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ABSTRACT

Iterative numerical methods for solving independent, simultaneous,
inhomogeneous linear equations are surveyed. Application of the methods
to elliptic difference equations as arise in neutron diffusion, heat con-

duction, and potential problems is discussed.
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1. INTRODUCTION

This paper presents a survey of the methods of solving independent,
simultaneous, inhomogeneous linear equations. Here we are concerned
with systems too extensive to be handled conveniently with a desk cal-
culator; therefore we restrict the discussion to iterative-type methods
performable upon high speed digital computers.

We assume that we have a system of equations of the form
N
Zaiﬁ xj+si=0 i=1,2, «oue, N (1.1)
j=1

where the xj are the unknowns, and the coefficients a.ij and the inhomoge-

neous term si are given. In matrix notation (1.l) is

+ 5= 0 (1.2)

1%

where A is the N x N non-singular matrix of the coefficients aij’ x is
the N-dimensional vector of unknowns xj, end s is the N-dimensional
vector of the inhomogeneous term.

We assume a correspondence between unknowns and equetions, i.e.,

the ith equation will be used to solve for the ith unknown. The order



of improving the unknowns in an iterative procedure may vary gccording
to a particular method, but a given equation will always be solved for
the same unknown.

We assume that the main disgonal elements of A are domina.nt.* Thus,
the solutions of Eg. (1.l) are not altered if each equation is multiplied

by a normalization constant l/a'ii' The matrix A then takes the form
A=I+L+U (1.3)

where I is the identity matrix, and L and U are lower and upper trian-
gular matrices, respectively.

The methods for solving Eq. (1.1) are direct, iterative, and com-
binations thereof. Direct methods, such as Gauss elimination are those
for which the exact solution is obtained (assuming no round-off errors)
in a finite number of steps. For a general system of N equations, these
methods require the order of I\I3 operations.** They can be used for any
set of independent equations (in contrast to iterative-type methods) »
but they suffer from the occurrence of round-off errors which, in some

instances, can be large.

*Iterative methods can be used if the matrix A is positive definite
(Sections 2, 3, and 6), it has real eigenvalues (Section &), or if
the main diagonal elements dominate the off-diagonal elements (sec-
tions 2 and 3).

**For a multidiagonal matrix, the number of operations approximately
equals the number of equations times the maximum row width between
non-zero row entries times the maximum column width between non-zero
column entries.

-8~




On the other hand, iterative methods (Sections 2 and 3) generate
only an approximate solution in a finite number of steps: the exact
solution would usually be obtained only in the limit of an infinite
number of steps.* They are iterative in the sense that an approximate
solution is successively improved in a steéwise manner. Round-off er-
rors are generally small, do not tend to propagate, and are reduced by
succeeding iterations. Iterative methods have an advantage over direct
methods in that if a reasonable approximation is available initially,
the effort involved in obtaining a "solution" will be reduced. Although
the exact solution cannot be obtained generally, a convergent solution
can be made to approximate the true solution of the equations as accu-
rately as desired. However, the iterative methods are applicable only
under certain cirecumstances, as discussed below. .

If the system of eéuations is very nearly dependent, the number of
iterations required to reduce an initial error of the approximate solu-
tion can, in some instances, involve ﬁore numerical operations than if
the system were solved by a direct method.

The inclusion in the iterative method of a dependence of an extrap-
olation parameter, ®, on the iteration cycle number is discussed in
Section 4., In Section 5, the application of iterative methods to blocks

of unknowns is considered. Some variational methods are discussed in

*
The methods of conjugate gradients and conjugate directions (Section 6)
are exceptions. These methods obtain the exact solution in N steps by
an iterative-~direct method.




Section 6. And finelly, the particular example of a system of difference
equations originating from a second order linear elliptic differential
opéra.‘bor, such as arises in neutron diffusion, heat conduction, and po-
tential problems, is considered in Section T.

