basis functions and

integrated. The series 1is truncated at n terms and the spatial




derivative of the expansion coefficient of the (n+l) term is set to
zero. The result is a finite set of linear differential equations for
the expansion coefficients which can then be finite differenced and
source iterated!l. Several choices are available to approximate vacuum
boundary conditions. The Marshak boundary conditions require that the
integral over angle of the angular flux with each odd term of the
expansion vanish on the boundaryl. The Mark boundary conditions require
the angular flux to go to =zero on the boundary for a select set of
angular points. The points chosen are usually the positive zeros of the
(n+l)st term of the expansionl. Although the Marshak conditions are
superior, neither is very accurate for low orders of approximationa.
Syros and Theocharopou10520 claim to have eliminated the chief
defect of PC techniques, namely that boundary conditions applied to PC
methods don’t match the physical boundary conditions present except at
large orders of approximation. Syros and Theocharopoulos21 were quick
to point this out in their recent criticism of Dahl and Sj6strand.
Basically, they expand the integro-differential form of the neutron
transport equation in a set of polynomials which can be made to satisfy
exactly either homogeneous or inhomogeneous boundary conditions. The
sets of polynomials are constructed for each problem in a manner too
complex to detail here. The interested reader will find appropriate
citations in Ref. 20 and Ref. 21. The eilgenvalues of Syros and
Theocharopoulos are consistently lower then the eigenvalues obtained by

other methods.

13



14

Finite Element techniques, popular research items a few years ago,
have mostly been abandoned. There is one approach of interest to this
thesis, that of Ackroyd and associates22,23,24,25 The purely finite
element formulation with which they started22 has evolved into a
spherical harmonics angular expansion coupled with a spatial finite
element method to approximate the angular flux24. The equation solved
is the second-order self-adjoint form of the transport equation.
Unfortunately, the only eigenvalue result23 obtained so far is of
insufficient accuracy to warrant consideration in the eigenvalue
controversy between Dahl and Sjostrand and Syros and Theocharopoulos.

Finite differencing of the integro-differential form of the
Boltzmann transport equation has resulted in the Sn technique, the most
popular and widely accepted neutron transport technique
extant1s4,19,26,27 g currently implemented, S, techniques expand the
inhomogeneous sources, the fission kernel, and the scattering kernel in
a truncated series of spherical harmonics with known, usually physically
based, coefficients. These expansions enable the collection of all
"source" terms into a single term. The resulting equation is then:
streaming operator plus absorption operator operating upon angular flux
equals an angular source term, which is assumed known from a previous
flux 1iteration. A set of quadrature points and weights is determined
and the angular cell-centered fluxes are assumed to be represented by
the angular fluxes at these points. These points and weights are then
used to discretize the streaming and absorption operators. In curved
geometries, '"alpha" coefficients are introduced to force neutron

conservation which was destroyed by the angular differencing of the



streaming operator. The boundary conditions used are the obvious ounes.
The resulting set of partial differential equations can then be finite
differenced. Relations between phase space cell-edge and cell-centered
fluxes are needed and are usually handled by an artifice known as the
diamond difference relation. This relation states simply that the
arithmatic average of the cell surface fluxes is the same as the average
flux over the entire cell. Eigenvalue calculations are handled by

source iteration.

D. Analytic Similarities

Somewhat similar to the direct leakage operator that appears in
Chapter Three 1is the escape probability treatment beginning with Case,
de Hoffman, and Placzek!s6,28, The basic problem addressed by the
escape probability formalism 1is to determine the average probability
that neutrons born uniformly in a purely absorbing body will escape.
Several of the distinctions between the direct leakage operator and the
escape probability formalism will be discussed. Escape probability
methodology deals only with purely absorbing bodies, while the direct
leakage operator is applicable to bodies in which both scattering and
absorption occur. Escape probability analysis is capable of handling
only spatially constant neutron sources. Neutron sources in multiplying
assemblies are spatially varying and linearly proportional to the flux.
It is this physically occuring spatially dependent source that is wused
by the direct leakage operator. Although such restrictions appear not
to hamper adequate results for fast fission and resonance escape

calculations in large thermal lattices, they do eliminate a large amount

15



of the physics and would be useless for criticality calculations. The
detailed derivation of the escape probability method does not contain
within it the development of the pointwise, or spatially distributed,
escape probability except, incidentally, in the slab case. Without the
pointwise escape probability, the direct 1leakage operator cannot be
formed and, although the escape probability is equal to the direct
leakage operator operating upon a uniform source in a purely absorbing
medium, the escape probability cannot be considered equivalent to the
direct leakage operator.

