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ABSTRACT

Let R be closed, bounded, simply connected
region in the plane. Let P denote the Dirichlet
problem Auxx + 2Buxy + Cuyy = G on R in which A, B,
C, G depend on x, y, u, u,, uy. It is assumed that
A,B,C satisfy a uniform ellipticity condition and a
condition (see L. Bers, F. John, and M. Scheichter,
"Partial Differential Equations," Interscience Publ.,
1964, pp. 262-264) which enables uniqueness of the
solution of P to be established by means of a maximum
principle; also it is assumed that R and the coeffi-
cient functions are such that u € C4 on R. Several
finite difference analogues of P are studied which
use, essentially, central differences except near
the boundary. One such scheme uses the method of
J. H. Bramble and B. E. Hubbard, "Contributions to
Differential Equations,*" 2, 319-340, 1963, to treat
the term 2Buxy. It is shown that the solutions of
the finite difference analogues converge, with de-
creasing mesh width h, to the solution of P. Moreover,
the error is O(hp) with p either one or two depending
on which particular combination of difference equations
in the interior and at the boundary of R is used.
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CHAPTER 1
INTRODUCTION

In this paper, we are concerned with the problem of extending the
theoretical justification for using the method of finite differences to ob-
tain numerical approximations to solutions of Dirichlet problems involving
second order, quasilinear, uniformly elliptic partial differential equations
in two independent variables on a closed, bounded, and simply connected
region R.

The use of the method of finite differences results, through a pro-
cess of "discretization,' in numerical approximations to values of the so-
lution of a given problem at a discrete set of points in the region asso-
ciated with the problem. The points, called mesh points, at which numerical
approximations are calculated are separated by a characteristic distance
called the mesh width, The use of a finite difference method is theoreti-
cally justified if it can be shown that solutions of the resulting finite
difference analogues corresponding respectively to successively smaller
mesh widths converge to the solution of the continuous problem.

Until recently, the investigations of the convergence, with decreas-
ing mesh width, of finite difference analogues of Dirichlet problems for
elliptic partial differential equations have been concerned with linear equa-
tions. A brief review of the results of these investigations is helpful in

placing similar studies for quasilinear equations in proper perspective,

1Some of the results contained in this dissertation were first an-
nounced in Abstract 66T-287, Notices, Amer. Math. Soc., 13, 496 (1966).



Studies of the convergence of solutions of finite difference ana-
logues of linear elliptic partial differential equations can be roughly
classified into two groups. The principal objective of the studies in the
first of these two groups is to prove that the solutions of a finite dif-
ference analogue of a given continuous problem converge, as the mesh width
is decreased to zero, to a solution of the given problem. One of;the first2 of
these studies is reported in Courant, Friedrichs, and Lewy [1928].3 In
this, it is shown that solutions of a finite difference approximation to
the Dirichlet problem for Laplace's equation converge, with decreasing mesh
width, to the solution of the given problem. However, the proof given is
nonconstructive in the sense that it provides no means by which the error
in a solution of a finite difference analogue corresponding to a finite
value of the mesh width can be estimated,

The studies included in the second group provide considerably more
extensive results in that explicit estimates for the error, expressed either
in terms of the boundary values and the shape of the region associated with
the problem or by means of the solution of the continuous problem, are given.
However, in order to get these '"better'" results, more conditions must be im-
posed on the coefficient functions, the boundary values, and the shape of
the region. The usual requirement is that the solution of the continuous
problem possess bounded partial derivatives up to fourth order. Of these
studies, one of the earliest and best known is Gerschgorin [1930].4 Gersch-

gorin establishes convergence, with decreasing mesh width, of solutions of

2See, also, Downing [1960].
3The use of brackets, [ ], indicates reference to the bibliography,

éSee also Laasonen [1957], Rosenbloom [1952], Walsh and Young [1953],
[1954], and Wasow [1952], [1957].




the finite difference analogue of the Dirichlet problem for Laplace's equa-
tion considered by Courant, et al, [1928], by showing that the error in a
solution of the finite difference approximation corresponding to a finite
value of the mesh width is majorized§ by a function whose modulus is pro-
iportional to the product of the square of the mesh width and the maximum of
the moduli of the fourth partial derivatives of the solution of the continu-
ous problem, Gerschgorin also considers Dirichlet problems involving some-
what more general elliptic partial differential equations than Laplace's
equation; however, fairly severe restrictions are placed on the coefficients
in these equations.

The investigations reported in this paper concerning finite differ-
ence analogues of Dirichlet problems for quasilinear elliptic partial dif-
ferential equations are in the second of the two groups described above,
whereas, other published results for quasilinear equations are, for the
most part, in an intermediate position between these two groups.

Although the method of finite differences is widely used to obtain
approximate solutions of Dirichlet problems for quasilinear elliptic par-
tial differential equations, the theoretical justification for such proced-
ures is very limited. The earliest published proof of the convergence, with
decreasing mesh width, of such approximations is given in Bers [1953]. In
this investigation, the use of the finite difference method for obtaining

approximate gsolutions of the problem given by

SA function f 1is majorized by a function g in a region R 1if
|f| s g at every point in R.

5A more detailed discussion of Gerschgorin's results is given in
Chapter XI where a comparison is made between these results and the results
obtained in the sequel,



(L.1) Au = F(x,y,u,0u/dx,du/dy), (x,y) € R

(1.2) u = g(x,y) ’ (x,y) € 8

where A denotes the Laplace operator az/ax2 + az/ayz, R 1is a simply
connected, bounded region in the plane with boundary S, and g 'is a given
continuous function on S 1is studied, It is shown that if the partial
derivative of F with respect to u is nonnegative and if the partial
derivatives of F with respect to Ju/dx and Ju/dy are uniformly bounded,
then the Dirichlet problem for the finite difference equation obtained by
replacing the derivatives of equation (1.1l) with central divided differ-
ences has a unique solution and that the solution of this problem tends to

a solution of the given problem as the mesh width is decreased.

Studies of the Dirichlet problem given by equations (1.1l) and (1.2)
where F = F(x,y,u) are reported in Ablow and Perry [1959], Pohozaev [1960],
Douglas [1961], Levinson [1963], McAllister [1964c], Parter [1964], and
Greenspan and Parter [1965].

