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ALTERNATIVE METHODS IN CRITICALITY

by

John Michael Pedicini, Ph.D.
Nuclear Engineering Program

University of Illinois at Urbana-Champaign, 1981

ABSTRACT

In this thesis two new methods of calculating the criticality of a

nuclear system are introduced and verified.

Most methods of determining the criticality of a nuclear system

depend implicitly upon knowledge of the angular flux, net currents, or

moments of the angular flux, on the system surface in order to know the

leakage. For small systems, leakage is the predominant element in

criticality calculations. Unfortunately, in these methods the least

accurate fluxes, currents, or moments are those occuring near system

surfaces or interfaces. This is due to a mathematical inability to

satisfy rigorously with a finite order angular polynomial expansion or

angular difference technique the physical boundary conditions which

occur on these surfaces. Consequently, one must accept large

computational effort or less precise criticality calculations.

The methods introduced in this thesis, including a direct leakage

operator and an indirect multiple scattering leakage operators obviate

the need to know angular fluxes accurately at system boundaries.

Instead, the system wide scalar flux, an integral quantity which is

substantially easier to obtain with good precision, is sufficient to

obtain production, absorption, scattering, and leakage rates.



I. INTRODUCTION

A. Opening Remarks

From the beginning of Reactor Physics as

question has been that of criticality.

multiplicity (defined as the average number

neutron interaction), c, greater than unity

a science, an important

Any system with a neutron

of neutrons emitted per

can be made to go critical

if the dimensions are appropriate. The determination of this critical

size is the primary problem discussed in this thesis.

Methods for the calculation of critical size can be divided into

two classes of techniques. The first class will be referred to as

Mathematical Criticality (MC), in that the problems solvable by these

techniques are highly idealized and physically unreal. The second class

will be referred to as Physical Criticality (PC), since the techniques

used, although benchmarked against MC techniques in MC solvable

problems, are applicable to a wide range of physically real and

interesting problems.

Mathematical Criticality applies to those cases in which the system

to be studied is so simplified that an analytic and mathematically

complete formulation is possible. These simple models are then treated

as eigenvalue problems for some system parameter, such as the critical

dimension or neutron multiplicity. Such eigenvalues are determined

exactly or they are approximated with a high degree of precision. These

values are most useful as benchmarks to test PC techniques applied to

the simple systems.



Physical Criticality techniques implicitly equate the neutron

production rate to the sum of the neutron leakage and destruction rates.

This balance condition is often masked through the use of a source

iteration technique. In typical problems there is little imprecision in

the values of the production and destruction rates, since these depend

on the system wide scalar flux, an integral quantity that is fairly

accurate despite boundary perturbations. Unfortunately, for these

techniques, the leakage rates depend upon the angular fluxes, net

currents, or moments of the angular flux, on the system boundaries.

These are the least accurate fluxes, currents, or moments in the systern

due to a mathematical inability to satisfy rigorously,with a finite

order angular polynomial expansion or angular difference technique, the

physical conditions which apply at the system boundaries. Consequently,

approximations which show adequate precision in the system-wide

parameters are inadequate to the task of accurately calculating leakage.

Approximations of high enough order to yield accurate leakages are

difficult to solve and are more complex than are necessary to calculate

properly production and destruction rates.

Reduction of the calculational effort necessary for an accurate

leakage calculation to the level which is adequate for the determination

of the scalar flux is the central motivation of this thesis. To achieve

this objective two new techniques are introduced, namely, the direct

leakage operator and the indirect multiple scattering leakage operator.

These techniques obviate the need to know the angular fluxes accurately

at the system boundaries, since the operators require only the

system-wide scalar flux for initiation, and are intended to provide



completely independent leakage calculations. Because of their

formulation they should be easily adaptable to existing neutron

transport computations. The direct leakage operator differs from the

indirect leakage operator in that it concerns itself only with neutrons

which leak from the point of origin with no interactions within the

system. Thus, the direct leakage operator requires that all collisions

be treated as neutron deaths and that any collisions from which neutrons

emerge be treated as neutron births. Hence, all transport of neutrons

within the system is handled by the scalar flux calculation. On the

other hand, the indirect leakage operator handles internally all

transport of the neutrons which eventually leak out of the system and

uses the scalar flux calculation only to obtain a fission source

distribution. For the indirect leakage operator the standard

definitions of birth in fission and death in absorption apply.

For the purposes of this thesis results obtained with these two new

operator techniques are tested against only those problems solvable by

MC techniques. The reasons for this are twofold. One reason is that

the most precise criticality calculations available are those for MC

solvable problems. The other reason is that highly accurate analytic

scalar fluxes are available for these problems, which enables the

precision of the operator techniques themselves to be determined. In

theory the operator techniques are not limited in any respect for any

calculation for which an initiating scalar flux is available. However,

the direct leakage operator technique is presently not developed enough

to handle anisotropic neutron sources. The state of the indirect

leakage operator is somewhat less advanced, due to the internal



transport, and is limited to steady state, monoenergetic neutrons,

isotropic scattering, and isotropic fission. In this thesis, the

direct leakage operator has proved fully as accurate as the available

scalar fluxes, while the indirect leakage operator has proved only

slightly less accurate.

A further capability obtained from the extra computational effort

involved in the indirect leakage operator is the ability to calculate

the spatial leakage probability distribution for neutrons born in

fission. This type of calculation, unique to this thesis, is carried

out in such detail that the probability of a neutron born in fission at

a specified location scattering n times and then leaking out of the

assembly can be determined.