We generally state results without proof, referring to the literature
for the details. The bibliography at the end is meant to be only repre-

sentative, not exhaustive. References to extensive bibliographies are

listed.
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2. BASIC ITERATIVE METHODS

Consider the system of N independent, simultaneous, inhomogeneous
linear equations given by Eq. (1.1). We assume a matrix equation of the

form

where

A=I+L+U . (2.2)

as in Section 1. The independence assumption guarantees that A is non-

singular.
The fundamental equation for the basic iterative methods is obtained

by rewriting Eq. (2.1)

x=-(L+U)x-s | (2.3)

Simul taneous Iteration

Gauss was the first to develop Eq. (2.3) into an iteration scheme

by forming

«1lle




§(p+l) = (L + U)_:g(p) -5 (2.4)

where the superscript denotes the iteration cycle number. This equation
defines Simultaneous Iteration.

The newest estimate of the solution, E(pﬂ'), is obtained from all
the components of §(p) , connected and weighted through -(L + U), and the
inhomogeneous term. All iterates of x are advanced simulteneously and
are entirely dependent on the previous iterate.

This procedure has various designations in the literature. Although

frequently called Gauss Iteration, such a term is misleading because Gauss

did not solve the equations in a fixed order as indicated in Eq. (2.4).
Schmidt, who used the method extensively, often has had his neme asso-
ciated with it. When it has been used to solve elliptic difference

equations, the label Richardson Method has been applied. Many later

authors refer to it as Method I. In this paper, we shall refer to it

by its descriptive title: Simultaneous Iteration.

It seems reasonable that the Simultaneous Iteration would converge

more rapidly if a component of _3_<(p+l)

» when determined, were used in
determining & component of E(pi- 1) still unknown. Such is indeed the

case, and this defines the next procedure.

-]12-



Successive Iteration

Solving Eq. (2.1) in the order 1, 2, ..., N, we define

§(p""l) - _Lﬁ(P'*‘l) - U-}_{(P) -5 (2.5)
or
;_;‘P"l) = -(1+1)™ U:_c(P) -+t s (2.6)

One notices from the form of Eq. (2.5) that the formation of the ith

(p+1) involves the components xﬁfl, k < i, and xi?)’

component of x
k' > i, Thus, x§p+l) depends upon the advanced iterates already com-
puted and the previous iterates yet unadvanced. Thus Eq. (2.6) defines
a Successive Iteration procedure.

There are many different designations for this method in the 1it-

erature. The most frequent are Seidel's Method and Gauss~Seidel Method.

This is misleading, for Seidel did not use the equations in a fixed
order.* Liebmenn, who used it extensively as applied to Laplace's equa-
tion, has had his name associated with it. The term Method II is
popular among many later authors. We shall adopt the descriptive title,

Successive Iteration.

*
Seidel's Method is essentially identical to Southwell's Relaxation
Method of 50 years later.

-13-



Convergence Properties

The convergence rates of the above procedures are not easily eval-
uated for a general matrix A; however, some conditions guaranteeing
convergence end relative convergence rates can be given.

Consider an error vector _E_(P) , defined by

E(P) _ (P) . (2.7)

I
1%

'
1%

giving the difference of the pth approximation, E(p)’ from the true

solution, x, which satisfies

Ax+8=0 (2.8)

Substituting Eq. (2.7) into the defining equations for Simultaneous and

Successive Iteration, we obtain the error equations
Simultaneous Iteration: g(pﬂ') = (L + U)_E_(P) (2.9)

Successive Iteration: E(pﬂ') = ~(I+ L)'l Ug(p) (2.10)

If the matrices on the right-hand sides of Egs. (2.9) and (2.10)
have eigenvalues I)\.il <1, then the iterated error vector, E(P*-l), will
tend to a null vector as p -» . In that instance the Simultaneous and
Successive Iteration methods are said to be convergent. The character-

istic determinantal equations for the eigenvalues are, respectively:

1l



Simulteneous Iteration: det |L + U+ AI| =0

Successive Iteration: det IU + MMI + L)l =0

or, in terms of the coefficients of Eq. (2.1):

Simultaneous Iteration:

T R

a21 A 823 . . . a2n

331 332 A .

. . . =O
anl an2 . . . A

Successive Iteration:

> B2 B3 -+ o By
xazl A a,23 . . . a2n
ha31 xa32 A .
. . =0
Xanl xane . . A

-15-
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The order of solving the Simultaneous Iteration equations, Eq. (2.4),
has no effect upon the convergencé rate. However, the order of solving
the Successive Iteration equations, Eq. (2.5), does affect the conver-
gence rate,

In general, the eigenvalues of the matrix A are not known in advance.
We now consider theorems determining the convergence of these elementary
procedures, which depend only upon a knowledge of the coefficients of A.
Proofs of the theorems are sketched, and a reference in which the details

can be found is given.