Ablow and Perry and Pohozaev consider the existence of a nonnegative
solution ;f this problem where F = u2 and g 1is nonnegative, The exis-
tence of a unique solution of the continuous problem is demonstrated. Mc-
Allister studies a discretized version of the same problem and proves con~
vergence for an iteration scheme given by Ablow and Perry,

Douglas [1961] presents an algorithm for solving the nonlinear system
of algebraic equations which arise from discretization of the problem given
by equations (1.1) and (1.2) where F = F(x,y,u) which utilizes the alter-
nating direction implicit iteration method. The region R 1is taken to be
the unit square in this study, and convergence of solutions of the discretized

problem with decreasing mesh width is proved provided




oF
So (x,y,u) 2 A>~ 21, (x,y) € R.
In Levinson [1963], the problem studied by Douglas [1961] is treated
analytically for a more general region subject to certain smoothness condi-

tions and the condition

lim inf TEXa®) 5 o (x,y) € R.

[ulﬁ:w u
Levinson proves that the given problem has a bounded solution. u ‘of class
02 in R and of class C in R + S.

The results reported in Parte? [1964] and in Greenspan and Parter
[1965] consist of extensions and applications of Levinson}s results. The
behavior of solutions of finite difference anaiogues of the problem con-
sidered by Levinson are studied, and convergence of these solutions, as the
mesh width 1s decreased, to a solution of the continuous problem is estab-
lished provided the continuous problem is assumed to have a unique solution
and the finite difference equations are of ''positive type."z
The solution of a finite difference analogue of a Dirichlet problem

involving an elliptic partial differential equatdon containing a different
type of nonlinearity from those listed above is reported in Young and Wheeler
[1964]. The use of the Peaceman-Rachford method to solve the linear systems
which arise together with the use of '"natural iteration"8 is investigated

as a means of solving a finite difference analogue of the problem given by

7'For a definition of finite difference equations of ''positive type,"
see Forsythe and Wasow [1960) or Chapter III of the sequel,

¢

8The method of 'matural iteration' is described in Chapter IV,



(a/ax)j(w du/dx) + ©/Jy)(Wou/dy) + 1 = 0, (x,y) € R

W [Qux)? + Qw212 g <cns1, (x,y) € R

1 1
d/‘ u/\ u(x,y) dxdy = 1
ovo

u(x,y) = 0, (x,y) € 8

where R 18 the unit square with boundary S. However, no convergence
proofs are given in this paper.
There are two closely related papers, McAllister [1964a], [1964b],

in which the convergence, with decreasing mesh width, of solutions of finite

difference approximations to Dirichlet problems for equations of the form9

A(x,y,u,au/Bx.au/ay)Bzu/ax2 + ZB(---)azu/Bxay + C(---)Bzu/ay2
- = 7(==-)u=0

is studied. The coefficients are Lipschitz functions of their arguments,

A. dpd: G - satisfy relations of the form

Ky 2 8(-=~), C(---) 2 p >0

uniformly in the arguments, and

|B] < u/2.

In McAllister [1964a], ¥ = 0 and the boundary values are required

9’I‘he notation used here of denoting the arguments of a function
by (~--) will be used frequently when several functions of the same sget
of arguments occur in an equation or series of terms.




to satisfy a three-point condition.ko In McAllister [1964b], B = 0, and the
arguments of the coefficients are (x,y,u), and if d 1is the diameter of
the region-bf the problem, it is necessary that d2 < ul/2,

There are many more individual results which are concerned with the
solutions of particular problems.

In this paper, we consider finite difference analogues of the Diri-

chlet problem for the following quasilinear partial differential equation

(1.3) A(x,y,u,bu/ax,aulay)azulax2 + ZB(---)azu/axay
+ C(---)d%u/dy? = G(---)

which is assumed to be uniformly elliptic.Ll

The techniques and results presented include the following:

Two finite différence approximations to equation (l1.3) are given
constructively which agree with the differential equation to terms which
are O(h2)12 where h is the mesh width. The existence of the first of
these two approximations, which is of nonnegative type, is proved in Bramble
and Hubbard [1963]. The second approximation presented is more convenient

for practical use for some problems than the one due to Bramble and Hubbard

but is not necessarily of nonnegative type.

oA three-point condition on the boundary values is defined in
Chapter XI, part 3,

ulEquat::Lon (1.3) is uniformly elliptic if there exist pwositive con-t.: s

k k, such that

0° 1
k1(52+n2) z Ag?‘ + 2BEn + an z ko(g2+n2)
for all real ¢ and n and for all permissible values of the arguments of
A, B, and C.
12Kere, as usual, we say that £(t) = 0(g(t)) as t — a if there ex-

ists a number M such that |f(t)/g(t)| < M for all t sufficiently close
to a.



Two methods for formulating finite difference approximations at
mesh points near the boundary are considered. These include a linear inter-
polation scheme due to Collatz [1933] and asymmetric approximations to equa-
tion (1.3) which agree with the equation to terms which are O0(h).

Two finite difference analogues of the Dirichlet problem for equa-
tion (1.3) are analyzed. These two finite difference boundary value prob-
lems utilize the approximation due to Bramble and Hubbard at interior mesh
points and differ according to the approximations used at mesh points near
the boundary. They are denoted as problems Pl and P2°

The principal results obtained are the theorems, for sufficiently
small mesh width, of the existence of golutions of each of the finite dif-
ference problems and the derivation of bounds for the errors in these solu-
tions.

Error bounds are derived which are proportional to the product of
hp, p 2 1, and the maximum of the moduli of the fourth partial derivatives
of the solution of the continuous problem for each of the finite difference
analogues considered.

Those aspects of the analysis which are believed to be new are:

(i) The partial differential equation studied is more general than
previously reported investigations of finite difference approxi-
mations to quasilinear elliptic partial differential equations.

(11) Convergence, with decreasing mesh width, of solutions of the
finite difference analogues to the solution of the continuous
problem is proved by means of error bounds which are O(hp).

(i1i1) The only restrictions placed on the region of the problem are

that it be closed, bounded, and simply connected and that the

boundary of the region be sufficiently smooth that the solution




of the continuous problem has bounded and continuous fourth
partial derivatives.
(iv) ‘This is the first study in which the Brouwer Fixed Point

‘Theorem is used to obtain error bounds directly,

The principal limitations of the study are:

(1) The smoothness requirements on the boundary of the region of
the problem are frequently not met in practical applications.