B. Overview of Mathematical Criticality Calculations

Not surprisingly, most of the MC techniques available are applied

to the integral form of the Boltzmann transport equation. This is

probably related to the fact that eigenvalue theory is well developed

for differential equations and also for integral equations but is not

readily available for integro-differential equations, such as the

Boltzmann transport equation. The Boltzmann equation can be formulated

in a purely integral form, but it cannot be formulated in a purely

differential form due to discontinuous changes in energy and angle

required by the physicsl. Typically, the assumptions added to the

integral transport equation for an MC calculation are steady state,

monoenergetic neutrons, spatially constant cross sections, isotropic

fission, isotropic scattering, and no external sources.



Variational theory as applied to the transport equation has long

been used as an MC techniquel’2’3’4. The detailed application of this

technique will appear in Chapter Two, where it is used to obtain the

scalar fluxes needed to initiate the leakage operatora. The technique

involves obtaining a variational principle whose necessary condition for

an extremal is the integral transport equation. The functional of the

variational principle can be interpreted as an eigenvalue. Polynomials

comprised of the first n terms of a series expansion of the asymptotic

solution to the transport equation, with each term muliplied by an

independently variable parameter, are inserted into the functional as

trial functions, and the functional is then extremized with respect to

the

into

The

parameters. Once the parameters are found, they can be reinserted

the functional in order to-obtain an estimate of the eigenvalue.

abbreviation for this approach is Vn, where n is the order of the

polynomial used as a trial function. previously, V2 slab, V2 spherical,

‘2 cylindrical, and V4 spherical results have been reported in the

literaturel$4. This technique is extended considerably in this thesis

and now includes V4 slab and V4 cylindrical results. In addition, the

author has standardized the derivation and solution algorithms

associated with the Vn technique.

The Extrapolated Endpoint Method (EEM), or simply the endpoint

method, is as old as the previously discussed variational

technique1$3~4$5$6$7$8. It arises from approximationsmade in order to

utilize the Wiener-Hopf Technique, which is

integral equations in a semi-infinite planar

system), on the integral transport equation in

customarily applied to

geometry (single boundary

a finite planar geometry



(two-boundary system). With more than one boundary, no exact solution

is known, but an approximation can be made by treating the behavior of

the solution near each boundary as if no other boundary existed. It is

assumed that the solution of a two-boundary problem in which the

boundaries are very far apart will behave in the central region like the

solution in a semi-infinite systems. With this assumption, the solution

of a two-boundary problem is constructed as a combination of two

one-boundary solutions such that the asymptotic components 5coincide .

This sort of approximation is, of course, more accurate for larger

4systems than for smaller systems . The point beyond the system boundary

where the asymptotic flux goes to zero is called the extrapolated

endpoint, which is the origin of the name of the method. These endpoint

distances are also often used in diffusion theory calculations as the

extrapolation distances. This distance is tabulated as a function of

the neutron multiplicity, c. To determine the critical radius requires

the use of two criticality conditions obtained from the integral

transport equation in an infinite system. These are conditions that

must be satisfied in order to have a nontrivial solution. One condition

is found by Fourier transforming the integral transport equation. The

other condition is found by expanding the flux, contained in the

integrand of the integral equation, in a Taylor’s series about the

variable of integration and then integrating to obtain an infinite

moments series. These two conditions are identified as equivalent. The

solution of the Taylor’s expansion form is assumed to be in the form of

a solution of the scalar Helmholtz equation. The solution to the

Fourier transform condition is actually a qualifier, as a function of c,



upon the admissible values of the Fourier transform variables. These

admissible Fourier transform variables are identified with the constants

that appear in the scalar Helmholtz equation, which is subsequently

solved. The solution function is equated to zero, the first root is

found, and the value of the position where this occurs is calculated.

This distance is assumed to be the sum of the critical radius and

previously tabulated extrapolation distance. The spherical integral

transport equation is reducible to the slab form and presents no

problems. The cylindrical case is handled by analogy and assumption

rather than by the approach specified above mainly because cylindrical

geometry endpoints have not been obtained. In practice, the critical

radii calculated have less than one percent error for boundary

separations greater than three tenths of a mean free path5, and are

considered exact for boundary separations greater than six mean free

paths4. Due to its complexity, this technique is rarely used.

A somewhat newer approach is the method of singular eigenfunction

expansions, also known as Case’s Method6S9S10. This approach is based

on the fact that, under certain conditions, the integro-differentlal

transport equation is separable. The previous assumptions associated

with MC, namely steady state, monoenergetic neutrons, spatially constant

cross sections, isotropic fission, isotropic scattering, and no external

sources, are also applied in this method. Using essentially the

standard separation of variables technique, the angular flux is

separated into a series of spatially dependent exponential multiplied

by angle-dependent coefficients. It is shown that there are two

discrete eigenvalues outside the angular domain of integration and a



continuous spectrum inside. Inserting the separated form into the

original equation and applying normalization conditions yield a

transcendental equation for the two discrete eigenvalues. By using the

boundary conditions of the problem, conditions on the eigenfunctions are

found and reduced to a single inhomogeneous Fredholm integral equation

of the second kind for the continuous eigenvalue spectrum. Therefore,

the angular flux is expanded in a pair of terms plus an integral of the

continuum eigenfunctions. Solving the integral equation for the

continuum eigenvalues is difficult, but Kaper, Leaf, and Lindeman10

claim to have done it

to have calculated the

sphere.

numerically to great accuracy and, thereby, claim

benchmark critical dimensions for the slab and

Two other techniques

accurate independent data to

are the integral transform

are mentioned mainly because there are no

compare to in cylindrical geometry. These

method of Hembdll and the matrix eigenvalue

method of Milgram12. These have been shown to ‘be essentially

equivalent13, and, therefore, only the integral transform method will be

discussed. The integral transport equation limited by the assumptions

discussed earlier is Fourier transformed, and the resulting integral

equation for the transformed flux has its kernel replaced by a bilinear

expansion. The bilinear expansion is determined to be a representation

of the kernel in terms of its real and complex conjugate eigenfunctions.