The derivation of the escape probabilty28

evades the tricky
integrations involved in the direct leakage approach by use of the chord
functions introduced by Dirac2?. These chord functions enabled Case, de
Hoffman, and Placzek to obtain exact numerical results for some simple
geometries. However, they have not proved very tractable in practical
usage. This has instigated a number of approximations for the escape
probability from a number of authors beginning with the Wigner rational
approximation30’31’32’33'34’35. It should be mentioned that the
starting point for both the kernel of the direct 1leakage operator and
for the kernel of the escape probability is the same, namely, an
integral over angle of the surface penetration probability of a neutron
emitted at a specified point. The assumptions and method of solution
used for the escape probability formalism serve only to restrict
severely its potential application and accuracy. The direct leakage

operator is subject to none of the limitations of the escape probability

formalism and 1is, therefore, applicable to a much wider class of




problems. These include criticality and those problems now handled by

escape probability.

E. Summary of Thesis

The organization of this thesis entails four working chapters, one
introductory chapter, and nine appendices. The first working chapter,
Chapter Two, contains detailed V, calculations, which are used both to
obtain critical size estimates for comparison purposes and for the
determination of scalar flux distributions. The polynomial type
distributions obtained froﬁ the V calculations are highly accurate and
convenient for initiating the direct and indirect leakage operators.
For use in this thesis the Vo formalism is standardized, in derivation
and solution algorithm, and extended to include the A cylindrical and
V& slab results. Chapter Two also contains a discussion of the recent
eigenvalue controversy between Dahl and Sjb‘strand36 and Syros and
Theocharopoulos21.

Chapter Three introduces the direct leakage operator in analytic
form for the three standard one-dimensional geometries. V, and V,
scalar fluxes are used, and the direct leakage operators are proved
exact within the 1limitations imposed by such fluxes. Surprisingly
accurate critical size estimates are obtained when the direct leakage
operator is used in conjunction with a diffusion theory scalar flux.

The indirect leakage operator is introduced in Chapter Four. The
operator integrand is derived as the solution function of an
inhomogeneous singular Fredholm integral equation of the second kind.

The kernel of that integral equation is shown to be identical to the

17
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kernel of the appropriate integral transport equation. Due to the
inhomogeneity, solution of the indirect 1leakage operator integral
equation 1is substantially ‘easier than that of the transport integral
equation. Detalled calculations of the spatial leakage probability
distribution are performed both for the total leakage probability and
for the discrete scattering order leakage probability.

Chapter Five contains conclusions and recommendations for future
work. Appendices A and B contain mathematical data on exponential
integral functions and modified Bessel functions. Appendix B also
adapts a form of the Graf’s addition formula for modified Bessel
functions, which permits some difficult integrations in c¢ylindrical
geometry to be performed. Appendix C is devoted to the derivation of
the cylindrical geometry integral transport equation which does not
appear in the 1literature. Tedious manipulations necessary for the Vn
calculations are included in Appendices D, E, F, and G. Extrapolation
distances appear in Appendix H. Appendix I contains code listings along
with appropriate comments.

Note that in this thesis the total cross section, O¢s has usually
been normalized to unity except where noted. This conveniently allows
suppression of the o, and implies distance measured in wunits of the

total mean free path.




