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TWO-DIMENSIONAL CROSS-SECTION SENSITIVITY AND UNCERTAINTY ANALYSIS

FOR FUSION REACTOR BIANKETS

by

Mark Julien Embrechts

ABSTRACT

Sensitivity and uncertainty analysis implement the information ob-

tained from a transport code by providing a reasonable estimate for the

uncertainty for a particular response (e.g., tritium breeding), and by

the ability to better understand the nucleonics involved. The doughnut

shape of many fusion devices makes a two-dimensional calculation capa-

bility highly desirable. Based on first-order generalized perturbation

theory, expressions for a two-dimensional SED (secondary energy distri-

bution) and cross-section sensitivity and uncertainty analysis were de-

veloped for x-y and r-z geometry. This theory was implemented by devel-

oping a two-dimensional sensitivity and uncertainty analysis code,

SENSIT-2D0 SENSIT-2D has a design capability and has the option to cal-

culate sensitivities and uncertainties with respect to the response

function itself. SENSIT-2D can only interact with the TRIDENT-CTR code.

A rigorous comparison between a one-dimensional and a two-dimen-

sional analysis for a problem which is one-dimensional from the neu-

tronics point of view, indicates that SENSIT-2D performs as intended.

A two-dimensional sensitivity and uncertainty analysis for the heat-

ing of the ‘ITcoil for the FED (fusion engineering device) blanket was

performed. The uncertainties calculated are of the same order of magni-

tude as those resulting from a one-dimensional analysis. The largest un-

certainties were caused by the cross section uncertainties for chromium.

xiv



1. INTRODUCTION TO SENSITIVITY THEORY AND UNCERTAINTY ANALYSIS

In a time characterized by a continuously growing demand for so-

phisticated technology it should not be surprising that the production

of fusion energy might materialize more rapidly than commonly predicted.

With fusion devices going into a demonstration phase there is a need for

sophisticated nucleonics methods, tailored to the fusion community. In

a relatively short time frame fusion nucleonics has established itself

as a more or less mature subfield. In this context sensitivity theory

has become a widely applied concept which provides the reactor designer

with a deeper understanding of the information obtained from transport

calculations.

Under the term sensitivity theory usually algorithms based upon

classical perturbation and variational theory are understood. The scope

of this work will be limited to cross-section and design sensitivity

analysis with respect to fusion reactors. Since fusion nucleonics do

not involve eigenvalue calculations, the mathematical concepts utilized

will be simpler than those required by the fission community.

Sensitivity theory determines how a design quantity changes when

one or more of the design parameters are altered. Uncertainty analysis



provides the error range on a design quantity due to errors on the de-

sign parameters. Sensitivity information can easily be incorporated

into an uncertainty analysis by introducing covariance matrices.

Cross-section sensitivity and uncertainty analysis will give error

estimates of response functions (such as tritium breeding ratio, heating

and material damage) due to uncertainties in the cross-section data.

Such a study will reveal which partial cross sections and in what energy

range contribute most to the error and will recommend refinements on

cross-section evaluations in order to reduce that error. Although those

results will depend on the particular response and the particular de-

sign, general conclusions can still be drawn for a class of similar

designs.
18

Sensitivity theory is a powerful design tool and is commonly

1-3applied to cross-section adjustment procedures. Design sensitivity

analysis is frequently used to reduce the ❑any and expensive computer

runs required during the development of a new reactor concept.

1.1 Motivation

The purpose of this work is to assess the state of the art of sen-

sitivity and uncertainty analysis with respect to fusion nucleonics,

fill existing gaps in that field and suggest areas which deserve further

attention.

At this moment the literature about sensitivity theory is scattered

between various journal articles and technical reports. Therefore, the

2



author considered it as one of his responsibilities to provide a con-

sistent monograph which explains, starting from the transport equation,

how analytical and explicit expressions for various sensitivity profiles

can be obtained. Current limitations with respect to the applicability

of sensitivity theory are pointed out and the application of sensitivity

theory to uncertainty analysis is explained. At the same time the scope

has been kept limited to those algorithms which are presently used in

calculation schemes.