An infinite system of linear algebraic equations

which appear in the transformed equation With

obtained. Once these coefficients are known, the

with expanded kernel can be inverted to yield the

for the coefficients

expanded kernel is

transformed equation

scalar flux. The

9



linear algebraic system is shown to represent an eigenvalue problem for

the fundamental and higher decay constants of a neutron pulse decaying

in

be

c.

the geometry of interest. The fundamental decay problem is stated to

mathematically equivalent to the critical problem.

Overview of Physical Criticality Calculations

Physical Criticality techniques are mostly applied to the

integro-differential form of the transport equation. There are

exceptions to this, as well as hard to classify techniques, such as the

method of Dahl and Sj&trand14 and the Serber-Wilson

technique3$7~15$16~17. Most PC techniques are based on an iterative

solution called the source iteration technique. In source iteration, a

comparison is made between the total fission source (integral over al1

space, energies, and angles) of the Kth and (K-l)th iterates. As the

number of iterations increases, the ratio approaches ‘eff if each

iterate was appropriately normalized. The method iterates, after Keff

is converged, on some system parameter, such as the

‘eff to the desired value (usually one). Implicit

for any self-consistent formulation, is the fact

radius, to drive

in this technique,

that the neutron

fission rate is equal to the destruction rate plus the leakage rate.

The value of the fission and destruction rates are dependent upon the

system-wide scalar flux, but the leakage rate is dependent, in the

source iteration formalism, upon the surface angular fluxes, net

currents, or angular moments. This is due to the inherent neutron

balance condition present in the starting equation. As discussed

10



earlier, the system-wide scalar flux is much more accurate than the

surface angular fluxes, net currents, or angular moments.

The technique of Dahl and Sj6strand is included in this section

mainly because of their successful treatment of anisotropic

scattering14, a problem usually not considered by MC methods. For the

purpose of this thesis, the only interest is in their isotropic

treatment. Starting with the integral transport equation, they expand

the spatial distribution of the scalar flux in a series of Legendre

polynomials. The series is truncated at nine terms and inserted into

the integral transport equation to yield a standard matrix eigenvalue

problem which is solved for the eigenvalues. It should be noted that

they apply their expansion only to the scalar flux in an equation that

already contains the boundary conditions. Therefore, the previously

discussed limitations of PC should not apply, and the error present

should be attributable only to truncation and numerics.

Some of the earliest, accurate criticality calculations were done

by diffusion theory rather than transport theory. The most important

difference between the two theories is that the transport equation,

through the use of a streaming operator acting upon the angular flux,

handles collisionless transport exactly, while the diffusion equation

handles leakage from a differential volume element by Fick’s law of

diffusion, which yields a Laplacian acting upon the scalar flux. The

diffusion equation is far more tractable and, therefore, better known

and more often used. The diffusion equation is inapplicable to small

systems due to the fact that the desired solution is selected from the

class of all solutions by boundary conditions applied just where the

J]



Fick’s law assumption fails, namely at the boundaries. The

Serber-WilsonMethod (SWM)15’16’17 is an ingenious attempt to improve

this situation. In the SWM, the general solution of the diffusion

equation is substituted intb the integral transport equation and

required to satisfy exactly the integral transport equation at one

point. The SWM has been applied only to spheres and the point selected

is usually the center. By using the physical constants present in the

diffusion solution and in the integral transport equation, an equation

can be obtained for the critical radius of a sphere. The SWM represents

the best available criticality technique for one-group diffusion theory

fluxes. The SWM is mentioned not because of its accuracy (diffusion

theory compares poorly with transport theory in any case) but because a

diffusion theory scalar flux is used as one of the test cases in this

thesis.

Expansion of an unknown function in a complete set of basis

functions followed by appropriate truncation has always been a popular

technique in mathematical physics. The earliest example of this in

neutron transport theory is the Pn method, so called because the

spherical harmonics basis functions frequently reduce to Legendre

polynomials18’19. Typically, the angular flux is expanded in an

infinite set of spherical harmonics in angle with spatially dependent

expansion coefficients. The expansion is inserted into the

integro-differentialtransport equation and the integrations are carried

out. After use of suitable recurrence relations, the result is

multiplied by the complex conjugate of each of the basis functions and

integrated. The series is truncated at n ,terms and the spatial

12



derivative of the expansion coefficient of the (n+l) term is set to

zero. The result is a finite set of linear differential equations for

the expansion coefficients which can then be finite difference and

source iteratedl. Several choices are available to approximate vacuum

boundary conditions. The Marshak boundary conditions require that the

integral over angle of the angular flux with each odd term of the

.
expansion vanish on the boundaryl. The Mark boundary conditions require

the angular flux to go to zero on the boundary for a select set of

angular points. The points chosen are usually the positive zeros of the

(n+l)st term of the expansion. Although the Marshak conditions are

superior, neither is very accurate for low orders of approximation .4

Syros and Theocharopoulos20 claim to have eliminated the chief

defect of PC techniques, namely that boundary conditions applied to PC

methods don’t match the physical boundary conditions present except at

large orders of approximation. Syros and Theocharopoulos21were quick

to point this out in their recent criticism of Dahl. and Sj6strand.