I1I. VARIATIONAL TECHNIQUES

A. Integral Transport Equations

The starting point for the Vn method is the integral transport
equation appropriate to each coordinate system. The Vn method is wused
not only to obtain critical radii for comparison purposes but also to
obtain the scalar fluxes utilized to initiate the direct and indirect
leakage calculations. The derivation of the equations in the forms used
in this thesis are available in the literaturel»6:19 for s1ab and
spherical geometries, A derivation of the cylindrical integral
transport equation in a useful form is not readily available in the
literature. Weinberg and Wigner7 mention that the sum of a diffusion
kernel and a first collision kernel is the approximate kernel of the
integral transport equation. However, the first collision kernel given
in cylindrical geometry is the exact kernel for the cylindrical integral
transport equation, as shall be proven. Greenspan, Kelber, and Okrent !9
give a very detailed derivation for the kernels of the integral
transport equation in slab and spherical geometry, but don’t even
mention cylindrical geometry other than to tabulate a permutation of the
Weinberg Wigner first collision kernel. Neither Ref. 7 nor Ref. 19
give a derivation for the cylindrical geometry results shown.,
Accordingly, a rigorous derivation is given in Appendix C for
cylindrical geometry. The integral transport equations to be given are
subject to the following 1limitations: steady state, monoenergetic
neutrons, isotropic fission, isotropic scattering, no external sources,

and the total macroscopic cross section normalized to unity.
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The integral transport equation for the scalar flux in a
one-dimensional slab of half-thickness, b, infinite in the y and =z
coordinates, is given by Bell and Glasstonel as

b
o(x) = %-{bdx'é(x')El(lx—x'l). (2.1)

The E; functions are the exponential integral functions discussed
in Appendix A.
For a one-dimensional sphere of radius, b, the integral transport

equation for the scalar flux isl

b
ré(r) -.% ibdr'r'é(r')El(lr-r'l), (2.2)

subject to r in the interval [O0,b], r’ in the interval [-b,b], and
d(-r’)=%(r").

In one-dimensional cylindrical geometry of infinite axial extent
and radius, b, the integral transport equation for the scalar flux is

given by Appendix C as

b
¢(r) = cfodr’r'é(r')K(r,r'); (2.3a)
K(r,r’) = fldyKo(yr)IO(yr’) for r'<r, (2.3b)
K(r,r’) = fldyKO(yr')Io(yr) for r’>r. (2.3¢)



B. Application of Variational Techniques

Variational techniques as applied to the transport equation seek to
estimate the lowest neutron mnultiplicity eigenvalue for an otherwise
fixed system1’2’3’4. The lowest eigenvalue 1s sought, since this
corresponds to the non—-negative, or physically acceptable,
eigenfunction3. If the one-dimensional neutron transport equation as

represented by (2.1), (2.2), and (2.3a) is generalized to

a
2
f(r) = Y[ dr'K(r,r’)f(r’), (2.4)
2)
subject to the definitions in Table I, then only one derivation need be
done instead of one for each geometry.

Rewrite (2.4) in terms of an eigenvalue equation with eigenvalues

Y; corresponding to eigenfunctions f;(r):

a
fi(r) = Yifajdr'K(r,r')fi(r’). (2.5)
Since this 1is a linear integral equation with a real, symmetric,
continuous, and nondegenerate, kernel it is known that there exists an
infinite number of real ©positive eigenvalues with orthogonal
eigenfunctions37. Assume that these eigenfunctions are normalizéd such

that

a

2
faldrfi(r)fj(r) = 8y (2.6)

and order the eigenvalues Y3<Y;<Yy<...{Yg+ Now, since any well-behaved

trial function may be expanded as a series of eigenfunctions, let
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Generalized

Variable

f(r)

fi(r)

a8

as

dr

K(r,r’)

Table 1

Variable Identification for the

Generalized Variational Development

Slab

Variable

d(x)

¢i(x)

ol o

dx

Ey(1x-x"1)

Sphere

Variable

ré(r)

r¢i(r)

1N

dr

E;Cir=z’1)

Cylinder

Variable

o(r)

<p1(1’)

rdr

] a5Ko(yr)Iglyz ), T'<x

fldyKO(yr')IO(yr), r’>r




f(r) = M. f.(x).
iZO it1i
Insert (2.7) into the variational principle (2.8),

a2
y = [ “drf(r) =
a

1
az a2
f drf(r)f dr’K(r,r’")f(r’),
a 3

and note that

a
f 2dr’K(r,r')f(r’) = fgfl
a; Y

therefore

Now since Yy is the smallest eigenvalue,

Y?vg .