Theorem I (Ref. 30, p. 141, and Ref. 1)

Given a non-singular matrix
A=I+L+7UT

the methods of Simultaneous and Successive Iteration both converge for an
grbitrary starting point and for any order of solving the equations if the

* *¥
following conditions are satisfied

]
Simultaneous Iteration: max z Ia.i 3 l < 1
i -

J (2.15)
4
Successive Iteration: max Z Iai ] l <1
i
J

where the aij are the coefficients of the matrix A.

*
**'.Ehe prime indicates the absence of i = j in the sum.
That is, the disgonal elements of A are dominant.

«16-




The proof of this theorem for Simultaneous Iteration relies upon
a theorem of Hadamard, concerning eigenvalues, that states: all eigen-
values of a matrix lie in or on circles centered at a;4 and of radius
Z'Iaijr Here we are concerned with the matrix -(L + U), which has zeros
glong the main diagonal. Hence, all the eigenvalues will lie within
circles of radius E'Iaijl centered at the origin. Convergence is guar-
anteed if the radiis is less than 1. Now -(L + U) cannot have eigen-
values equal to 1 since then we would have A= I + L + U = 0, vhich is
forbidden, since A is non-singular by definition.

The proof of this theorem for Successive Iteration foliows from
observing the error at each step and showing that it decreases to zero.

Note that in Theorem I, convergence is obtained if the diagonal of
the original matrix A (in our case I) is greater than the sum of the
off-diagonal terms in a row. In other words, convergence is obtained
if the diagonal term dominates. If the original set of equations does
not have 1's elong the disgonal, the matrix A can be obtained by di-
viding each equation by its diagonal term (if non-zero). The sums of

the resultant off-diagonal terms will be less than 1 if the original

disgonal terms were dominant.

Theorem II (Ref. 30, p. 14l)

Given a matrix

A=I+L+0U

-17-




the method of Simultaneous Iteration converges, if the norm of -(L + U)

is

|- + v =\/z lai.ile <1 (2.16)
i,J :

The proof of this theorem follows from Theorem I [since all eigenvalues
of -(L + U) lie inside a circle of unit radius].

A matrix is defined to be positive definite if

Z Bi4 Xy Xy >0 (2.17)
i,J

for all x # 0. This brings us to Theorem III.

Theorem III (Ref. 30, p. 1h42)

Given a real symmetric matrix

A=I+L+U

the method of Successive Iteration converges if, and only if, A is pos-
itive definite.

The proof of this theorem follows by forming the quadratic function

F(x) =

=

X+ AX+X-+8 (2.18)

-18-



and noting that the solution to the system of equations
AX+s5=0

minimizes Eq. (2.18). The proof then amounts to showing that F(x) is
diminished at each step of the iteration, if and only if, A is positive
definite.

Stein and Rosenberg (Ref. 23) have proved some very valusble the-
orems related to the two methods under discussion. One of the most
useful, whose proof relies upon the properties of non-negative matrices,

is the following.

Theorem IV (Ref. 23)

Given a matrix A with coefficients

ii

and

aij

A

0 for all i # J

then the methods of Simultaneous and Successive Iteration converge and
diverge simulteneously. In the case of convergence (A positive definite),

Successive Iteration is more rapid.

-19-




3., EXTRAPOLATED ITERATIVE METHODS

The Simulteneous and Successive Iteration convergence rates can be
incressed in various ways by extrapolation (using iterates at previous
cycles).

Assume that the matrix A has real eigenvalues, Hyo and a complete

* *¥
set of eigenvectors, Ny such that

where p, =1 = A;. The \, are the eigenvalues of the matrix -(L + U) of
Section 2. Throughout this section, we assume that Simultaneous Iteration

converges; i.e., Ihi‘ <1l.

Extrapolated Simultaneous Iteration

In a straightforward manner, Simultaneous Iteration, Eq. (2.1+), can

be extrapoleted by

*
That is, each eigenvalue is of index 1 or simple.