Basically, they expand the integro-differential form of the neutron

transport equation in a set of polynomials which can be made to satisfy

exactly either homogeneous or inhomogeneous boundary conditions. The

sets of polynomials are constructed for each problem in a manner too

complex to detail here. The interested reader will find appropriate

citations in Ref. 20 and Ref. 21. The eigenvalues of Syros and

Theocharopoulos are consistently lower then the eigenvalues obtained by

other methods.

13



Finite Element techniques, popular research items a few years ago,

have mostly been abandoned. There is one approach of interest to this

thesis, that of Ackroyd and associates22,23,24,25. The purely finite

started22 has evolved into aelement formulation with which they

spherical harmonics angular expansion coupled with a spatial finite

element method to approximate the angular flux24. The equation solved

is the second-order self-adjoint form of the transport equation.

Unfortunately, the only eigenvalue result25 obtained so far is of

insufficient accuracy to warrant consideration in the eigenvalue

controversy between Dahl and Sj6strand and Syros and Theocharopoulos.

Finite differencing of the integro-differential form of the

Boltzmann transport equation has resulted in the Sn technique, the most

popular and widely accepted neutron transport technique

extantl,4,19,26,27. As currently implemented, Sn techniques expand the

inhomogeneous sources, the fission kernel, and the scattering kernel in

a truncated series of spherical harmonics with known, usually physically

based, coefficients. These expansions enable the collection of all

“source” terms into a single term. The resulting equation is then:

streaming operator plus absorption operator operating upon angular flux

equals an angular source term, which is assumed known from a previous

flux iteration. A set of quadrature points and weights Is determined

and the angular cell-centered fluxes are assumed to be represented by

the angular fluxes at these points. These points and weights are then

used to discretize the

geometries, “alpha”

conservation which was

streaming and

coefficients

destroyed by

absorption operators. In curved

are introduced to force neutron

the angular differencing of the

14



streaming operator. The boundary conditions used are the obvious ones.

The resulting set of partial differential,equations can then be finite

difference. Relations between phase space cell-edge and cell-centered

fluxes are needed and are usually handled by an artifice known as the

diamond difference relation. This relation states simply that the

arithmetic average of the cell surface fluxes is the same as the average

flux over the entire cell. Eigenvalue calculations are handled by

source iteration.

D. Analytic Similarities

Somewhat similar to the direct leakage operator that appears in

Chapter Three is the escape probability treatment beginning with Case,

de Hoffman, and Placzek1$6’28. The basic problem addressed by the

escape probability formalism is to determine the average probability

that neutrons born uniformly in a purely absorbing body will escape.

Several of the distinctions between the direct leakage operator and the

escape probability formalism will be discussed. Escape probability

methodology deals

leakage operator is

absorption occur.

only with purely absorbing bodies, while the direct

applicable to bodies in which both scattering and

Escape probability analysis is capable of handling

only spatially constant neutron sources. Neutron sources in multiplying

assemblies are spatially varying and linearly proportional to the flux.

It is this physically occuring spatially dependent source that is used

by the direct leakage operator. Although such restrictions appear not

to hamper adequate results for fast fission and resonance escape

calculations in large thermal lattices, they do eliminate a large amount



of the physics and would be useless for criticality calculations. The

detailed derivation of the escape probability method does not contain

within it the development of the pointwise, or spatially distributed,

escape probability except, incidentally, in the slab case. Without the

pointwise escape probability, the direct leakage operator cannot be

formed and, although the escape probability is equal to the direct

leakage operator operating upon a uniform source in a purely absorbing

medium, the escape probability cannot be considered equivalent to the

direct leakage operator.

The derivation of the escape probabilty28 evades the tricky

integrations involved in the direct leakage approach by use of the chord

functions introduced by Dirac2g. These chord functions enabled Case, de

Hoffman, and Placzek to obtain exact numerical results for some simple

geometries. However, they have not proved very tractable in practical

usage. This has instigated a number of approximations for the escape

probability from a number of authors beginning with the Wigner rational

approximation30~31$32~33’34’35. It should be mentioned that the

starting point for both the kernel of the direct leakage operator and

for the kernel of the escape probability is the same, namely, an

integral over angle of the surface penetration probability of a neutron

emitted at a specified point. The assumptions and method of solution

used for the escape probability formalism serve only to restrict

severely its potential application and accuracy. The direct l-b+

operator is subject to none of the limitations of the escape probability

formalism and is, therefore, applicable to a much wider class of

16



problems. These include criticality and those problems now handled by

escape probability.

E. Summary of Thesis

The organization of this thesis entails four working chapters, one

introductory chapter, and nine appendices. The first working chapter,

Chapter Two, contains detailed Vn calculations, which are used both to

obtain critical size estimates for comparison purposes and for the

determination of scalar flux distributions. The polynomial type

distributions obtained from the Vn calculations are highly accurate and

convenient for initiating the direct and indirect leakage operators.

For use in this thesis the Vn formalism is standardized, in derivation

and solution algorithm, and extended to include the V4 cylindrical and

V4 slab results. Chapter Two also contains a discussion of the recent

eigenvalue controversy between Dahl and Sj5strand36 and Syros and

Theocharopoulos21.