(i1) It is required that the functions A, B, C, and G in equa-
tion'(1.3) satisfy a condition which is sufficient to guarantee
that the solution of the continuous problem satisfies a maxi-
mum principle. This condition involves the solution of the
problem itself; thus, it is sometimes necessary to examine
these functions after a solution is obtained in order to veri-

fy that all requirements are satisfied.

A brief outline is given below of the arguments and techniques which-
are used in this study.

First, the mixed derivative term is eliminated from equation (1.3)
by the introduction of a thira independent variable z. This is done in
such a way that a finite difference analogue of the continuous problem which
is of nonnegative type can be formulated., The variable 2z is specified by
specifying the angle T between the z and x axes at each mesh point.

The transformed equation has the form

A'(x,y,u,au/ax,au/ay)azu/bx2 + 23'(---)32u/8z2
(1.4)
+ C'(---)bzulay2 = G(=-~).

The finite difference boundary value problems, Pl and P2’ are formulated

for the transformed equation (l.4). Next, finite difference equations are



10
derived for the error E which is defined by

E=U-~-u

where U denotes a solution of one of the finite difference analogues of

the continuous problem and u denotes the solution of the continuous prob-
lem. The functions U are replaced by (u+E) 1in each of the finite dif-
ference equations comprising each of the problems P1 and P2' In each case

the finite difference equation for the error has the form

(L.5)

+ zn'(---mf(u )+ €' (==)D2(uy 48, ) = G6(==-)

ij ij ij

where Dx’ Di, etc, denote applicable finite difference approximations to
Q}Bx and 32/3x2 respectively, etc.

The finite difference equations for the error are rewritten by repre=-
senting the functions A', B', C', and G 1in equation (1.5) in terms of a
definite integral, We illﬁltrate the technique used by considering the

function
: .
A (xi’yj’(ui,j+Ei,j)’Dx(ui,j+Ei,j)’Dy(ui,j+Ei.j))'
Assume that the first partial derivatives of A' are continuous and let
- Al
A(G) = A (xi’yj’(ui,j+°Ei,j)’Dx(ui,j+dzi,j)’Dy(ui,j+eEi,j))'

Thgn
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AGrgygaCuy 4By 0Dy g4y, 3000y g 484, )

1
- A'(xi’yj'ui,j'nxui,j’Dyui.j) + L (dr/de)de

(1.6)
1
- ' '
A (xi’yj’ui.j'Dxui,j’Dyui,j) + Ei.j L Ar de
1 1
+ D E A'de + D E A' de
x 101\./:) P y i,] »/:) q
where
A s}

v 7 WGy tE, ) ATy (g OB (a0 (g yrORy p0aDy (g ¥9R, 40

1,3

' - o) oo ' - o)
A bnx(ui’J-i-OEi’j)A( ), and A Sny(ui.jwz

A'(---).
1,1

By using expansions such as equation (1.6) together with the linearity of

the difference approximations to the derivatives and relations of the form

Dxui,j - Bui’j/Bg + o(hP)

and

Diui,j - azui’j/axz + O(hp),

the finite difference equation fér the error is written in the form

2 2 2
D E 2b D E D E d D_E
21,1%50,0 T %1, 1% 0,0 T 00,5 T %000,
(1.7)

*oeg, P, T fi,iBL, T By,

where the coefficients are functions of Xis Yoo U , and Ei .
b RO % 2]
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By using previously designated bounds on the coefficients in equa-
tion (1.3) and on the solution of the continuous problem, equation (l1.7) is
shown to be uniformly elliptic. Moreover, the function g 1is O(hp) where
p 1s elther one or two depending on the difference approximations to the
derivatives which are used.

Next, we linearize the error equation (1.7) by replacing E, where
it occurs in the coefficients, by a given function w. We then consider
the boundary value problem for the linearized equation (l.7) with boundary
values which are identically zero., We show that this problem has a unique
solution which, for sufficiently small mesh width, is majorized by the

function

ey, 3194,

(1.8) Hi,j - m;x

where J is a nonnegative, bounded function which depends on the ellipti-
city constants for equation (1.7) and the size of the region R. The method
used to establish the estimate (1.8) and the resulting generality of the
finite difference equations to which it applies are believed to be new.

We let Wp denote the set of functions defined on the mesh points
in R such that 1if w e Wb; then
m;f lwi,jl s YnP

where Y = max Igi |Ji h"P and p 1s either one or two.
R ’j .J

The Dirichlet problem for equation (l1.7) is now considered as a

transformation T3

(1.9) Tw = s.
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The function w in equation (1.9) is the function which is used to linearize
equation (1.7), and the function s 1is the solution of the Dirichlet problem
for the linearized equation., By virtue of the bound provided by equation
(1.8), the transformation T transforms a function w from the set Wp

into a function s which is also in the set Wp. Since the transformation

T 1is continuous, the Brouwer Fixed Point Theorem can be applied to show

that the transformation T has a fixed point in W;, i.e., there exists a

function wk* ¢ Wb such that
Twk = wk;

consequently

P
m;* th’jl s Yh",

Dirichlet problems for the error in the solutions of each of the
problems P1 and P2 are formulated by using the appropriate difference quo-
tients in equation (1.7). The results of the analysis described above are
applied to these finite difference problems to establish the existence of
the error functions E and to establish error bounds in terms of the mesh
width,

The organization of the remaining chapters is as follows:

Chapter II consists of a description of the continuous problem
studied, Consideration of sufficient conditions to establish uniqueness
for the solution of the continuous problem leads naturally to sufficient
conditions for the analysis of the finite difference analogues which follow.

Chapter III is devoted to the formulation of finite difference approxi-
mations. The transformation used to eliminate mixed derivative terms and
the finite difference approximations used to replace the differential opera-

tors are described.
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In Chapter 1V, the finite difference analogues, problems Pl and
Pz, of the continuous pvqblem are formulated, Brief discussions are given
of some of the more commonly used methods for solving the sets of nonlinear
simultaneous algebraic equations which result from the formulation of the
finite difference problems.

Chapter V consists of the derivation of finite difference equations
for the error in the solutions of the finite difference analogues of the
continuous prS?lem.

In Chapter VI, bounds are established, uiing majorant functions,
for the solutions of the Dirichlet problems for the linearized error equa-
tions.