¥
It is not implied that extrapolation procedures will not follow with-
out these assumptions; however, the choice of extrapolation parameters
might be more difficult.

«20-



L1 _ () _ [Ax(p) . E] (3.2)

where ® is the extrapolation parameter.

(p)

The error vector, E , of Eq. (3.2) is trensformed by

Ibxpanding the error in the eigenvectors of A, Ny we have

N N
E(p) =Zai J; = Egp) (3.4)
i=l i:l

vhere each mode is transformed by
(p+l) _ (p)
E; =|1 - o(l-2)|E; (3.5)

Any individual error mode _Iggp) can be eliminated by the parameter choice

= (5.6)

Thus, if all the eigenvalues were known, we could eliminate all error
modes and obtain an exact solution in N iterations by choosing « dif-
ferently for each iteration. Unfortunately, the eigenvalues are not

known in general.

-2] -




For & fixed constant w, we must choose it so that all modes will be

decreased simultaneously; i.e.,

|1 - e -a)]<2 n. <A (3.7)

where )"o and A m 8T the minimum and meximum eigenvalues, respectively.

If Simultaneous Iteration converges (l hil < 1), then w is in the range
oO<o _<_ 1

To select an o that will minimize Eq. (3.7) requires knowledge of

M and e However, if we assume A = =), then the optimum w is
ws=1

Thus, the optimum Extrapolated Simultaneous Iteration becomes simply
Simulteneous Iteration and nothing has been gained.
On the other hand, improvement might be expected by forming & second

order extrapolation scheme

(P _ (@) L, [lc(p) . §(19-1)] . a)[Ax(p) + E] (3.8)

where the new estimate, E(p&l), depends upon the two previous iterates,
x®) ana %P2 The fom of the equation is determined by requiring

the equality to hold in the limit of convergence. Two parameters, o and

-2



®, must be chosen. As before, consider each error mode, Eip*- l), where

~1

g(P+L) _ [1 to- ol

)] £P) - o g{P-V) (3.9)

*
Assuming the relation

we have
_E_;épﬂ) = (1 + 0o - 0+ o - -Ogi-)_E_:(ip) (3.11)
or

2
o5 - (l+a-a>+wxi)0i+a_o

which has the solution

TN =% [(1 + 0 -0+ wxi) + \/(l + Q0 -w+ wxi)g - lla]‘(j.la)

If @ and @ are chosen so that the expression under the square root is
negative for all A‘i’ then a1l @ 1 will be complex and, more importantly,

all IOil will be identical.

* )

We are assuming that the second order procedure of (3.9) is equivalent
to applying some matrix with eigenvalues ©; to only the previous iter-
ate. We then choose the parameters such that this is true.

-23-




In particular, the choices

l+a-w+a>)\,m=2 fos
(3.13)

1+oz-a>+mxo=-2a ’

give o and
NG
a=<ﬁ-xo- Vi-x,
Vl-xo-t- Vl-xm

(3.14)

2

Vl')‘o"‘VT')"m

This choice of parameters, which mekes the square root of (3.12) negative, ‘

or zero, yields
|o;] =vo (3.15)

The eigenvalues © ; are complex, but all have the same absolute value.
Thus, &all error modes are decreased at the same rate. Note that loil is
always smeller than the maximum of |>.. ol and P‘ml' Consequently, the pro-

cedure is always more rapidly convergent than the Simultaneous Iteration.

-2l



If estimates of the minimum and meximm eigenvalues (xo, xm) for Eq. (3.1L4)
are not exact, it is best to estimate Ao lower and xm.higher to assure the
Oi being complex and therefore all modes decaying at the same rate.

Actually, the situation of Eq. (3.10) is never achieved (except asymp-
totically) because of the first mesh sweep. We estimate the initial error
E‘o) but require a second iterate E('l) in Bq. (3.9) differing fromng(o) by
Eq. (3.10). As only the norm of Oi is known, the initial iterates cannot
be picked appropriately. Thus the convergence rate indicated by Eq. (3.15)
is epproached asymptotically only as p —» .

In the literature, this method has generally been called Second Order

Richardson. We will refer to it here as Second Order Simultaneous Itera~

tion.
(The authors were unable to find an advantage in third order extrapola-
tion. The optimum scheme would seem to have been obtained using a second

order extrapolation.)