Therefore, the variational principle will always
greater than or equal to the eigenvalue sought.

variational principle for (2.4) is shown below.

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

yield a value

That (2.8) is a
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Multiply both sides of (2.8) through by the denominator of the

right hand side to yield

az 2 a2 2
Yf drf(r)f dr’K(r,xr’)f(xr’) = f drf<(r). (2.12)
ot 2) |

a

Take the variation of (2.12) to get

as
§y[ drf(r)]
21 2

a a2 82
dr’K(r,r')f(r')+Yf dr6f(r)j dr'K(r,xr’ )f(r" )+
a a

1 1

a

az as 2
v/ “drf(r)] dr'R(r,r’)sf(r’) = [ dr2f(r)éf(r). (2.13)
a1 21 a)

Noting that K(r,r’) is real and symmetric yields

az a2 a 22

f drf(r)j dr'K(r,r’)6f(r’) = f dr'Gf(r')f drk(r,r’)f(r)

| 2 a) a1
az az

= f erf(r)f dr'K(r,r’)f(r’). (2.14)
a 2

Now for (2.8) to be a variational principle, 6y must vanish. Thus,

through the use of (2.14), (2.13) becomes

as as as
2y[ dréf(r)[ dr’KR(r,r’)f(r’) = [ dr2f(r)éf(r) (2.15)
2 a4 |
or
as 22
f erf(r)[f(r)—Yf dr'K(r,r’)f(r')] = Q. (2.16)
al al

This can be true 1iff




a

£(r) = v/ dr'k(r,r’)f(r’) (2.17)
a
1

which is (2.4), and, therefore, (2.8) is a variational principle for
(2.4).

In order to obtain an estimate of the eigenvalue for a system of a
given size, insert a trial function for the flux containing adjustable
parameters into (2.8) and minimize (2.8) with respect to the parameters.
Algebraically determine the parameters from the resulting system and
reinsert them into (2.8) to estimate the eigenvalue. To estimate the
critical size for a given eigenvalue, guess the size, insert the para-
metric trial function, and determine the eigenvalue estimate for that
size. If the estimate is larger than the desired eigenvalue, increase
the size. If the estimate is less than the desired eigenvalue, decrease
the size., Iterate upon the size until the eigenvalue estimate converges

satisfactorily to the eigenvalue for which the critical size is desired.

C. Variational Results

The procedure outlined in Section B above has been implemented in
the three common one-dimensional geometries. Trial functions of the Vo
type (called quadratic trial functions) as in (2.18), and of the V4 type

(called quartic trial functions) as in (2.19), were used in each

geometry:
o(r) = 1-a1r2, (2.18)
o(r) = l-alrz-azra. (2.19)
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It should be noted that the trial functions given above, with the
exception that a, and a, are variable parameters and not fixed
constants, have the same form as the leading terms of the expansion of
the asymptotic solution to the transport equation. This holds true for
the cosine spatial flux distribution in slab geometry, sine divided by r
spatial flux distribution in spherical geometry, and the zero order
Bessel function of the first kind spatial flux distribution in
cylindrical geometry.

The critical size estimates, for various values of the neutron
multiplicity, are compared to other methods in Table 1T for slabs, Table
III for spheres, and Table IV for cylinders. Appendix D contains
details of the implementation of the variational technique for the slab,
Appendix E for the sphere, and Appendix F for the cylinder. Appendix G
contains details of the minimization of the variational principle for
both quadratic and quartic trial functions. The V, cylindrical results
are unique and are among the best cylindrical critical radii estimates
available. The V, results for slab and sphere differ by no more than
one fortieth of a percent from the "benchmark" values of Kaper, Leaf,
and Lindemanlo. Therefore, it will be assumed that the scalar fluxes,
(2.19), resulting from the variational techniques, are very precise and
any error in the leakage operator calculations must result from the
leakage operator formalism itself and not from inadequate initiating