In Chapter VII, the Brouwer Fixed Point Theorem is applied to the
Dirichlet problems for the error equations to establish bounds for the
error in the solutions of the finite difference analogues of the continuous
problem.

In Chapter VIII, the existence and uniqueness of solutions of the
finite difference analogues of the continuous problem is proved. Use is
made of the results obtained in Chapter VI to enable a fixed~-point argument
to be used,

Chapter IX consists of a further analysis of the error in the solu-
tion of a finite difference analogue which utilizes finite difference opera-
tors at mesh points near the boundary wﬁich have O(h) accuracy. It is
shown Ehat the bound established in previous sections for the error in the
solution of this problem can be improved from O(h) to 0(h2).

In Chapter X, a new finite difference operator is proposed which is
more convenient for use for some problems than the finite difrerence opera-

tors which were descriped in Chapter III. This new operator differs from
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previous operators only in the manner in which terms containing partial
derivatives with respect to 2z are treated. The new operator is not neces-
sarily of nonnegative type, and this leads to some difficulty in establishing
some of its properties. It is necessary to make an assumption, which has
been verified by direct calculation for a number of cases, in order to show
that the error ahalysil presented in previous chapters applies.

In Chapter XI, a comparisqn is made between the results achieved in
this investigation and Gerschgorin's earlier results. Also, the applications

of the results of this investigation are discussed with reference to specific

problems.



CHAPTER II

DIRICHLET BOUNDARY VALUE PROBLEM FOR A QUASILINEAR

ELLIPTIC PARTIAL DIFFERENTIAL EQUATION

In this chapter, we describe the Dirichlet problem which we study.
The smoothness requirements which are placed on the coefficients.in the
differential equation, on the region of the problem, and on the boundary
values are stated, and the existence and uniqueness of the solution of
this problem are discussed.

Let R denote a simply connected, bounded region in the plane, and
let S denote the boundary of R. We assume, without loss of generality,
that R 1lies in the strip 0 s x S X and that |y| s Y. The boundary §
is assumed to consist of a set of points with coordinates x,y which can
be regarded as functions of arc length s. The functions x(s), y(s) are
assumed to have fourth derivatives which are Holder continuous.1

Let A, B, and C represent real-valued functions with Holder con-
tinuous partial derivatives of second order of the five variables
x,y,2,P,9); (x,y) eR + 8, -» <r,p,q <.

We consider the following quasilinear operator
(2.1) Lu= A(x,y,u,au/ax,au/ay)320/3x2+ 2B(---)32u/3x8y + C(---)a2u/ay2.

The operator L 1is assumed to be uniformly elliptic, i.e., there exist

constants ko, k1 > 0 such that

1A function g(x,y) 1is said to be Holder continuous in a region if
for any two points (xl,yl) and (x2,y2) in this region, there exist positive

constants K, @ such that @ £ 1 and such that |g(x1,y1) g(x2,y2)| s

KI \ﬁx 2) +(y1 YQ) I

16




17

(2.2) klfﬁa*ﬂel 2 AGx,y,7,0,q) & + 2B(-=-) g + C(-=-)7 2 k0[§2+n2]

for all real ¢ and 1n and for all x,y,r,p,q such that (x,y) ¢ R + S,

-» < r,p,q < =,

The Dirichlet problem which we study is

Problem PO: Problem Po consists of finding a function u« which
has continuous derivatives up to second order in R, is continuous in R + S

and satisfies in R + S
(2.3) Lu = G(x,y,u,d0u/dx,du/dy), (x,y) € R
(2.4) u = #(x,y) » (X,y) €8

where G(---) and #(x,y) are given functions with Hélder continuous deri-
vatives of second and fourth prder respectively.

The existence of the solution of problem Po can be established
with weaker conditions on the coefficients and the functions G and @

than those indicated above. We have from Bers, John, and Schechter [1964],

Part 1I, Chapter VII, the following

THEOREM 2.1. Let equation (2.3) be uniformly elliptic and let the co-
efficients A, B, and C be Holder continuous in their five variables.
Let the function G be bounded by a constant K and the function @ have
Holder continuous first partial derivatives. Then the solution of the

Dirichlet problem for equation (2.3) exists.

In order to guarantee that the solution of problem P is unique,

0

a condition is placed on the coefficients and the function G 1in equation

(2.3) which, for some problems, involves the solution of the given problem.
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This condition is stated as follows:

Let v = v(x,y) be an arbitrary function defined on R + § which
has continuous second-order partial derivatives in .R and which is equal
to zexo on S, and let u be the solution of problem Po. A sufficient

condition that:a-solution of“prbblem'Po:is’unique, is that -

2 21 2 1 2 o}
(2.5) o%u/ox OA/dr de + 207 u/oxoy OB/dr de® + d"u/dy oc/dr de
0 0 0

1
-‘/‘ oG/or de s 0 for all (x,y) € R
0

where

1 ' 1
;/\ BA[ar de =L/‘ JA(x,y, (utev) ,0/0x (u+ev) ,9/dy (u+6v) ) /dr de
0 0

etc. 'We now prove

THEOREM 2.2. Let the coefficients A, B, and C and the function

G satisfy condition (2.5). Then the solution of problem P0 is unique.

Proof'.2 We assume that problem Po' has two distinct solutions

uy and u, and show that this assumption leads to a contradiction. Let

A(x,y,ul,aui/ax,aul/ay) be denoted by Al’ A(x,y,ue,aue/ax,aue/ay) by

A2, etc. Then, we have

(2.6) Aiaaui/ax2 + 23162u1/axay + Ciazui/ay2 = Gy, (x,y) € R
i=1,2

u, =9, (x,y) € S

i

Ry S A I SN S LTRSS A0 S AN IR I € SRS LR SR SRNOPES UL O, : o
The proof of Theorem 2.2 is given in a somewhat abbreviated form
in:Bers,.John, and Schechtet: :[1964], Part I, Chapter VII.
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By subtracting equation (2.6), i = 2, from equation (2.6), i = 1, and de-

noting u,-u, by v, we obtain
Alazv/axz + ZBlazv/Bxay + Clazvlayz + [Al-Az]azuzlax2
(2.7)

+ 208,-8,10%, /3y + [€;-C,18%,/3y% = By-6,].