Extrapolated Successive Iteration

The extension of Successive Iteration, Eq. (2.5), can be achieved in

the same way as for the Simultaneous Iteration, by

E(p+l) - 5P _ “{i(P) + LE(p+l) + U§(P) + _s_] ., - (3.16)

where w is the extrapolation parameter. As for the basic iteration, Eq.

(3.16) is obtained when the latest estimates of the unkmowns are used in

-25-



the Extrapolated Simultaneous Iteration, Eq. (3.2). Successive Iteration
is obtained whenever @ = 1, and the terms Under- or Over-relaxation apply

as o is less than or greater than 1. Equation (3.16) can be rewritten as
§(p+l) = (1 +a)”t [(1 - »)I - muk(l’) - (1 +ap)”t ws (3.17)
For the error we have
™) (14 )t [(1 - o)I - aﬂ]g(P) (3.18)

There seems to be no clear procedure for writing (3.18) in terms of the
eigenvalues xi. Consequently, it is almost impossible to optimize the
iteration procedure in the general case. However, for en important par-
ticular case, when the matrix A results from using a five-point difference
equation, the matrix of (3.18) is such that w can be optimized. In that
instance, Extrapolated Successive Iteration becomes a powerful method, as

will be seen in Section T.

«26-



L. THE METHOD OF TSCHEBYSCHEFF POLYNOMIALS

In Simultaneous Iteration, the repeated application of a matrix M to
an error vector results in the application of Mp to the initial error vec-
tor. We now consider the application of a general polynomal GP(M) and.
find that Tschebyscheff Polynomals are optimm for convergence.

In Simultaneous Iteration, the iteration matrix M = «(L + U) is ap-

plied to each iterate

5(p) _ M§(P‘l) - s (k.1)

The true solution, x, satisfies Eq. (4.1) exactly; i.e.,

X=Mx-s
(p)

As in Section 2, the error, E(P), associated with the iterate, x'*', is

defined by

g(P) (p)

= X -« X

and satisfies

-27-




E(p) - D@(p-l) (%.2)
writing x®) ana E®) in terms of the initial approximation x(°) ana
() gives
P VY . T (4.3)
and
2P _ 2 E(o) (4.4)

For convergence, all eigenvalues of M must be less than 1.
Consider the case where the pth degree polynomial in M, Gp(M), is
applied to the initial error, rather than the particular polynomial, Mp

of Eq. (4.4). Then we would have

This will give an improvement in convergence rate if the polynomial GP(M)
reduces the slowly decaying modes of M more rapidly than does MP. It is
rather well known that such a polynomial exists and is given in terms of
Tschebyscheff's polynomials (Refs. 5 and 7). First, however, we discuss

methods whereby a general polynomial can be applied.

-28-



Methods

A semi-iterative procedure for applying a polynomial to an initial
approximation consists of generating the Simultaneous Iteration iterates
and forming a polynomial as a linear combination of them. Considering
only the error, denote the Simultaneous Iteration iterates by E(P), and

the resultant approximation by g(p). We have

) . @(p-l) - P E(O) (4.6)
and
p ' p .
_F_:,(p) =zal E(l) =2ai Ml E(O) (1-|-.7)
1=0 i=1
= Gp(M). (®) (4.8)

where the a.i are real coefficients. The polynomial obtained depends
upon the choice of coefficients ai.
A second procedure for generating the polynomial is purely iter-

ative in nature; namely,

-29-




g(P) _ gle-1) o, [M_E_(p'l) ) E(p—l)]

(1 - @, M- wp) E(p-l)

P (o)
11=r1 (l-a)iM-a)i)_E_

Gp(M) E(O)

(4.9)
(k.10)
(k.11)

(4.12)

Again, the GP(M) is completely dependent upon the choice of parameters

(Di.

In both of the above cases » the generating polynomial has the prop-

erty

Gr(I) =1 .

(4.13)

In actual computation we do not work with the error, but with the

function itself.

the form

x(p) _ Msc:(P-l) - s

b
P N\ 3(2)

puiny i -

i=0

-30-
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*
and the iterative procedure

L) _ 1), [Mx(p-l) L (1) s] (4.16)
= = Pl - -

There are other similar ilterative procedures which lead to a polynomial

in M operating on an initial error.