fluxes.
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1.6

1.4

1.2

1.1

1.05

1.02

Table 11

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

.5120

.7366

1.2894

2.1134

3.3010

5.6706

vy

.5120
.7366
1.2894
2.1134
3.3005

5.6661

EEP4

.5152
.7384
1.2898
2.1133
3.3002

5.6655

4
Py

.6796
.9191
1.4850
2.3087
3.4878

5.8391

Py
.5590
.7793

1.3185

2.1354

3.3191

5.6828

4
Py

.5299
.7501
1.2985
2.1210
3.3073

5.6723

5,%
.6197
.8455

1.3896

2.1984

3.3718

5.7262
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1.6
1.4
1.2
1.1
1.05

1.02

5,4
.5223
7435

1.2949

2.1198

3.3078

5.6747

sg
.5138
.7383
1.2912
2.1155
3.3032

5.6702

Table II
continued
4 10

S16 Case’s

.5125 .5120

.7372 .7366
1.2902 1.2894
2.1146 2.1133
3.3023 3.3003
5.6694 5.6655

11
IT,

«5120
.7366
1.2894
2.1134
3.3010

5.6708

11
IT,

«5120
«7366
1.2894
2.1134
3.3004

5.6660
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Table III

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

¢ V2 V4 EEPY Pyt 2N Pg* 8p%

1.6 1.4768 1.4761 1.4759  1.8504 1.5502 1.4969 1.4197
1.4 1.9870 1.9854 1.9853  2.3530 2.0394 1.9994 1.9198
1.2 3.1785 3.1723 3.1720  3.5129 3.2041 3.1813 3.0963
1.1 4.8934 4.8733 4.8727  5.1766 4.8953 4.8805 4.7960
1.05 7.3326 7.2784 7.2772  7.5435 7.2961 7.2842 7.2084
1.02 12.1835  12.0305  12.0270 12.2520  12.0450  12.0340  11.9780




]

1.6

1.4

1.2

1.1

1.05

1.02

1.4613

1.9685

3.1530

4.8535

7.2591

12.0120

1.4716
1.9801
3.1659
4.8659
7.2699

12.0200

Table III

continued

4
S16

1.4742
1.9830
3.1690
4.8688
7.2723

12.0210

Case’slO

1.4761
1.9853
3.1721
4.8727
7.2772

12.0275

11
1T,

1.4768
1.9870
3.1785
4.8935
7.3327

12.1845

11
IT,

1.4761
1.9854
3.1721
4.8728
7.2775

12.0289
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Table IV

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of c

c v, v, EEP4 5, s,4 sg 1T, 11

1.6 1.0209  1.0209  1.0253 1.0647  1.0230  1.0194  1.0209
1.4 13971 1.3970  1.4004 1.44611  1.3958  1.3950  1.3970
1.2 2.2882  2.2873  2.2802  2.3297  2.2824  2.2850  2.2872
1.1 3.5819  3.5776  3.5784  3.6211  3.5725  3.5757  3.5774
1.05 5.4265  5.4119  5.4118  5.4654  5.4097  5.4108  5.4115
1.02 9.0960  9.0445  9.0433  9.1351  9.0495  9.0454  9.0446
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D. Eigenvalue Controversy

The technique created by Syros and TheocharopOuloszo, if it
performed as claimed, would obviate the need for the leakage operators
derived in this thesis. As noted before, Syros and Theocharopoulos20
have published a neutron transport technique based upon expansion of the
angular flux in a series of polynomials. These polynomials can be made
to satisfy exactly homogeneous boundary conditions for any order of
angular approximation. Presumably such an approximation would not be
subject to the boundary perturbations caused by poor satisfaction of
boundary conditions and would, therefore, be able to calculate leakages
accurately. There 1is, however, reason to doubt the accuracy of their
technique,