Due to the particular geometry of fusion devices (toroidal geom-

etry, non-symmetric

code (and therefore

ally be inadequate.

plasma shape, etc.), a one-dimensional transport

a one-dimensional sensitivity analysis) will gener-

In order to mock-up a fusion reactor more closely,

a two-dimensional analysis is required. Although a two-dimensional

45
sensitivity code - VIP ‘ - already exists, VIP was developed with a

fission reactor in mind, and does not include an r-z geometry option,

nor a secondary energy distribution capability. To answer the needs of

the fusion community, a two-dimensional sensitivity and uncertainty

analysis code, SENSIT-2D, has been written.

A sensitivity code uses the regular and adjoint fluxes of a neutron

transport code in order to construct sensitivity profiles. SENSIT-2D

requires angular fluxes generated by TRIDENT-CTR.6’7 TRIDENT-CTR is a

two-dimensional discrete-ordinates neutron transport code specially

developed for the fusion community. Since SENSIT-2D incorporates the

essential features of TRIDENT-CTR, i.e., triangular

etry option, toroidal devices can be modeled quite

meshes and r-z geom-

accurately. SENSIT-

3



2D has the capability of group-dependent quadrature sets and includes

the option of a secondary energy distribution (SED) sensitivity and un-

certainty analysis. An option to calculate the loss term of the cross-

section sensitivity profile based on either flux moments or angular

fluxes is built into SENSIT-2D. The question whether a third-order

spherical harmonics expansion of the angular flux will be adequate for a

2-D sensitivity analysis has not yet been adequately answered.8 The

flux moment/angular flux option will help provide an answer to that

question.

As an application of the SENSIT-2D code, a two-dimensional sensi-

tivity and uncertainly analysis of the inboard shield for the FED

(~usion Engineering Qevice), currently in a preconceptual design stage

by the General Atomic Company, was performed.

1.2 Literature Review

The roots of cross-section sensitivity theory can be traced to the

work of Prezbindowski.9,10 The first widely used cross-section sensi-

tivity code, SWANLAKE,11 was developed at ORNT (Oak Ridge National Lab-

oratory). In order to include the evaluation of the sensitivity of the

response to the response function, SWANLAKE was modified to SWANLAKE-UW

by Wu and Maynard.77

was applied to fusion

practice to include a

Already early in its history, sensitivity theory

12-16
reactor studies. It has now become a common

sensitivity study in fusion neutronics.
17-23,54

4



The mathematical concepts behind sensitivity theory are based on

24-29variational and perturbation theory. The application of sensitiv-

ity profiles to uncertainly analysis was restricted not due to a lack

of adequate mathematical formulations, but due to the lack of cross-

section covariance data. An extensive effort to include standardized

30-34covariance data into ENDF/B files has recently been made.

The theory of design sensitivity analysis can be traced to the work

of Corm, Stacey, and Gerstl.14,26,35,40 The current limitation of de-

sign sensitivity analysis is related to the fact that the integral

response is exact up to the second order with respect to the fluxes, but

only exact to the first order with respect to design changes. There-

fore, only relatively small design changes are allowed. The utilization

42of Pad& approximants might prove to be a valuable alternative to

higher-order perturbation theory, but has not yet been applied to design

63sensitivity analysis.

The two-dimensional sensitivity code ~1p4,5
was developed by

Childs. VIP is oriented towards fission reactors and does not include a

design sensitivity option, nor a secondary energy distribution capa-

bility.

The theory of secondary energy distribution (SED) and secondary

angular distribution (SAD) sensitivity and uncertainty analysis was

43-45 46originated by Gerstl and is incorporated into the SENSIT code.

The FORSS47 code package has been applied mainly to fast reactor stud-

ies48,49
but can be applied to fusion reactor designs as well. Higher-

42,50-51,78order sensitivity theory still seems to be too impractical to

5



be readily applied. Recently however, the French developed a code

52
system, SAMPO, which includes some higher-order sensitivity analysis

capability.



2. SENSITIVITY THEORY

In this chapter the theory behind source and detector sensitivity,

cross-section and secondary energy distribution (SED) sensitivity, and

design sensitivity analysis will be explained. Starting from the trans-

port equation, expressions for the corresponding sensitivity profiles

will be derived. Those formulas will then be made more explicit and

applied to a two-dimensional geometry. The theory presented in this and

the following chapter is merely a consistent combination and reconstruc-

tion of several papers and reports.3,13,16,17,18,43-46,53

Since up to this time no single reference work about the various

concepts used in sensitivity and uncertainty analysis has been pub-

lished, the author uses the most commonly referred to terminology. In

an attempt to present an overview with the emphasis on internal consist-

ency, there might be some minor conflicts with the terminology used in

earlier published papers.