Chapter Three introduces the direct leakage operator in analytic

form for the three standard one-dimensional geometries. V2 and V4

scalar fluxes are used, and the direct leakage operators are proved

exact within the limitations imposed by such fluxes. Surprisingly

accurate critical size estimates are obtained when the direct leakage

operator is used in conjunction with a diffusion theory scalar flux.

The indirect leakage operator is introduced in Chapter Four. The

operator integrand is derived as the solution function of an

inhomogeneous singular Fredholm integral equation of the second kind.

The kernel of that integral equation is shown to be identical to the

17



kernel of the appropriate integral transport equation. Due to the

inhomogeneity, solution of the indirect leakage operator integral

equation is substantially “easier than that of the transport integral

equation. Detailed calculations of the spatial leakage probability

distribution are performed both for the total leakage probability and

for the discrete scattering order leakage probability.

Chapter Five contains conclusions

work. Appendices A and B contain

and recommendations for future

mathematical data on exponential

integral functions and modified Bessel functions. Appendix B also I

adapts a form of the Graf’s addition formula for modified Bessel

functions, which permits some difficult integrations in cylindrical

geometry to be performed. Appendix C is devoted to the derivation of

the cylindrical geometry integral transport equation which does not

appear in the literature. Tedious manipulations necessary for the Vn

calculations are included in Appendices D, E, Fy and G. Extrapolation

distances appear in Appendix H. Appendix I contains code listings along

with appropriate comments.

Note that in this thesis the total cross section, at, has USUally

been normalized to unity except where noted. This conveniently allows

suppression of the Ut and implies distance measured in units of the

total mean free path.

18



II. VARIATIONAL TECHNIQUES

A. Integral Transport Equations

The starting point for the Vn method is the integral transport

equation appropriate to each coordinate system. The Vn method is used

not only to obtain critical radii for comparison purposes but also to

obtain the scalar fluxes utilized to initiate the direct and indirect

leakage calculations. The derivation of the equations in the forms used

in this thesis are 1 6,19 for slab andavailable in the literature ~

spherical geometries. A derivation of the cylindrical integral

transport equation in a useful form is not readily available in the

literature. Weinberg and Wigner7 mention that the sum of a diffusion

kernel and a first collision kernel is the approximate kernel of the

integral transport equation. However, the first collision kernel given

in cylindrical geometry is the exact kernel for the cylindrical integral

transport equation, as shall be proven. Greenspan, Kelber, and Okrentlg

give a very detailed derivation for the kernels of the integral

transport equation in slab and spherical geometry, but don’t even

mention cylindrical geometry other than to tabulate a permutation of the

Weinberg Wigner first collision kernel. Neither Ref. 7 nor Ref. 19

give a derivation for the cylindrical geometry results shown.

Accordingly, a rigorous derivation is given in Appendix C for

cylindrical geometry. The integral transport equations to be given are

subject to the following limitations: steady state, monoenergetic

neutrons, isotropic fission, isotropic scattering, no external sources,

and the total macroscopic cross section normalized to unity.
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I

The integral transport equation for the scalar flux in a I
one-dimensional slab of half-thickness, b, infinite in the y and z

I
1coordinates, is given by Bell and Glasstone as

4(x) =: /bdx’@(x’)El(lx-x’I).
2 -b

(2.1)

The En functions are the exponential integral functions discussed

in Appendix A.

For a one-dimensional sphere of radius, b, the integral transport

equation for the scalar flux isl

b
r~(r) = ~ ~bdr’r’@(r’)E1(lr-r’l), (2.2)

subject to r in the interval [O,b], r’ in the interval [-b,b], and

4(-r’)=O(r’).

In one-dimensionalcylindrical geometry of infinite axial extent

and radius, b, the integral transport equation for the scalar flux is

given by Appendix C as

b
Q(r) = c~odr’r’O(r’)K(r,r’);

m

K(r,r’) = ~ldyKo(yr)Io(Yr’)

m

K(r,r’) = ~ldyKo(yr’)IO(yr)

for r’<r,

for r’>r.

(2.3a)

(2.3b)

(2.3c)
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B. Application of Variational Techniques

Variational techniques as applied to the transport equation seek to

estimate the lowest neutron multiplicity eigenvalue for an otherwise

fixed system1$2$3g4. The lowest eigenvalue is sought, since this

corresponds to the non-negative, or physically acceptable,

eigenfunction3. If the one-dimensional neutron transport equation as

represented by (2.1), (2.2), and (2.3a) is generalized to

a2
f(r) = y~ dr’K(r,r’)f(r’), (2.4)

al

subject to the definitions in Table I, then only one derivation need be

done instead of one for each geometry.

Rewrite (2.4) in terms of an eigenvalue equation with eigenvalues

Yi corresponding to eigenfunctions fi(r):

a2
fi(r) = yi~_ dr’K(r,r’)fi(r’). (2.5)

a1

Since this is a linear

continuous, and nondegenerate,

infinite number of real

eigenfunctions37. Assume that

that

/a2drfi(r)fj(r) = ~ij
al

integral equation with a real, symmetric,

kernel it is known that there exists an

positive eigenvalues with orthogonal

these eigenfunctions are normalized such

(2.6)

and order the eigenvalues YO<YI<Y2<...<Y=. Now, since any well-behaved

trial function may be expanded as a series of eigenfunctions, let
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Table I

Variable Identificationfor the

Generalized Variational Development

Generalized Slab Sphere Cylinder

Variable Variable Variable Variable

f(r) o(x) rO(r) O(r)

fi(r) 4~(x) r~i(r) @i(r)

Y

Yi

al

a2

dr

K(r,r’)

c~ ‘i
-2- 7

-b -b

b b

dx dr

El(lx-x’l) El(lr-r’l)

c

Ci

0

b

rdr

~=dyKo(yr)Io(yr’),r’<r
1

~=dyKo(yr’)Io(yr),r’>r
1
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w

f(r) = 1 Mifi(r).i=()

Insert (2.7) into the variational principle (2.8),

Y=~a2drf2(r) ~
al

~a2drf(r)~a2dr’K(r,r’)f(r’),
al al

and note that

/a2dr’K(r,r’)f(r’)==
al Y

therefore

00

~ Mi2
i=o

Y=
- Mi2

l—
i=o Yi

Now since Y. is the smallest eigenvalue,

Y>Y().