Syros and Theocharopoulos published a criticism?! of Dahl and
Sjc'istrand14 questioning the accuracy of the eigenvalues in Ref. 1l4.
Syros and Theocharopoulos claim that the expansion of the scalar flux in
Ref. 14 is an integral of a specified angular flux expansion. The
specified angular flux expansion is shown not to satisfy homogeneous
boundary conditions and, therefore, Syros and Theocharopoulos state that
the eigenvalues of Dahl and Sjostrand are inaccurate. Dahl and
Sjéstrand’s counter criticism3 is that their approximation is made on
the scalar flux in an equation that already contains the homogeneous
boundary conditions, namely, the integral transport equation. Splawski,
Ziver, and Galliara25 have commented upon this controversy but present
only one eigenvalue. Since their eigenvalue is less accurate than the
other eigenvalues to be presented here, it will not be tabulated. In

addition to the eigenvalues of Dahl and SjGstrand there are at least two



other sets of neutron multiplicity eigenvalueé which are relevant to
this controversy. Such eigenvalues are the Case’s Method eigenvalues of
Kaper, Leaf, and Lindemanl® and the V, eigenvalues obtained by the
techniques developed in this chapter. Since the V4 techniques do not
involve the angular flux, they are not subject to the criticisms of
Syros and Theocharopoulos. Since the controversy over eigenvalues has
pertained, so far, only to the infinite slab geometry, only slab
geometry eigenvalues will be listed in Table V. Close examination of
the eigenvalues in Table V reveals that Dahl and Sjostrand agree exactly
with Kaper, Leaf, and Lindeman and that the V4 slab results are only
just slightly higher. The eigenvalues generated by the V4 slab code

were used as input data for a critical size search utilizing the direct
leakage operator. These sizes are a check upon the V, slab variational
eigenvalues and are very close to the initial dimensions. Note that the
eigenvalues of Syros and Theocharopoulos are consistently lower. It is
for this reason that the accuracy of their transporé techniques seems

questionable.
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half
thickness

in mfp

e5
1.0
1.5
2.0

2.5

Syros and
Theochar-

opoulos20

1.61384
1.27625
1.16257
1.10799

1.07724

Dahl

Sjostran

1.6153785
1.2771018
1.1631293
1.1084678

1.0775728

ql4

Table V

Kaper, Leaf

and Lindeman

1.61537852

1.277101824

1.1084678323

Neutron Multiplicity Eigenvalues for the

Infinite Slab as a Function of Half-Thickness

vy

1.61538482
1.27710861
1.16313622
1.10847459

1.07757921

direct leakage
operator criti-
cal half thick-

ness in mfp

«4999999996
.9999999988
1.4999999970
2.0000000014

2.5000000065



III. DIRECT LEAKAGE OPERATOR

A. Introductory Remarks

A system with no external sources is just critical when the neutron
production rate equals the neutron absorption rate plus the neutron
leakage rate. This balance condition 1is normally reflected in an
empirical system eigenvalue known as the effective multiplication
factor, or Keff’ which is the eigenvalue by which the fission source
term would have to be divided to yield a critical system. For this

reason Keff is defined as38

_ production rate

K 3.1
eff = Zbsorption rate + leakage rate ¢ )

Obviously, from (3.1), the balance condition is satisfied and the system
is just critical when K.eff equals unity.

Alternatively, and more convenient for this chapter, is a balance
condition defined as follows; neutron production rate plus neutron
scattering rate equals neutron absorption rate plus neutron scattering
rate plus neutron leakage rate. This leads to an alternative
eigenvalue, namely, the gamma eigenvalue39 defined by

production rate + scattering rate

= . 3.2
Y absorption rate + scattering rate + leakage rate ( )

Gamma also goes to unity when the system is just critical. The

definition of v, (3.2), has a different off-critical value for a given

39
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set of parameters than (3.1) but is just as useful for determining the
critical size.

Equation (3.2) also does not have the physical interpretation that
(3.1) has, namely, that division of the fission source term by (3.1)
will yield a critical system (or, more accurately, will cause the
mathematical model involved to look ecritical). For a steady state
system with monoenergetic neutrons, isotropic fission, isotropic
scattering, and spatially constant cross sections, the following

definitions apply:

production rate = voffv¢(r)dv; (3.3a)
scattering rate = osfv¢(r)dv; (3.3b)
absorption rate = oajv¢(r)dv; (3.3c)
O, = 0, + 0g; (3.4)
and
Vo + O
c=_f 8 (3.5)
Ot