2.1 Definitions

2.1.1 Cross-section sensitivity function, cross-section sensitivity
profile and integral cross-section sensitivity

rate, e.g.,

set and the

Let I represent a design quantity (such as a reaction

the tritium breeding ratio), depending on a cross-section

angular fluxes. The cross-section sensitivity function for a particular

cross section Ix at energy E, F1 (E), is defined as the fractional
x

change of the design parameter of interest per unit fractional change of

cross section lX, or

aI/IFz (E)=% “
x

(1)

In a multigroup formulation the usual preference is to work with a

sensitivity
prOfile %x’

which is defined by

(2)

where Aug is the lethargy width of group g and Z: is the multigroup

cross section for group g. The sum over all the groups of the sensi-

tivity profiles for a particular group cross section l:, multiplied by



the corresponding lethargy widths, is called the integral cross-section

sensitivity for cross section lX, or

‘z = lP; *Aug,
x gx

=fdEFzx(E) . (3)

The integral cross-section sensitivity can be interpreted as the

percentage change of the design parameter of interest, I, resulting from

a simultaneous one percent increase of the group cross sections Z: in

all energy groups g.

2.1.2 Vector cross section

The term “vector cross section” describes a multigroup partial

cross-section set with one group-averaged reaction cross section for

each group. Such a cross-section set can be described by a vector with

GMAX elements, where GMAX is the number of energy groups. The term

vector cross section was introduced by Gerstl to discriminate it from

the matrix representation of a multigroup cross-section set. Differ-

ential scattering cross sections can obviously not be described in the

form of a vector cross section.



2.1.3 Geometry related terminology

Under the term region we will understand a collection of one or

❑ore zones. A zone will always describe a homogeneous part of the reac-

tor. We will make a distinction between source regions, detector

* and perturbed regions, and as a consequence between source,

detector and perturbed zones. We will introduce the term blank region

for a region that is neither a detector, source or perturbed region. A

zone will further be divided into intervals.

The source region will describe that part of the reactor which con-

tains a volumetric source. The detector region indicates the part of

the reactor for which an integral response is desired. In the perturbed

region changes in one or more cross sections can be made.

A source or a detector regions can contain more than one zone, and

each zone can be made up of a different material. Due to the mathemat-

ical formulations a perturbed region can still contain more than one

zone, but in this case all the zones have to contain identical materials.

If there is more than one perturbed region, all those regions should

contain the same materials.

The geometry-relatedterminology is illustrated in Fig. 1. In this

case, there are six regions; a source region, two perturbed regions, one

detector region and two blank regions. The source region contains three

zones (identified by ~, ~, and ~). The first zone, ~, is a vacuum,

while the other two zones are made up of iron. Note that both perturbed

regions satisfy the requirement that the zones in these regions contain

10



n

REG1ON I ~GION 11 ~GION III REGION IY

Source Blank Perturbed BlanR
Region Region Region Region

-

I
I

-

REGION V REGION VI

Perturbed Detector
Region Region

MATERIALS ZONES

vacuum a,e,f—--

Figure 1. Illustration of the terminology: blank region,
source region, perturbed region and detectar
region
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identical materials. This requirement does not have to be met for

source and detector regions.

2.2 Cross-Section Sensitivity Profiles

2.2.1 Introduction

Perturbation theory is most commonly applied in order to derive

analytical expressions for the cross-section sensitivity profile. We

therefore will follow in this work Oblow’s approach.
11,25

Based on the

analytical expression, an explicit formula for the cross-section sensi-

tivity profile in discrete ordinates form for a two-dimensionalgeometry

will then be derived.

During the last few years there has been a trend towards using gen-

5,55,61 General-
eralized perturbation theory for sensitivity studies.

ized perturbation theory has the advantage that it can readily be

applied to derive expressions for the ratio of bilinear functional and

that it can be used to

expressions, based on

59,60study nonlinear systems. Also, higher-order

generalized perturbation theory, have been de-

rived.57,58,61

The differential

bation theory and has

by Oblow.
28

A more

approach is closely related to generalized pertur-

been applied to cross-section sensitivity analysis

rigorous formulaticm of the differential approach

50,51was made by Dubi and Dudziak. Although higher-order expressions

12



for cross-section sensitivity profiles can be derived,50,51 the practi-

cality of its application has not yet been proved.50,51,78

The evaluation of a sensitivity profile will generally require the

solution of a direct and an adjoint problem. Such a system carries more

information than the forward equation and it is therefore not surprising

that this extra amount of information can be made explicit (e.g.,

through sensitivity profiles).