The differences [Al-Az], etc. can be evaluated by means of the technique

illustrated by equation (1.6). Thus,

A=A, = A(x,y,u v, d(uytv)/3x, I(uyv)/dy) - A(x,y,u,,0u,/dx, du,/dy)

L '
f dA(x,y,u2+9v, a(u2+ev)/ax, a(u2+9v)/8y)/d9 de
0

1 1 1
v f JA/Jr de + ov/ox f O0A/dp de + ov/dy f O0A/dq de
0 0 0

where
0A/dr = 6A(x,y,u2+9v,B(u2+9v)/8x, a(ui+9v)/3y)/8r, etc.
Ve set
2 .2 [} 2 1 2 2t
D=0 uz/ax L/1 O0A/Op de + 20 uzlaxay L/\ dB/dp de + J uzlby \/\ dC/dp de
0 0 0
1 .
- u/\ oG/Jdp de
0
E =

2 a2 [t 2 1 T
a'uzlax u/\ JA/dq de + 29 uz/axayh/\ dB/dq ded-g%éﬁy /ﬁ dC/3q de
0 0 <0

1
-b/\ dG/dq de
0

and
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2 2 Pl 2 1 2 9 N1
P = 3%, /3¢ f 3/3r a0 + 20%u,/3xdy f 38/3r do + d%u, /3y f 3c/3r de
0 } 0 0

1
-u/‘ dG/Jor de
0

Equation (2.7) can now be written in the form
- 2 2 2 2 2
Lv = A, o v/ox” + 2B, 0“v/dxdy + ¢, 0“v/dy” + D dv/Ox + E dv/dy + Fv = 0

where the coefficients depend on x,y, and the assumed solutions uy and u,.
Since v = u, - u, is zero on the boundary S, we can formulate a boundary

value problem for v as follows:

(2.8) Lv = 0, (x,y) € R
(2.9) v =0, (x,y) € S.

We now make use of a maximum principle as given in Courant and Hil-
bert [1962], p. 326.

Maximum Principle: Let v satisfy equation (2.8) in R, be continu-

ous in R+ S, and let F s 0, then v 1is less than or equsal to the maxi-
mum of zero and the maximum of v on S.

By condition (2.5), F s 0. Therefore, by applying the maximum
principle to both the solution v of the prob}em given by equations (2.8)
and (2.9) and to the negative of the solution of this problem, we conclude

that both v =0 and -v s 0. Thus, v = 0, and u; = u,.

Various subsidiary conditions which insure that condition (2.5) is
satisfied are obvious from its definition. This condition is satisfied,
for instance, if the coefficients A, B, and C do not depend on u, and

9G/dr is nonnegative. If A, B, or C does depend on u, it 1s necessary
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to verify, after a solution is obtained, that condition (2.5) is satisfied.
In order to enable the error analysis of finite difference approxi-

mations to problem P0 which follows to be carried out, we need a slightly

stronger condition than condition (2.5). We let u and v be defined as

above, and require that there exist a positive number A such that

2 2 [t 2 1
d%u/ox J[\ OA/dr de + 2d ulaxayh/ﬁ OB/dr de
0 0

(2.10) 1 N
+ 3%u/dy? f 3¢/dr de - f 3G/dr de s Av for all (x,y) € R
0 0
where
v = v(x,y) = max Ig; AI, |§; Bl, g; Ci{, %; Gl .

The error bounds, which are derived in the sequel, for solutions

of finite difference approximations to problem P, depend on the partial

0
derivatives up to fourth order of the solution of the continuous problem.
We therefore assume that the solution of problem P, possesses bounded and
continuous partial derivatives up to fourth order. The boundedness and
continuity of partial derivatives of solutions of elliptic partial differ-
ential equations can be established by means of the a priori estimates of
Schauders. Sufficient conditions to insure the existence, by means of
Schauder estimates, of bounded and continuous partial derivatives up to
fourth order of the solution of problem PO are,

(i) the operator L is uniformly elliptic,

(ii) the functions A, B, C, and G have HSlder continuous second-

order partial derivatives,

3Schauder estimates are discussed in Bers, John, and Schechter [1964]
and in Courant and Hilbert [1962].
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(iv)
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the function © has Holder continuous partial derivatives
up to fourth order, and

the boundary S of R is sufficiently smooth, i.e., S con-
sists of a set of points with coordinates x,y which can
be regarded as functions of arc length s, and the fuactions
x(s), y(s) have Holder continuous derivatives of fourth

order.




CHAPTER III
FINITE DIFFERENCE OPERATORS

In this chapter, finite difference analogues of equation (2.3) are
given, We first describe a finite difference analogue of equation (2.3)
which is applicable at points in R which are not near the boundary S.
This finite difference analogue was first presented in Bramble and Hubbard
[1963] for use with linear elliptic partial differential equations. Bramble
and Hubbard [1963] proves the existence of such an approximation but does
not provide a method for obtaining it in practice. A practical method for
obtaining it is given here.

Two methods are given for formulating finite difference approxima-
tions near the boundary.

Theoretical estimates of the error in finite difference approxima-
tions to solutions of problems involving elliptic partial differential
equations are not generally obtainable unless the finite difference opera-
tors are of nonnegative type1 and are diagonally dominant. A finite differ-
ence operator Lh’ when operating on an approximate solution U(xi,yj) of

problem Po, can be written in the following form

LhU(xi,yj) = Z c(xi,yj;xm.yn)U(xm.yn)

(m,n)

where the points (xm,yn) comprigse a given set of points in R 4 5. 1If

1Exceptions to this rule are given in Bramble and Hubbard [1¢62]
and in Rockoff [1964].

a3
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U(Xi.yj;xi,yj) <o, (xi’yj) € R,
o(x»yys%y,) 2 0, (xppy ) € R+ S, (xpuyp) # (xy,y4),

and

|0(xi.yjsxi.yj)l 2 Z c(xi.yj;xm,yn).
(mon)
(m,n)¥(4,])

then Lh is said to be of nonnegative type and to be diagonally dominant.2

Elliptic partial differential operators are readily approximated
by finite difference operators with the above p;operties provided the differ-
ential operators do not contain mixed derivative terms. Finite difference
approximations, other than the one described below, which are of nonnegative
type and are diagonally dominant have been formulated for differential opera-
tors containing mixed derivative terms?; however, these approximations re-
quire that either the magnitude of the coefficient of the mixed derivative
term be severely restricted or that unequal mesh widths be used.