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Therefore, the variational principle will always yield a value

greater than or equal to the eigenvalue sought. That (2.8) is a

variational principle for (2.4) is shown below.
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Multiply both sides of (2.8) through by the denominator of the

right hand side to yield

a2 a2 a2
y~ drf(r)~ dr’K(r,r’)f(r’) = ~ drf2(r).
al al al

Take the variation of (2.12) to get

a2 a2 a2 a2
dy~ drf(r)~ dr’K(r,r’)f(r’)+y~ dr6f(r)~ dr’K(r,r’)f(r’)+

al al al al

a2 a2 a2
Y~ drf(r)~ dr’K(r,r’)6f(r’)= ~ dr2f(r)6f(r).
al al al

Noting that K(r,r’) is real and symmetric yields

~a2drf(r)/a2dr’K(r,r’)8f(r’) = ~a2dr’6f(r’)/a2drK(r,r’)f(r)
al al al al

= ~a2dr6f(r)/a2dr’K(r,r’)f(r’).
al al

(2.12)

(2.13)

(2.14)

Now for (2.8) to be a variational principle, 6Y must vanish. Thus,

through the use of (2.14), (2.13) becomes

a2 a2 a2
2y/ drdf(r)~ dr’K(r,r’)f(r’) = ~ dr2f(r)6f(r)

al al al

or

a2
~a2dr6f(r)[f(r)-y~ dr’K(r,r’)f(r’)] =0.
al al

(2.15)

(2.16)

This can be true iff



a2
f(r) = y~ dr’K(r,r’)f(r’) (2.17)

al

which is (2.4), and, therefore, (2.8) is a variational principle for

(2.4).

In order to obtain an estimate of the eigenvalue for a system of a

given size, insert a trial function for the flux containing adjustable

parameters into (2.8) and minimize (2.8) with respect to the parameters.

Algebraically determine the parameters from the resulting system and

reinsert them into (2.8) to estimate the eigenvalue. To estimate the

critical size for a given eigenvalue, guess the size, insert the para-

metric trial function, and determine the eigenvalue estimate for that

size. If the estimate is larger than the desired eigenvalue, increase

the size. If the estimate is less than the desired eigenvalue, decrease

the size. Iterate upon the size until the eigenvalue estimate converges

satisfactorily to the eigenvalue for which the critical size is desired.

c. Variational Results

The procedure outlined in Section B above has been implemented in

the three common one-dimensional geometries. Trial functions of the V2

type (called quadratic trial functions) as in (2.18), and of the V4 type

(called quartic trial functions) as in (2.19), were used in each

geometry:

O(r) = l-alr2,

O(r) = l-alr2-a2r4.

(2.18)

(2.19)
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It should be noted that the trial functions given above, with the

exception that al and a2 are variable parameters and not fixed

constants, have the same form as the leading terms of the expansion of

the asymptotic solution to the transport equation. This holds true for

the cosine spatial flux distribution in slab geometry, sine divided by r

spatial flux distribution in spherical geometry, and the zero order

Bessel function of the first kind spatial flux distribution in

cylindrical geometry.

The critical size estimates, for various values of the neutron

multiplicity, are compared to other methods in Table II for slabs, Table

111 for spheres, and Table IV for cylinders. Appendix D contains

details of the implementation of the variational technique for the slab,

Appendix E for the sphere, and Appendix F for the cylinder. Appendix G

contains details of the minimization of the variational principle for

both quadratic and quartic trial functions. The V4 cylindrical results

are unique and are among the best cylindrical critical radii estimates

available. The V4 results for slab and sphere differ by no more than

one fortieth of a percent from the “benchmark” values of Kaper, Leaf,

and LindemanlO. Therefore, it will be assumed that the scalar fluxes,

(2.19), resulting from the variational techniques, are very precise and

any error in the leakage operator calculations must result from the

leakage operator formalism itself and not from inadequate initiating

fluxes.
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D. Eigenvalue Controversy

The technique created by Syros and Theocharopoulos20, if it

performed as claimed, would obviate the need for the leakage operators

derived in this thesis. As noted before, Syros and Theocharopoulos20

have published a neutron transport technique based upon expansion of the

angular flux in a series of polynomials. These polynomials can be made

to satisfy exactly homogeneous boundary conditions for any order of

angular approximation. Presumably such an approximation would not be

subject to the boundary perturbations caused by poor satisfaction of

boundary conditions and would, therefore, be able to calculate leakages

accurately. There is, however, reason to doubt the accuracy of their

technique.

Syros and Theocharopoulos published a criticism21 of Dahl and

Sjt5strand14 questioning the accuracy of the eigenvalues in Ref. 14.