The higher-order expressions for the cross-section sensitivity pro-

files derived by Dubi and Dudziak involve the use of Green’s func-

tions.50,51 The Green’s function - if properly integrated - allows one

to gain all possible information for a particular transport problem. It

therefore can be expected that higher-order sensitivity profiles can be

calculated up to an arbitrary high order by

tion. For most cases, the derivation of

tremely complicated, if not impossible. It

evaluating one Green’s func-

the Green’s function is ex-

therefore can be argued that

the Green’s function carries such a tremendous amount of information

that it is not surprising that higher-order expressions for the sensi-

tivity profile can be obtained, and that while the use of Green’s func-

tions can prove to be very valuable for gaining analytical and physical

insight, they will not be practical as a basis for numerical evaluations.

From the study done by Wu and Maynard,78 it can be concluded that a

first-order expression allows for a 40% perturbation in the cross sec-

tions (or rather the mean free path) and will still yield a reasonably

accurate integral response (less than 10% error). Larger perturbations

give rapidly increasing errors (the error increases roughly by a power

13



of three). Expressions exact up to the second order allow a 65% per-

turbation, and a sixth-order expression allows a 190% perturbation, both

for an error less than 10%. Also, for higher-order approximations, if

was found that the error on the integral response will increase drastic-

ally once the error exceeds 10%. It can be concluded therefore that the

higher-order expressions do not bring a tremendous improvement over the

first-order approximation (unless very high orders are used), while the

computational effort increases drastically. Higher-order sensitivity

analysis can only become practical when extremely simple expressions for

the sensitivity profiles can be obtained, or when a suitable approxima-

tion for Green’s functions can be found.79

2.2.2 Analytical expression for the cross-section sensitivity prefile

Consider the regular and adjoint transport equations

L.@=Q ,

and

(4)

(5)

A
.

where @ and @ represent the forward and the adjoint angular fluxes, L
.%.,

and L are the forward and adjoint transport operator, Q is the source,

14



and R is the detector response function. The integral response, I, can

then be written as

I = <R,@>

or

(6)

* *
I = <Q,@ > , (7)

where the symbol < , > means the inner product, i.e., the integral over

the phase space. In a fully converged calculation I* will be equal to

I. For the perturbed system, similar expressions can be obtained:

LoPP=Q ,

A J.
L-O” = R ,
PP

I = <R,@p> ,
P

.1. -L
and I“ = <Q,O”> ,

P P

where

(8)

(9)

(lo)

(11)

15
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# = J+ d ,
P

and I =1+61 .
P

From Eqs. (9), (13), and (5) we have

L:.&h*= (L* - L;).@* .

(13)

(14)

(15)

Further, we have from Eqs. (14), (11), (6), (12), and (9)

61=1-1 ,
P

= <R,c$ - 0> ,
P

= <R,&$> ,

or 61 = <L~,&b> . (16)

Using the definition of the adjoint transport operator and Eqs. (15) and

(16) transforms to

&

61 = <@p,L~&”> ,

or

61 = <@P,(L* - L~)O*> . (17)

16



It is assumed that the perturbed differential scattering cross

section can be expressed as a function of the unperturbed differential

scattering cross section by

Z~p(~,~_’,E+E’ ) = C.Zp(r,_@’,E+E’) , (18)

and similarly for the total cross section

ZTp(~,E) = C.~(~,E) , (19)

where C is a small quantity, which can be a function of E and (1. Defin-

ing 6C= C - 1, we have

+ (~,E) - XT(~,E) 2s (r,Q%2’,E+E)- 2&~_’,E+E’)
6C =

———

~(~,E) = 2&,&&’, E+E’ )
(20)

so that

(21)

The cross-section sefisitivityfunction F~ (E) is defined by
x

.,,:

(22)
I
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and can be approximated by

The sensitivity function Fx (E) represents the dependence or sensi-
X

tivity of a design parameter of interest to a particular cross section

xx at energy E. The first term is usually referred to as the loss term

27and the second term is called the gain term.

The cross-section sensitivity profile P: is then defined as
x

E
g-1

P:=LJ dEFZ (E) .
x Aug E x

g

(24)

The scaling factor Aug is the lethargy width of group g and is intro-

duced as a normalization factor in order to remove the influence of the

choice of the group structure.