The method of approximating differential operators containing mixed
derivative terms which is presented below is an elaboration of a method
which is given in Bramble and Hubbard [1963]. This method consists of trans-
forming the differential operator, by means of the introduction of the direc-
tional derivative, into a form which is easily approximated by a finite dif-

ference operator with the desired properties. The transformation depends

only on the requirements that the operator L be uniformly elliptic and that

2Forsythe and Wasow [1960], p. 181.

3see Greenspan [1960], Greenspan and Jain [1964], McAllister [1964a],
and Pucci [1958].
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the coefficients be continuous functions of their argumeﬁts. The resulting

finite difference operator has an 0(h2) truncation error.
Let - (x,y) be a point in R and

let 2z denote a line through the point

(x,y) such that the angle between the line

\T

(x,y) x-

z and the x axis is equal to 1, 0 < T<T,
T # /2 (see Figure 3.1). Let u be any

function which has continuous partial deriva-

tives of second order. Then the second
directional derivative of u with respect FIGURE 3.1

to z exists and is given by

(3.1) azulazz = cos?z azu/axz + 2 sin T cos T Bzu/axay + sin’t bzu/ayz.

From equation (3.1), the mixed derivative term is given by

(3.2) 2 azu/axay = (2/sin21:)62u/az2 - cot T Bzulbxz - tan T azu/ayz.

This expression for azu/axay is substituted into equation (2.1l) to obtain

(3.3) Lu = A' bzu/ax2 + 2B Bzu/az2 + C' azu/ay2
where

A' = A(x,y,u,0u/dx,0u/dy) ~ B(~==)cot T
(3.4) ' B' = B(~-~)/8in 271

¢c' = C(«--) ~ B(-=--) tan <.

The principal result of Bramble and Hubbard [1963] relating to the

above procedure is summarized by the following theorem.
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THEOREM 3.1. Let the coefficients in equation (2.1) be continuous
functions of the indicated variables, and assume that condition (2.2) is
)

satisfied, Let tan 7 = y = ¥(x,y). Then there exist constants ko and n, 0< ka,

1$n< o, such that y(x,y) can be specified at each point in R and

ké s A', C'

(3.5) 0 s B

7 ni‘a/s
where o and B are relatively prime integers and
lsao, Bs .

A proof of this theorem is sketched in Bramble and Hubbard [1963].
A complete proof is given in the Appendix of this paper.

The angle T 1is specified at each point in R such that conditions
(3.5) are satisfied. A method for doing this in practical applications is
described later in this ch#pter.

The set of mesh points, at which numerical approximations are cal-
culated, are the intersections of twé families of straight lines called
mesh lines. These two families of mesh lines are given by X = ih, 1 = 0,
1, 2, «e., I and vy = jh, § =0, *1, 12, ,..,fJ where I and J are
positive integers such that (I-l)h s Xs Ih and Jh 2 Y.

With each mesh point (xi,yj) € R, there is associated a pair of
points, either (x£+ Bh, vyt ch) and (xi- Bh, yy- och) or (xi- ph, yj+ ah)
and (xi+ Bh, yy- Ch). Since o and B are relatively prime integers,
these points will be mesh points (though not necessarily mesh points in R).
These mesh points.are called the diagonal neighbors of the me;h point

(xi,yj). The distance between the mesh point (xi,yj) and either of its
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diagonal neighbors is given by

(3.6) | kg y = i B,

The four mesh points (xi+h.yj), (xi-h,yj), (xi,yj+h), and (xi.yj-h) are
called the rectangular neighbors of the mesh point (xi,yj). The diagonal
neighbors plus the recti:ngular neighbors are called the neighborhood
N(xi,yj) of the point (xi,yj).

A mesh point (xi,yj) € R 1is called a regular mesh point if each
of the mesh points in N(xi,yj) is in R. All mesh points in R that
are not regular mesh points are called irregular. The disjoint sets of
regular and irregular mesh points in R are denoted by Rh and Rb re-
spectively,

For each mesh point (xi,yj) € R, let the portion of the line =z
which connects the point (xi,yj) with its diagonal neighbors be denoted
by zi,j' The points on the boundary S which are at the intersections
of the lines =z and the mesh lines x

i,] i

mesh points (see Figure 3.2). The set of boundary mesh points is denoted

and yj are called boundary

by RS' We assume that the mesh width

h 1is sufficiently small that, for each

T3 Eg
mesh point (xi,yj) € R, at least one \%’J 5/)Lr
AN

of the mesh points on each line Xi» V. NI

J
Yys and zi,j which are in N(xi,yj) is R
also in R + S. yj-l xr

X X X, .,

The finite difference approxima- i-1 i i+l

tion to the solution of problem Po is 0 - Boundary mesh points
defined in R only at the mesh points FIGURE 3.2

(xi,yj) and is denoted by U(xi,yj) =

i,j
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At regular mesh points, we use the usual central difference quotients:

AUy = Wy, Uy, 200
Vli,g T Payym Pia /0
(3.7)
(Ui.j)x = A+ Win,j
= Wi,57 Via1,p2/%0
and
(Ui,j)xx - <Av)in,_j
(3.8)
2
= Ug4,57 20, 5% Vg, /0
Similarly,
U,y = G+ D045
(3.9)
= Wy, 507 Yg, 500/
Wy, Pyy = @O0y,
(3.10) )
" O ga7 20,57 gy
and
Uy, 052 = B0y 5
(3.11)

2

= (U 2U /K™,

1g, 4o~ 21,57 Virp,i-a

The finite difference operator Lh is defined at regular mesh

points by the following finite difference equation.
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LU = A'(xi,yj,U

1,3’
(3.12)
+ 2B'(--- '(==- U
(===)@W),U; 4 + C'(---) W) Uy
The differences between the approximating difference quotients de-

fined above and the corresponding exact derivatives can be estimated by

means of Taylor's Theorem with remainder. We have

'

©
%N

[ ad
-

(3.13)  Qu/dx); 4 - @ u; = hz[(a3u/ax3)i*e’j]/6, 0

and

|
s
"
.

(3.14) (Bzu/bxz)i’j - (£§nyi,j = h2[<a“u/ax“)i*¢,i]/12, 0 s

Similar relationships hold between the derivatives and difference quotients
with respect to y and z.