Tschebyscheff Polynomials

Flanders and Shortley (Ref. 5) prove the following theorem:

Theorem: The pth degree polynomial in w, Sp(a)) , having the minimum-
meximum absolute value for o real and in the range -1 < ® < +1, and nor-

malized such that Sp(wo) = 1 for some @, > 1 is given by

T (w)

5,(0) = ?P'g(w_T (k.17)
P

where T () is the Tschebyscheff Polynomial. The denominator of Eq. (k.17)

is constant and achieves the desired normalization.

The Tschebyscheff Polynomials, Tp(a)), are defined by (Ref. 10)

‘I‘p(w) cos (p coa~t w) o] <1

(4.18)
cosh (p cosh™t ®) Jof >1

Tp(w)

¥
Essentially Extrapolated Simultaneous Iteration, Eq. (3.4) with var-
iable w.
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?p(w) can be expressed as a polynomial

Qp(w) = of - (g) W21 - of) + (ﬁ) WPy - w?)e

- (g) P61 - ) k.. (4.19)

or, using simple trigonometric identities, can be written in the follow-

ing recursion relation!

To(w) =1 (4.20)
qi(m) =

From (4.18) we have
?P(-l) = +1 p even
TP(-l) = =1 p odd (k.21)
?P(l) = +1 p even or odd

-32-



Optimum Polynomial

Using the previous theorem, the optimum polynomial can be deter-
mined. The matrix M has eigenvalues bounded absolutely by 1 (otherwise
the Simultaneous Iteration would diverge).

If, further, the assumption is made that all the eigenvalues of M

are real, then

-l<b<r<ac<l (k.22)

for all A. Thus the conditions of the theorem can be obtained by shift-

ing the range of the interval (a,b) to (-1,1), using the transformation

M - - b

u(m) = a->
(.23)

2N - - b

u(r) = S22

where p(\) are the eigenvalues of the matrix U(M) corresponding to A of

M. From Eq. (4.23) one notes that

w(a) = +1
a(b) = -1 (4.24)
w(1) = 25222 >




Using the theorem and the normelization of Eq. (h.l}), the pol-

ynomial to be determined is

M -~ (a + b)I
T (u() ] Tp[ -1 ]
G (M) = (k.25)

P T [U(I)] o [2 -a- b}
P 2a->

and the error for the pth iterate, from Eq. (4.5), is

<2M -a ; b) E(O)
(—————) i

The maximum ebsolute value of the numerator of Eq. (4.26) is 1. Thus,

(+.26)

convergence is governed by the denominator, and

-1

g(P) < [Tp@‘é_?t-:_ti)} E(o) (4.27)

In comparison, Simultaneous Iteration gives

g(P) < oP gl©) (4.28)

— — o -

D. Young (Ref. 6) established that the convergence rate of (4.27) is at
least a factor V2 better than that of (4.28). Actually, it might be

much better.
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The polynomial method, on the other hand, requires more work be-
cause the coefficients, as well as the iterates, must be calculated.
This is not very significant. Shortley (Ref. 7) estimates that the

computing time is of the order of Nl/e, where N is the number of equa~-

tions of the system. This tends to be optimistic, but is somewhat
more qualitative.

If the matrix A, Eq. (2.2), is symmetric (or can be made so by pre-
multiplication by a positive definite matrix), then the M obtained for
Simultaneous Iteration (2.4) has real eigenvalues. If the Successive
Iteration matrix has real eigenvalues, the application of Tschebyscheff
Polynomials results in an increased convergence rate. In general, how-
ever, it is not clear that the eigenvalues of the Successive Iteration

nmatrix are real.

Choice of Parameters

In order to generate the Tschebyscheff Polynomial;, the iteration
parameters of Eq. (L.7) and Eq. (4.9) must be determined.

The coefficients of the semi-iterative procedure are obtained by
expressing the Tschebyscheff Polynomials in polynomial form and matching
coefficients.

For the iterative procedure, Eq. (4.9), the roots of the Tschebyscheff
Polynomial and the generating polynomial, Eg. (4.11), are matched.