Remarks

1. In the previous section Xx represents a partial cross section for

a particular ❑aterial. Ix can be an absorption cross section, a

total cross section, a differential scattering cross section, a re-

action cross section, etc. Therefore Xx has a suppressed index

18



which indicates the specific partial cross section. When evaluat-

ing the cross-section sensitivity profile for a partial cross sec-

tion only the appropriate part, either the loss term or the gain

term, will have to be considered in Eq. (23). When the partial

cross section is not related to the production of secondary parti-

cles (e.g., a differential scattering cross section) the sensitiv-

ity profile in the multigroup form is referred to by Gerstl as a

vector cross-section sensitivity profile. Obviously such cross

sections contribute only to the loss term.

2. It is possible to define a net or a total sensitivity profile,

which can be obtained by summing the loss and the gain terms for

various partial reactions. The net sensitivity profile can be used

to determine how important a particular element is with respect to

a particular response.

3. Note that while deriving an expression for the cross-section sensi-

tivity profile, we implicitly assumed that the response function

was independent from the partial cross section for which a sensi-

tivity profile is desired. If this assumption does not hold, an

extra term has to be added to the previously obtained expressions.

When the response function is also the cross section for which a

sensitivity profile is sought, the sensitivity function will take

the form

19



(25)

where L
Zx

represents that portion of the transport operator that

contains the cross-section set {2X]. In this expression the first

term is a direct effect and the second term is an indirect effect.

If the direct

be negligible.

Table I.

effect is present,

A summary of the

the indirect effect will usually

various possibilities is given in

4. The spatial integration

perturbed regions only.

in Eq. (23) has to be carried out over the

2.2.3 Explicit expression for the cross-section sensitivity profile in
discrete ordinates form for a two-dimensionalgeometry represen-
tation

Coordinate system

The coordinate systems for x-y and r-z geometry are shown in Figs.

2a and 2b.53 In both geometries $ was chosen to be the angle of rota-

tion about the ~-axis such that do = d~.d~, and since (2 + 1.12+ V2 = 1,

we have
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TABLE I: FORMULAS FOR THE SENSITIVITY FUNCTION

Case

a.

b.

c.

I = <R,O>,where xi # R

I = <R,O>, where Z. = R
1

and Ii$L

I = <R,c$>,wherez: = R
A

and ~iCL

Sensitivity Function

%i
= <@I*,Lz@>/I

‘x: = <R,Q>/I

%:
= <R,@>/I + <L$*,LZ1$>/I

.“
&

direct
effect

.L

indirect
effect

The direct
dominant

effect is usually

< > indicates the inner product over the phase space ~

L stands for the transport operator

‘1. represents that portion of the transport operator which
1 contains cross-section {Zi}

c means is included in

~ means is not included in
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Figure 2. a. Coordinates in x-y geometry
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Figure 2. b. Coordinates in r-z geometry
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~= (1 - p2)%.sin$ ,

and

n= (1 - pz)+.cos$ .

Therefore both the x-y and the r-z geometry representation will

lead to identical expressions for the sensitivity profile, with the

understanding that in x-y geometry the angular flux is represented by

@(x,Y,P,$), and by @(r,z,p,$) in the case of r-z geometry.

We now will derive an expression for the sensitivity profile in an

x-y or in an r-z geometry representation.

Method

Before deriving an expression in a discrete-ordinates formulation

and a two-dimensional geometry for Eq. (23), a brief overview of the

methods used is outlined.

Gain term:

I* order to represent the differential scattering cross section in

a multigroup format, the common approach to expand the differential

scattering cross section in Legendre polynomials is used. The num-

ber of terms in the expansion is a function of the order of aniso-

tropic scattering. The Legendre polynomials are a function of the

scattering angle p. (Fig. 2). Introducing spherical harmonics
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functions and applying the addition theorem for spherical har-

monics, the dependence on p. can be replaced by p’s and $’s. The

angular fluxes are expanded in flux moments. The integrals are

replaced by summations. Defining multigroup cross sections an

expressions for the gain term can be obtained.

Loss term:

An explicit expression for

angular fluxes or based on

the loss term

flux moments.

can be derived based on

In order to check the

internal consistency in SENSIT-2D both methods will b< applied.