Two alternate finite difference operators are defined at irregular
bl and Lb2'
The finite difference operator L

mesh points, They are denoted by L
bl is an adaptation of a linear
interpolation scheme originally given in Collatz [1933]. Consider the
configuration of mesh points given in Figure 3.3a where 1t 1is assumed to
have been determined as indicated. The operator Lb1 is defined at the
point (xi,yj) by

(3.15) Lbl.Ui,j =[7\/()\+1)]Ui+1’j + [1/(7\+1)]Up’q - Ui.j

where Ah 1is the Euclidean distance between the point (xi,yj) and a

boundary mesh point (xp.yq).
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For the configuration given in Figure 3.3b, T = 37/4, and a diagonal

neighbor of the point (xi,yj) is not in R + S. For this configuration,

(3.16) Ly Uy, 5 = G L I [1/(?\+l)]Up.q - Uy g

The general case for which a diagonal neighbor is not in R + S is illustra-
ted by Figure 3.4, For this configuration, 74 i = /B, and the diagonal
4

neighbor ) £ R+ 8; therefore, (xi.yj) is an irregular mesh point.

(CRPYD FR
Then there exists a point (xi- Ae cos T, yj- Ak gin 1) = (xi-ks’ yi-%a) € Rs.

In this case,

(3.17) Lblui,j = [A/(MLD)]U + [1/(1)]U U

14Q, §+6 1-AB,j-Aa ~ "i,i°
A generalization of either (3.15), (3.16), or (3.17) is applicable

to any mesh point in Rb' In case more than one mesh point in N(xi,yj) is

not in R + S, there is a choice regarding the precise definition of Lbl

e el e

\l‘>:\r\

(XeYa) I (Xi,Yj)

(a) S (b)
Figure 3.3
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at (xi.yj). Insofar as the considerations here are concerned, the choice
is arbitrary.

The operator L, utilizes formal approximations to the partia}
derivatives. Consider an irregular mesh point (xi,yj) and assume that
the point (xi-l’yj> ¢ R, {.e., the configuration given in Figure 3.3a.

Then the term Ju/dx in equation (3.3) is approximated at the point (xi,yj)

by

y
®is 8, +a)

e

s )/

(xi,yj) x—

=

(x{-Ak cos T, y;-Ak sin <)
Figure 3.4

(3.18) (aulax)i.j = (U .)x = [1/(ML)h][U

i,] 141,j Ui-?\,j]

and the term Bzu/ax2 by

(3.19) (Bzulbxz)i.j = (U )

o
- (2/h)[(1/(?\+1))Ui+1’j- (1/?\)Ui’j+ (1/7‘(7‘"'1))":1-7\,3]'

Similar expressions are used when one or more of the mesh points (xi+1,yj),

(xi’yj+1)’ (xi'yj-l) do not belong to R + S,



Next, assume that (xi,yj) is the irregular mest point given in
Figure 3.3b. 1In this.case, the term azulazz is approximated by

. 2 2 ~
(3.20) (d°u/dz )i,j = (Ui,j)

42
= @M/, - N

o (1/7\(}\';'1) )Ui"7\,j+7\] ’

and for the configuration given in Figure 3.4, azulazz is approximated

by

(3.21) (azulazz)i’j =Wy )y,

= (2/k3)[ (1/ U,

lTﬁnj+a- (l/k)ui’j

+ (WA o0 5 o]

Approximations such as those given by equations (3.18)-(3.21) are
used to replace the partial derivatives in L to form the operator Lb2’

The differences between the finite difference quotients defined
above and the corresponding exact derivatives are given below.

The for operator Lbl and the mesh poiﬁt configurations given in.

Figure 3.3a,b, we have respectively

ulx;,y,) - (M L) Julxy ) yy) - [1/(h+1)]u(xp.yq)
(3.22)
2 2 5.2 2,52
=[Ah"/2(M1) TN u/3x7), g it (3%u/ax )i+¢,j]’ 0se, Psl,

and




(3.23)

- WY DIAR/D g QRardey g Ll

" 0sp, psV2

For the configuration given in Figure 3.4, we have

u(xi.yj) = (M) ]u -[1/(MD)]u

1+or, J4B. 1=2B, j-Act

(C.24)

=P 20mINRPurd2?) o+ @Puraeh) o T,

0s0spB,0=9=a.

For the operator Ibz and the mesh point configuration given in

Figure 3.3a,

| @u/d), = [1/hO+1)I[ulrg,g03,) = uley 3]
(3.25)

= (/204D %y (- /)y ]
and
@Purady, | -a{[l/(mnu(xm.yj) + LA Gy 0y )
(3.26)

. [1/A]u(xi,y1j§vh2-=-[h/3(A+1)][a3u/ax3)i+¢’j- A2 (3%u/3x%)

0§¢,9§1.

For the mesh point configuration given in Figure 3.3b,

i-O,j]’
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2 .2
(3%u/3z di,j " [1/(N+1)JU(xi+1.yj_1) - [I/R(K+1)JU(xp.yq)

(3.21) 4 [L/AJutey,y)I/% = -[VZ b/30wIL@%u/d2) g 5 g

2,.3 2
'?\(a u/az )i-¢,j+9]’ 0§¢’.9§ﬁ)
and a similar expression holds for the difference between azulazz and the
difference quotient given by equation (3.21).

We now describe a procedure by which the angle T can be chosen at
each mesh point in R, We assume that an iterative method is used to solve

the finite difference analogue of problem P, and that the finite difference

0]
approximation to equation (2.3) is linearized in some manner so that the
coefficients can be evaluated at each mesh point prior to each successive
iteration.

We first require that the value of the angle T corresponding to a
mesh point (xi,yj) be chogen such that tan 7 has the same sign as the

coefficient B This insures that B! is nonnegative. If

i,3° 1,5

Ap g - IBi’jI > 0, and
(3.28)
Ci,j - |Bi,jl > o’

7 18 chosen to be either w/4 or 3w/4 depending on whether B is

1,5
positive or negative respectively.