Syros and Theocharopoulos claim that the expansion of the scalar flux in

Ref. 14 is an integral of a specified angular flux expansion. The

specified angular flux expansion is shown not to satisfy homogeneous

boundary conditions and, therefore, Syros and Theocharopoulos state that

the eigenvalues of Dahl and Sj6strand are inaccurate. Dahl and

Sj6strand’s counter criticism36 is that their approximation is made on

the scalar flux in an equation that already contains the homogeneous

boundary conditions, namely, the integral transport equation. Splawski,

Ziver, and Galliara25 have commented upon this controversy but present

only one eigenvalue. Since their eigenvalue is less accurate than the

other eigenvalues to be presented here, it will not be tabulated. In

addition to the eigenvalues of Dahl and Sj6strand there are at least two
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other sets of neutron multiplicity eigenvalues which are relevant to

this controversy. Such eigenvalues are the Case’s Method eigenvalues of

Kaper, Leaf, and Lindemanl” and the V4 eigenvalues obtained by the

techniques

involve the

Syros and

developed in this chapter. Since the V4 techniques do not

angular flux, they are not subject to the criticisms of

Theocharopoulos. Since the controversy over eigenvalues has

pertained, so far, only to the infinite slab geometry, only slab

geometry eigenvalues will be listed in Table V. Close examination of

the eigenvalues in Table V reveals that Dahl and Sj6strand agree exactly

with Kaper, Leaf, and Lindeman and that the V4 slab results are OnlY

just slightly higher. The eigenvalues generated by the V4 slab code

were used as input data for a critical size search utilizing the direct

leakage operator. These sizes are a check upon the V4 slab variational

eigenvalues and are very close to the initial dimensions. Note that the

eigenvalues of Syros and Theocharopoulos are consistently lower. It iS

for this reason that the accuracy of their transport techniques seems

questionable.
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111. DIRECT LEAKAGE OPERATOR

A. Introductory Remarks

A system with no external sources is just critical when the neutron

production rate equals the

leakage rate. This balance

empirical systern eigenvalue

factor, or Keff, which iS the

neutron absorption rate plus the neutron

condition is normally reflected in an

known as the effective multiplication

eigenvalue by which the fission source

(3.1)

term would have to be divided to yield a critical system. For this

38reason Keff is defined as

Keff =
production rate

absorption rate + leakage rate “

Obviously, from (3.1), the balance condition is satisfied and the system

is just critical when Keff equals unity.

Alternatively, and more convenient for this chapter, is a balance

condition defined as follows; neutron production rate plUS neutron

scattering rate equals neutron absorption rate plus neutron scattering

rate plus neutron leakage rate. This leads to an alternative

39 defined byeigenvalue, namely, the gamma eigenvalue

Y=
production rate + scattering rate

(3.2)
absorption rate + scattering rate + leakage rate “

Gamma also goes to unity when the system is just critical. The

definition of Y, (3.2), has a different off-critical value for a given
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set of parameters than (3.1) but is just as useful for determining the

critical size.

Equation (3.2) also does not have the physical interpretation that

(3.1) has, namely, that division of the fission source term by (3.1)

will yield a critical system (or, more accurately, will cause the

mathematical model involved to look critical). For a steady state

system with monoenergetic neutrons, isotropic fission, isotropic

scattering, and spatially constant cross sections, the following

definitions apply:

production rate = vuf~v@(r)dV;

scattering rate = as~v@(r)dV;

absorption rate = uajvo(r)dv;

‘t = Ua + CJs;

and

Vuf + us
c = .

‘t

(3.3a)

(3.3b)

(3.3C)

(3.4)

(3.5)

The total macroscopic cross section is Ut, the macroscopic fission cross

section is of, the macroscopic absorption cross section is Ua, the

macroscopic scattering cross section is us, c is the neutron

multiplicity, and v is the mean number of fission neutrons produced per

fission. Substituting (3.3), (3.4), and (3.5) into (3.2), and dividing

both numerator and denominator by at yields
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y. c~O(r)dV

~O(r)dV + ~eakage rate “
‘t

(3.6)

To obtain a critical size estimate for a given neutron

multiplicity, say Cg, requires, as input to (3.6), a scalar flux shape

and a leakage rate. In this chapter, the leakage rate is determined

from the scalar flux shape through the use of the direct leakage

operator. The procedure used to determine the critical size for a given

neutron multiplicity, c , is as follows.
g

First a size guess is used to

determine a scalar flux approximation from an appropriate Vn technique.

This scalar flux is used to estimate y from (3.6). If y is less than

unity, an increment in the size guess is made; Y greater than unity

requires a decrement in the size guess. Once y has converged to unity,

the critical size is known. From Chapter Two it is known that the Vn

scalar fluxes (which implicitly correspond to Keff equaling unity in

(3.1)) are the lowest eigenfunctions for a system of a given size and

correspond to a definite neutron multiplicity eigenvalue, say Cv.