The derivation of an expression based on angular fluxes is

straightforward: the integrations are replaced by summations and

the appropriate multigroup cross sections are defined. An expres-

sion as a function of flux moments can be obtained by expanding the

fluxes in flux moments, using spherical harmonics functions. The

orthogonality relation of spherical harmonics is applied, the

integrations are replaced by summations and appropriate multigroup

cross sections are defined. Finally an expression for the loss

term is the result.

Analytical derivations

Expand the differential scattering cross section in Legendre poly-

nomials according to
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LMAX

Zx @-&’,E+E’) =1
x,s(Po~E+E’) = z ~p2(Po)z~,2(E+E’) , (26)

9

where the P2(po)’s are the Legendre polynomials and LMAX the order of

anisotropic scattering. Here, the scattering angle p can be written as
o

= Q.()’lJo –– = Qxq + QYQ; +-Q !2’Zz’

or

P. =pp’ + flrl’+~g’ ,

= pp’ + (1-p2)%(l-p’2)% cos$ COS$’ + (1-p2)%(l-p’2)%sino sin$ ,

or

P. = w’ + (1-1.hl-l-l’+ Cos($-($1’).

The spherical harmonics addition theorem states that (see e.g., Bell and

Glasstone62)

Q
P2(I.JO) (~-k)! p~(p)pfi(p!)cos[k($-$’)] ,= Pg(P)pg(I.J’)+ 2 k~l (g+k)! (27)

=

where the P~(p)’s are the associated Legendre polynomials. The above

expression can then be reformulated as
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We define

and

so that

P9(PO) = : {R;(P,I$)I@,I$’)+Q;(P,Ij)Qj(P’,w)} .
k=O

(28)

(29)

(30)

(31)

The Q terms will generate odd moments which will vanish on integration,

thus the Q terms will be omitted in the following discussion. The R:

terms are the spherical harmonics polynomials. Using the above expres-

sion for P (p ) in the expansion of the scattering cross section, we
10

have
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where LMAX is the order of anisotropic scattering.

The second term of the sensitivity profile, Eq. (24), becomes

1
. R~(P,O)@(~,~,E) . 2 J dp’ ~ d$’R~(p’,$’)&@,E’) . (33)

-1 0

Note that

and therefore the angular flux can be expanded according to

Oa
@(Q,E) = 2 (21+1) : Rk@k(E) ,

2=0 k=o 2 Q

where O;(E) = } dP}dOR&(~,E)/2n ,
-1 p

28
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and similarly for the adjoint angular flux

(36a)

(36b)

Introducing these expansions in the sensitivity profile, the gain term

becomes

l?,
. 2 @;(E)O;k(E’) ,

k=O
(37)

where GMAX is the number of energy groups. Defining

E
g’-l ‘g-l

(E+E’Y$E)O;RE’) ,~::;’ ~;go;kg’
={ dE’ J dE 1s ~ (38)

E 9
g’ g

and discretizing over the spatial variable we have
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GMAX IMAX , 9 IPERTp: z (29+l)z7~ z E ViO~g(i)O~g’ (i) , (39)
x,gain IAug g’=1 9=0 ‘ k=O i=l

where IPERT is the number of perturbed spatial intervals and i indicates

the spatial interval. If there is no upscattering, and introducing

IPERT
Y;g‘ = 4X : (29+1) 2 *kg’(i) ,Vi@~g(i)OQ

k=O i=1

we have

(40)

(41)

The loss term of the sensitivity profile is given by

E
g-1

= A ~ dE Jd~2 } dpfd$ @b(p,$,E)2xT(E)@*(p,$,E)] ,
IAug E v -1 0 9

g
(43)

E-
= -471 MM

—J- g 1 dE;d~+(E) ~f Wm@(Pm,@m,E)@*(Pm,$m) , (44)
IAug E =

g
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where @m = tan-l(l - p: - tl~)4/p forpm>O,
m

(45)

(46)

and MM is the number of angular fluxes per quadrant.