If condition (3.28) is not satisfied, we resort to the following
procedure., We know from Theorem 3.1 that a value of 7 = 7(x,y) exists

such that condition (3.5) is satisfied at each mesh point. From condition

(3.5), we have for such a value of 17




and

or

(3.29)

and

(3.30)

' .
Values of Ai?j

functions 6f vy = tan v for the case B

35

' = - B t >0
A1, 78,3 " Byg oot T

c! ,.=¢C - B tant >0
1,3 1,3~ P13 o0

1f B, . >0

/ By, 3 1,

<tant<¢C, .,/

B1,178,3 1,

/ <tan T <B, ./

B < 0.
B3 1,3 if

©4,3 AL 1,3

and' Ci j are indicated schematically in Figure 3.5 as
t . ! ]

For the case B

> 0. <o
i,] L,3 7

the curves in Figure 3.5 are reflected about y = 0. From condition (3.5),

we know that the

curves in Figure 3.5 intersect at a point such that Ai 3
T 9

Ci i z k6 > 0. Thérefore, if condition (3.28) is not satisfied, A 3 can
9 : ]

be chosen from

A c

1,5 " Bi,3/¥1,5 7 C1,5 7 B,y Vi,

-\
A= dB,
A—A

C%
I

/B/A C/B>

Y ——

Figure 3.5
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or

(3.31) y[ A, + (C° 2 . 4p2 yl/2y,

= 2By Loy g ALyt (g 2O 5h T AT P

1,1 j

tLccording to Theorem 3.1 can be chosen as the ratio of rela-

? Yi,j
tively prime integers @ and PB. The procedure outlined above will not,

in general, result in such a choice. However, the value of Y; j obtained
)

from equation (3.31) can be approximated as closely as desired by a ratio

of relatively prime integers.

We now show that the coefficients Ai j? Ci It and B! in the
’ 9

i,]
transformed operator (3.3) are bounded. From condition (2.2), the coeffi-

cients A.

i3 Ci,j’ and lBi,jl are bounded by a constant k,. Since

1

1 1
Bi,jYi,j is nonnegative, Ai,j and Ci,j are bounded by the same constant

B3

pose condition (3.28) is not satisfied; then two cases, corresponding to

kl. If condition (3.28) is satisfied, is also bounded by kl' Sup-

lYi jl <1 and IYi jl > 1 respectively, must be considered. Assume
s 2

!Yi,jl > 1, then

v =
B B1

i3 [sin 2 T

+J

- Bi,j/2 sin T cos T

2
= Bi’j(1+6 )/2%

where dh 1is the distance between the mesh line x = xi and the intersec-
tion between the mesh line y = Vi1 and the line zg j (see Figure 3.6).
9

Note that 0 < 3< 1. From conditions (3.29) and (3.30),

vy, 3l <€, 5/ 1B 4




or

Therefore,

Thus,

(3.32)

1/8<c, /|

WULWIE

' 2
By, < |31,5|(1+5 )01,3/2 |B

< (1+89)¢c, /2.

i,4

]
Bi,j < kl .

9]
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If |A| <1, a similar analysis gives the same result, i.e., that condition

(3.32) is satisfied.

Sh

B AV




CHAPTER IV
THE FINITE DIFFERENCE PROBLEMS

In order to obtain an approximate solution Ui,j of problem PO’
the function ¢ = 7i,j is first evaluated at each mesh point in Rh+ Rb'
Next, the operator L 1is transformed into the form given by equation
(3.3). The transformed operator is then replaced by the finite differ-
ence operator Lh at each mesh point in Rh' At the mesh points in Rb’
the approximate solution Ui j is required to satisfy one of the follow-

?
ing equations:
LY, = O

or

Bpgly, 5 = GOy 0y oP0g, 100y, 5

where Dx and Dy denote applicable finite difference approximations to
the partial derivatives with respect to x and y respectively. The

value of U(x,y) at each point in R_ is taken to be equal to @(x,y).

S
We consider the following distinct discrete problems:

Problem P.: Problem P

1 1 consists of finding a function Ui

»J
which satisfies

(4'1) LhUi,j = G(xi’yj’Ui,j. $+v)xui’j’(A+v)

in’j)’ (xi)yj) € Rh
(4.2)  Ly,U; ;=0 » (x4554) € Ry

(_4-3) U(x,y) = B(x,y) y (x,y) € RS'
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Problem P,: For problem P2, we require

2
(4'4) Lhui.j bt G(xiiyj Oﬂi,jlm'*'v)xui’j’(A-*-v)yui.J)i (xi’yj) € Rh
(4.5) LbazUi'j - G(xi.yj.Ui,j.Din’j.Din.j) ’ (xi’yj) € R‘b
(4.6) U(x,y) = ¢(xoY) ‘ y» (x,y) € RS'

Because the systems of equations comprising problems P1 and P2 are
nonlinear, some iterative procedure is usually required to solve them. It
is not our purpose to discuss such procedures in detail in this paper. We
merely note some of the types of iterative methods which are used.

Usually, a method for solving a system of nonlinear algebraic equa-
tions involves a linearization of the system of equations in such a way that
successive solutions of the linearized system converges to the solution of
the nonlinear system. Frequently the form of the nonlinearity can be ex-
pltoited to this end in a simple way for a particular problem. An example
of the use of such a procedure for a continuous problem is given in Ablow

and Perry [1959] where it is shown that the problem given by

(4.7) Au = buZ , (x,y) € R,

(4.8) u=9 » (x,y) €358,

where b 1s a nonnegative constant and @ 1is a given nonnegative function

can be solved by forming successive iterants according to

Au(n+1) - bu(“+1)u(n) (x;y) € R

W) L g ,» (x,y) € S.
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Hbere, p(n) and u(n+1) denote: the nth and n+18t iterants respectively.
A discretized version of this problem and of the iteration scheme is pre-
sented in McAllister [1964c].

There are also several methods for solving general systems of non-
linear algebraic equations. One of these, the so-called 'natural' method
consists of requiring the current iterant to be the solution of the system
of linear equations obtained by evaluating the coefficients which depend on
U and other terms which contribute nonlinearities at the previous iterant
(see, for instance, Young and Wheeler [1964]).

Another method which can be used to solve systems of nonlinear al-
gebraic equations consists of a generalization of Newton's method. If we

write the system of equations in vector form as

(4.9) F(U) = 0
RN
and denote by A(U) = (ai j) the matrix with elements
s
a 4" bFi(U)/an

then successive iterants for Newton's method are obtained from
-1
- - -d d (. . Y

The question of finding sufficient conditions for the convergence.of
the above procedure was settled in Kantorovich [1948]. The result of Kantoro-
vich can be stated as follows:

Let J, B, C, and D ' be constants where

J = BCD,