The total macroscopic cross section is Op» the macroscopic fission cross
section is ©Og, the macroscopic absorption cross section is 0,, the
macroscopic scattering cross section is Ogy C is the neutron
multiplicity, and v is the mean number of fission neutrons produced per

fission. Substituting (3.3), (3.4), and (3.5) into (3.2), and dividing

both numerator and denominator by o_ yields

t



y = cfo(xr)dv . (3.6)

[é(rydv +-j}leakage rate
t

To obtain a critical size estimate for a given neutron
multiplicity, say Cos requires, as input to (3.6), a scalar flux shape
and a leakage rate., In this chapter, the leakage rate is determined
from the scalar flux shape through the use of the direct leakage
operator. The procedure used to determine the critical size for a given

neutron multiplicity, c is as follows. First a size guess is used to

g?
determine a scalar flux approximation from an appropriate Vn technique.
This scalar flux is used to estimate Y from (3.6). If Y is 1less than
unity, an increment in the size guesé is made; Y greater than unity
requires a decrement in the size guess. Once Y has converged to unity,
the critical size is known. From Chapter Two it is known that the vy
scalar fluxes (which implicitly correspond to Ly equaling unity in
(3.1)) are the 1lowest eigenfunctions for a system of.a given size and
correspond to a definite neutron multiplicity eigenvalue, say c,-

Therefore, it 1is obvious that Cgs the eigenvalue for which a critical

size is sought, and c_, the eigenvalue corresponding to the current V

v n

scalar flux guess, should not be equal unless (3.6) predicts Y is
identically unity. Once Y is identically unity, then cg should equal
Cys and any difference is a measure of the accuracy of the direct
leakage operator. A more straightforward accuracy comparison 1is to
compare the critical size estimates for a specified ¢ as calculated by

both the V. method and by (3.6) through the use of the direct leakage

operator,

37



38

B. General Direct Leakage Operator
Let V be a convex region of space for which it is desired to know
the number of neutrons leaking out per unit time, N(t), given by

~

N(e) = Ip s(z,8,8,0- $22) (3.7)

where S(r,Q,E,t- is the number of neutrons created from

d(g,g))
v
collisions or inhomogeneous sources within dV of position r, within d{

of direction @, within dE of energy E, at time t-

M,visthe
v

velocity of a neutron of energy E, and d(EAE) is the distance along

from r to the surface of region V. The direct leakage operator Ly 1is

written as

- ®  —1(Ejr_-d(r,Q)0+r
Lp= 14 dszfvdvjodEe (EiZg (—’—)——S), (3.8)
L

where T is the optical depth,

d(r,)

T(E;r ~d(r,Q)0+r_ ) = ds’ ‘o, (r.-s’’'Q,E), (3.9)

Is

and r, is the position vector at a point on the surface of V where it is

penetrated by a ray along { from r. The source, S, can be written as

t’'=t ©
S(r,R,E,t) = Q(r,R,E,t) + [ a’J dt’ [ dE’
- - bn — “t'=—= "0

L [vi(E")oy(xr,E")E4(t",Q,E +t,Q,E) J¥(x,2",E",t"), (3.10)
i

where Q is the inhomogeneous source term, the sum over i is a sum over

all interactions, vi(E’) is the mean number of secondaries for an




interaction of type 1 at energy E’, Oi(EﬁE') is the macroscopic
interaction cross section for an interaction of type i at position r and
energy E’, f4(t",2°,E°+t,Q,E) is the transfer probability of an
interaction of type 1 from the primed coordinates to the unprimed
coordinates, and ¥(r,2°,E’,t’) is the angular flux of neutrons within dV
of r, within dQ° of 2, within dE’ of E’, at time t’. Now assume steady

state, integrate (3.9) and (3.10) from Eg to E , and use the following

g-1
multigroup definitions;

E,_

Sg(E.2) = [ ° dES(z,2,E), (3.11a)
Eg
E,_
g-1

Q(r,2) = [~ dEQ(z,8,E), (3.11b)
g
Eg_
g-1

¥o(r,Q) = f dE¥(x,%,E), (3.11¢)
Bg

G

g%=1 E Vig’O1g’+g(D) g (WY, (r,8%)