The roots of jp(u), ju| <1, are
k=0,1, 2, oo, p =1 (4.29)

=355~



Thus, for the transformed roots, Eg. (4.23), we have

k=0,1,2, «.., p-1 . (k.30)

or

xa-lé'-[a.-i-b-i-(a-b) cosak+lzr]

kK=0,1,2 voey p=1 (k.31)

Similarly, the roots of the general polynomial, Eq. (4.11), occur when-

ever
1+a>kx-wk=o (4.32)
or
O - 1
k
A= ()4“33)
"

Matching Eq. (4.31) and Eq. (4.33) gives

[a+b+(a-b) cosak"'l:l}-l

We
n
s
]
oj -

L
]

0, 1,2, oo, p=1 (4.34%)
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Both procedures have different coefficients for different orders p
of the polynomial. The usual procedure is to estimate in advance the re-
quired p and then calculate the appropriate coefficients. If it turms out
that the estimated p is not large enough to give the required error reduc-
tion, then the cycle can be repeated. This is not, however, as good as
generating the larger polynomial initially, and is clearly a disadvantage
of the method.

A second disadvantage is the susceptibility of the method to large
round-off error (Ref. 7). This occurs because the coefficients w; and
ai mey be very large.

One means of generating the Tschebyscheff Polynomials which elim-
inates both of these problems is to use a second order iteration scheme

(Ref. 4, p. 9, and Ref. 24), such as

x(P) - fKP-l) + ap[Mf(p-l) - E(P’l) - E] + sp[ﬁ(P-l) - E(P-Q)] (4.35)

Such a form is plausible because of the known recursion relation ?p(w),

Eq. (L.20). Again the error reduction is teken as in Eq. (4.26)

g(®) _ Tp[U(M)]

I A\ L) (4.36)
T,[U(1)]

which, when substituted into the error equation resulting from Eq. (4.35),

yields, upon rearranging,
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T,lU(D)]

T _[u(M)]

T,lU(M)] = (1 + aM - + By) -1

T, 1 (U(D)]

T [U(1)]
- B, —E—— T [U(M)] (4.37)
Po ouml *

%

Equating the coefficients of Eq. (4.37) with those of the recursion rela~

tion gives

' 2 - -Db
kT [6(I)] “Tp-1<—a?-r>
ap = p-l = (Ll--38)
(a- - b)Tp[U(I)] (8. - b)Tp(z ; f.; b>
and

2-8-5b

p (=22
) Tp.o[U(D)] ) p—?( a-b > (h.39)

B. =
P
R Tp<g;—f'%'3>

The first two values of the Tschebyscheff Polynomials (4.20) are satisfied

1f the following choices are made

1 2 -a-1v

(4.40)

™
-
|
O



Using the values of o, and ﬁp given by Eqs. (4.38), (4.39), and
(4.40), a set of iterates §(p) is generated in Eq. (4.35) such that
Eq. (4.36) is obtained at each step. Round-off difficulties are

greatly reduced, as the coefficients are order 1.
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5. BLOCK OR IMPFLICIT METHODS

It is sometimes advantageous to advance a set or block of unknowns
simultaneously. The equations are implicit if each of the unknowns. of
the block depends upon the other umknowns of the biock. The method of
solving these implicit equations depends, of course, upon the structure
of the matrix. Usually they must be solved simultaneously. In that
case, the blocks should be chosen so that the solution is simple and
the round-off errors are small.

The ideal procedure would be to obtain the exact solution by solving
all the equations simultaneously as a single block. However, this is im-
practical for a general system of N2 non-zero coefficients because of
round-off errors. On the other hand, if there are of the order of only
N non-zero coefficients, such & procedure might prove feasible if round-
off is not large.

If each block consists of just one unknown, then the procedure is
identical to the "point" methods of the previous sections. Also, if the
equations of a block are uncoupled (i.e., each unknown does not depend
upon the other unknowns in the block), then each unknown can be written
explicitly in terms of previous iterates and the method is identical to

the corresponding point method (Ref. 17).
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One can have simultaneous and successive block methods as discussed
in Section 2, as well as extrapolation of these basic procedures as in
Section 3.