Therefore, it is obvious that Cg, the eigenvalue for which a critical

size is sought, and Cv, the eigenvalue corresponding to the current Vn

scalar flux guess, should not be equal unless (3.6) predicts y is

identically unity. Once y is identically unity, then
Cg

should

Cv‘ and any difference is a measure of the accuracy of the

leakage operator. A more straightforward accuracy comparison

equal

direct

is to

compare the critical size estimates for a spectfied c as calculated by

both the Vn method and by (3.6) through the use of the direct leakage

operator.
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B. General Direct Leakage Operator

Let V be a convex region of

the number of neutrons leaking out

N(t) = iD S(~,~,E,t- ‘(&) ,

space for which it is desired to know

per unit time, N(t), given by

(3.7)

where S(r,f2,E,t-
d(~,~)l ~~ the number of

neutrons created from—— v

collisions or inhomogeneous sources within dV of position r, within d$l— —

d(r,tl)of direction ~, within dE of energy E, at time t- — — , v is the
v

velocity of a neutron of energy E, and d(r,fl)is the distance along $2—— —

from r to the surface of region V. The direct leakage operator iD is—

written as

(3.8)

where T is the optical depth,

d(r,f2).—
T(E;~-d(~,~)~+~) = JO ds’’at(~-s’’~,E), (3.9)

and & is the position vector at a point on the surface of V where it is

penetrated by a ray along $2from r. The source, S, can be written as—

t’=t
S(r,$l,E,t)=—— Q(~,~,E, t) + /#’j ,=_:t’&’

t

1 [vi(E')ai(r,E')fi(t',$2',E'+t,~,E)]Y(r,Sl',E',t'), (3.10)— —
i

——

where Q is the inhomogeneous source term, the sum over i is a sum over

all interactions, vi(E’) is the mean number of secondaries for an
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interaction of type i at energy E’, ai(r,E’) is the macroscopic

interaction cross section for an interaction of type i at position r and—

energy E’, fi(t’,fl’,E’+t,~,E)is the transfer probability of an—

interaction of type i from the primed coordinates to the unprimed

coordinates, and Y(r,S1’,E’,t’) is the angular flux of neutrons within dV——

of ~, within dfl’of ~’, within dE’ of E’, at time t’. Now assume steady—

state, integrate (3.9) and (3.10) from Eg to Eg_l, and use the following

multigroup definitions;

Sg(r,fl)——

Eg_1
/ dES(r,f2,E),——
‘g

Eg_1

Qg(r,$l)=~ dEQ(r,fl,E),—— ——
‘g

Eg-l
Yg(r,$2)= J dEY(r,O,E),——

‘g ‘–

(3.lla)

(3.llb)

(3.llC)

G

1 I vig’uig’+g(l)f~ g’(:’w)yg’(~,~’)
g’=1 i

= ~:dE’~Eg-ldE ~ [~i(E’)ui(r$E’)fi(~’,E’+~,E)]Y(~,s’,E’)> (3.lld)—
’13 i

d(r,fl)

==Jo-- ds’’utg(~-s’’~).—

Then it follows that

(3.lle)
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and

G
Sg(~,fJ)= Qg(~,~) + ~ Ivig’uig’+g(s)

g’=1 i

(3.12)

(3.13)

(3.14)

Now consider only monoenergetic neutrons, isotropic scattering,

isotropic fission, spatially constant cross sections, and no external

sources. Then (3.12), (3.13), and (3.14) reduce to

N = iDS(~), (3.15)

and

(3.16)

(3.17)

If only fission anilelastic scattering are taken into account, then

(3.18)

(3.19)
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s(~) = (Vuf + u&’3(s), (3.20)

and

~(r) =~d$2’Y(r,Q’).—— (3.21)

Equations (3.18) and (3.19) are used to calculate the leakage from three

one-dimensional systems in Sections C, D, E, and F of this chapter.

c. Direct Leakage Operator in Slab Geometry

The geometry of interest is shown in Fig. 1. This geometry is a

semi-infinite slab, which is infinite in the y and z coordinates and of

half-thickness b in the x coordinate. The angular coordinates in this

system are the polar angle El, which is the angle the neutron makes with

the positive x-axis, and the azimuthal angle X,

there is symmetry. A convenient notation is

geometry, (3.18), (3.19), and (3.20) combine to

N. ‘uf4~os ~bdx@(x)~2’’dX~1d~e-atd(x’p).
-b o -1

with respect to which

to take P=COSO. In this

yield

(3.22)

For B>O the neutron can only leak through the right hand side, and for

v<O the neutron can only leak through the left hand side. Therefore, it

follows that

b-x
d(x,~) =7, for B>O,

and

(3.23a)

4J



I

x=A

Figure 1.

One-dimensionalslab geometry.



b+x
d(x,~) = ~, for LKO. (3.23b)

Using (3.22) and (3.23), and noting the azimuthal symmetry, yields

vaf + as b-l-x

N =
2

~b dx~(x)[/0 d~e+”t‘~)
-b -1

(3.24)

Some additional definitions will provide convenience and insight.

Therefore, let

P:(x) = the probability that a neutron emitted isotropically at

position x escapes through the right hand side with n

additional scattering inside; (3.25)

P+(x) = the probability that a neutron emitted isotropically at

position x escapes through the left hand side with n

additional scattering inside. (3.26)

Now note that isotropic emission in the geometry of Fig. 1, which has

azimuthal symmetry, implies that
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dp
— = the probability that a neutron emitted
2

isotropically ends up

within dp of IJ. (3.27)

Combine (3.23), (3.25), (3.26), and (3.27) to get

1 b-x
dp -ut(&

P~=J—e
02

#

or, by using (A.2) and setting U=-D in P: above, it follows that

p~=; E2[@=)],

and

P;=T 1 E2[c@tx)]o

Use of (3.28), (3.29), (3.30), and (3.31) reduces (3.24) to

N = ( Vuf + us) ~: dxo(x) [p~(x)+p~(x) ],

or

Vuf + us
N=

2
~b dx@(x)(E2[ot(b-x)] + E2[ut(b+x)]).
-b

(3.28)

(30Q9)

(3.30)

(3.31)

(3.32)

(3.33)
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