Define

ml Eg-1 MM
~J dE ~x,T(E)o@(Pm,$m,E)e@*(Pm,$m,E) = 2~,T 2 O~& , (47)
m=l E

g
m=1

so that

IPERT MM
~: =*I:T I v. Z wm@~(i)O~(i) .
X,loss IAug ‘ i=l 1 m=l

Introducing

IPERT MM
Xg =4X1 v. 2 wm@~(i)O~g(i) ,

i= 1 1 m=l

we have

q = A- q # .
X,loss IAug ‘

(48)

(49)

(50)

Note that the gain term was e~ressed as a function of flux moments,

while the loss term was expressed in terms of angular fluxes. When the

gain term is expressed as a function of flux moments, a very useful
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relationship between the Y’s and the x’s will be obtained. For this

case, substituting Eqs. (36) and (38) into Eq. (42), the loss term can

be expanded as

(51)

Using the orthogonality relations Eq. (34) and defining the multigroup

total cross section for group g by

LMAX2 LMAX 9 ‘g-1
22 z: ~op(~)o;kg(~) = z ~ J dE Zx ~(E)d$(~,E)@~k(~,E)
J2=0 k=O ‘ 9=0 k=O E 9

g
(52)

we have after discretizing the spatial variable, E, and truncating the

summation over 2,
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Introducing

(54)

the expression for the loss term reduces to Eq. (50) again.

=

1 LMAX GMAXp:=—-z; T)(g+z 2 2:+;’Y;g’,
x 1.Aug 9 Q=o g’=g ‘

(55)

where

2: ~ = total macroscopic cross section for reaction type x,
9

~~; ‘ = J?’thLegendre coefficient of the scatteringmatrix element for
9 energy transfer from group g to group g’, as derived from the

differential scattering cross section for reaction type x,

IPERT 1
y:g‘ = 4x(22+1) 2 2 Vi@~g(i)@~kg’(i)

i=l k=O

= spatial integral of the product of the
expansions for the regular and adjoint

Xg
IPERT MM

=47t z v. z @g(i)@~g(i)w m
i=l 1 m=l m

(56)

spherical harmonics
angular fluxes,

(57)

= numerical integral of the product of forward and adjoint
angular fluxes over all angles and all spatial intervals de-
scribed by i=l . . ., IPERT,

LMAX
= z Yjg . (58)

2=0

33



Note that expression (55) is identical with the expression for the

46
cross-section sensitivity profile in a one-dimensional formulation.

The flux moments can be expressed in terms of angular fluxes corre-

sponding to

and

(59)

(60)

Rfi(Q) = spherical harmonics function

v. = volume of rotated triangles
1

Aug = lethargy width of energy group g

= in (Eg/Eg+l),where Eg and Eg+l are upper and lower energy
group boundaries

= integral response as calculated from forward fluxes only

IDET IGM
= z 2 ViR~$~g(i)

i=l g=l

R= spatially and group-dependentdetector response function.
i

2.3 Source and Detector Sensitivity Profiles
46

Source and detector sensitivityprofiles indicate how sensitive the
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L

integral response I or 1“ is

or to the detector response

lated

flUX,

from

equal

from the forward flux,

according to Eq. (64).

to the energy distribution of the source,

R. The integral response I can be calcu-

according to Eq. (63), or from the adj~int

When the integral response is

the adjoint flux it will be denoted as I*. Ideally,

to I*.

calculated

I will be

The sensitivity of the integral response to the energy distribution

of the detector response function or the source can therefore be ex-

pressed by the sensitivity profiles

E
g-1

P~=~ d~~ _ __,_,dE JdL?R(~,E).@(r C?E) / I.Aug

‘d ‘g

and

(61)

(62)

where R(~,E) is the detector response and Q(r,C?,E)is the angular source,——

and V and Vs are the volumes of the detector and the source region. I
d

was used in the denumerator of P% and I* was used in the denominator of
R

P; for internal consistency. It is obvious that the integral source and

detector sensitivities, SQ and SR, will be equal to one.
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It is possible to derive an expression similar to Eq. (61) for the

sensitivity of the integral response to the angular distribution of the

source. The derivation of explicit expressions for P; and P: is

straightforward. The detector sensitivity profile as a functton of the

scalar fluxes becomes

IDET
P: = 1 Vi.R~.@~g(i) I I.Aug ,

i=l
(63)

where the O;g(i) are the scalar fluxes for group g at interval i, IDET

is the number of detector intervals g, and Ri is the detector response at

interval i for group g.

For the source sensitivity profile in case of an isotropic source

Eq. (62) transforms into

I SRS
~: = z Vi.Q~.@~g(i) / l*.Aug ,

i=1
(64)

where Q: is the voluminar source for group g at source interval i.

In the case of an anisotropic source we defined Qg(x,Q) by

E
g-1

dE Q(r,O,E).@X(r,C?E) ,Qg(r,O).@~’g(E,~)= { _ _ _ _$-—

%

(65)
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