3 E -1
= fodE'/Eg dEE [v{(E")o;(x,E" )E{(Q°,E +R,E) [¥(r,2°,E’), (3.11d)
8

Eg_p  d(r,®)

g a4 ’r e
Tg(remd(m,Mrg) = [ 7 B[ T ds”’oy(rgms”9,E)
g
d(r,2)
= fO ds"otg(zs-s'tg). (3.11e)

Then it follows that
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N = iDsg(gxg), (3.12)

. ¢ ~To(rg=d(r,2)2>r,)
= g —s it el bt -3
Ly 51 anqngdv e )

(3.13)
g
and
G
Sg(I,@) = Qp(z, @) + 1 Ivigeoy00,,(x)
g'=11
fandg.fig,(g )Y, (,07). (3.14)

Now consider only monoenergetic neutrons, isotropic scattering,
isotropic fission, spatially constant cross sections, and no external

sources. Then (3.12), (3.13), and (3.14) reduce to

N = LS(x), (3.15)
~ =0 d(r’n)
L, = Q == 3.16
D f4“q_fvdVe ( )
and
- .1 .
s(x) = E vi0gf, 42~ ¥(r, ), (3.17)

If only fission and elastic scattering are taken into account, then
N = Ly s(x), (3.18)

- -otd(r,Q)
= - = 3.19
Ly = ], d0f ave , (3.19)
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S(x) = (vog + OS)ZI;NL)» (3.20)
and

o(r) = [aa’¥(x,8%). (3.21)

Equations (3.18) and (3.19) are used to calculate the leakage from three

one-dimensional systems in Sections C, D, E, and F of this chapter.

C. Direct Leakage Operator in Slab Geometry

The geometry of interest is shown in Fig. 1. This geometry is a
semi-infinite slab, which is infinite in the y and z coordinates and of
half-thickness b in the x coordinate. The angular coordinates in this
system are the polar angle O, which is the angle the neutron makes with
the positive x-axis, and the azimuthal angle x, with respect to which
there 1is symmetry. A convenient notation is to take p=cos®. In this

geometry, (3.18), (3.19), and (3.20) combine to yield

vog + 0 2m

b 1
s
N= —— dx®( d du
ib x x)f0 xil e

-otd(x’U)
4 *

(3.22)

For u>0 the neutron can only leak through the right hand side, and for
p<0 the neutron can only leak through the left hand side. Therefore, it

follows that

d(x,p) = P%x, for w0, (3.23a)

and

4]
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Figure 1.

Cne-dimensional slab geometry.




d(x, 1) =EL:, for 1<0. (3.23b)

Using (3.22) and (3.23), and noting the azimuthal symmetry, yields

b+x
_ Vog + og b 0 +otL___)
N lb dx &(x) [[1 d e M
I g (bx
+ fo dye o m )]. (3.24)

Some additional definitions will provide convenience and insight.

Therefore, let

P;(x) = the probability that a neutron emitted isotropically at
position x escapes through the right hand side with n

additional scatterings inside; (3.25)

P%(x) = the probability that a neutron emitted isotropically at
position x escapes through the 1left hand side with n

additional scatterings inside. (3.26)

Now note that isotropic emission in the geometry of Fig. 1, which has

azimuthal symmetry, implies that

43
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%;-= the probability that a neutron emitted isotropically ends up
within dpy of u. (3.27)

Combine (3.23), (3.25), (3.26), and (3.27) to get

£ du o2

=l e v, (3.28)
0 b+x

W TR sy

P il e THRGR (3.29)

or, by using (A.2) and setting p=-u in P% above, it follows that

PE = 2 Ey[op(b-0) ], (3.30)

and

P% séEzl_Ot(b‘}'x)]o (3031)

Use of (3.28), (3.29), (3.30), and (3.31) reduces (3.24) to

b
N = (\)Of + OS) ib dxd(x) [PB(X)'*'P%(X)], (3.32)
or
vog + g5 P
N — [, ax%(x) (Ep[op(b=x) ] + Ep[op(bx) ]). (3.33)