As an example, assume that each block involves k unknowns. Order
Eg. (2.1) such that the first k equations have the coefficients of k un-
knowns of the first block on the main diagonal,* and the second set of k
equations has the coefficients of thé X unknowns of the second block on

the main diagonal, etc. Then Eq. (2.2) can be written (Ref. 17) as
Ax+s=(D+D+Wx+s=0 (5.1)

where the matrix D is formed from the (k x k) matrices of coefficients of
unknowns in the blocks. The matrices I, and U are the remaining lower and
upper triangular matrices which couple unknowns within a block to unknowns
outside the block.

Corresponding to Eq. (2.3) for the basic form, we have from Eq. (5.1)
DX_ = -(ﬁ + ﬁ)z(. -8 (5.2)

Analogous to Eq. (2.4) for Simultaneous Iteration, we have Simultaneous

Block Iteration

D}_{(Iﬁl) - T+ ﬁ)E(P) - s (5.3)

*As discussed in Section 1, each equation distinguishes an unknown, the
coefficient of which appears on the mein diagonal of the matrix A of
Eq. (2.2).
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or
i(p!-l) = -D'l(ﬁ + ﬁ)_}_:_(p) -t 5 (5.4)

Similerly, from Eq. (2.5) for Successive Iteration, we have for Succes-

sive Block Iteration

Dx__(p+1) - 2 @) (5.5)

orxr
P L oyt L o)t (5.6)

As before, the error obeys these same equations with the source term

absent. The characteristic eguations for the error matrices become

Simulteneous Block Iteration: dget [T+ T+aD] =0 (5.7)

Successive Block Iteration: det |ﬁ + 2D + f)l =0 (5.8)

with arrays corresponding to Eqs. (2.13) and (2.14). In particular, if

k = 2 (still assuming ay; = 1)
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Simultaneous Block Iteration:

A

Moy

8

31

Mo

A

a

52

5 %y
23 &),
A M),
Mys

Successive Block Iteration:

Xazl

kaBl

My

ra

My

A

%30

Xau

pX:)

2

2

83 &y
Boz B
A Aag),
Ny 5

A

A

A

a
n,n-1

a
n,n-1

in

xanpl,n

a2n

kan—l,n

=0 (5.9)

=0 (5.10)

The basic block methods can be extrapolated as in Section 3 for the

point methods.

have

Thus for Extrapolated Simultaneous Block Iteration, we
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D-x_(p-!-l) - o® _ o [Ax(p) . _S_] (5.11)

or

N [Ai(p) + E] (5.12)
and for the Second Order Simultaneous Block Iteration

(P (@) 4 g [ﬁm i z(‘"l)} ol [A_}E(p) . 5] (5.13)
Similarly, for Extrapolated Successive Block Iteration

E(p+l) = x®) _ ot {q§(P) + ﬁé(p+l) + ﬁﬁ(p) + E] (5.14)

The parameters and eigenvalues and the extrapolated procedures of
Section 3 were dependent on the eigenvalues of thé Simultaneous Iteration
matrix equation (2.13). Similarly, the parameters of the extrapolated
implicit methods are dependent on the eigenvalues of the Simultaneous
Block Iteration matrix equation (5.9). 1In fact, the paremeters and
eigenvalues are the same functions of the Simultaneous Block Iteration
elgenvalues as the corresponding parameters and eigenvalues of the

point extrapolations are of the Simultaneous Iteration eigenvalues.
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The extension to Polynomial Implicit Methods is immediate if
Egs. (5.1) and (5.2) are used, rather than Eq. (4.1). The parameters
obtained are those of Section 4 with the Simultaneous Block Iteration

eigenvalues replacing those of the Simultaneous Iteration.
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6. VARIATIONAL METHODS

In considering the variational methods for solving the system given

by Eq. (2.1)
A_J_{_ + 5= 0 (6.1)

we assume that the matrix A is real, symmetric, and positive definite;

i.e.,

and for any x £ 0

}: 8 g X, %y >0 (6.2)
i,d

(p)

where the bar denotes complex conjugation. An arbitrary vector, x7,

will not, in general, be an exact solution of (6.1) but will generate a
(p)

residue, r'~’, defined as

r(P) = A?_‘.(P) + 8 (6.3)



If A is symmetric, the system of Eq. (6.1) can be written as the gra-

dient of a quadratic function

F(x) = (6.1)

N

X « AX + 8

I

Solving Eq. (6.1) is equivalent to minimizing F(x). In particular,

£(P)

for an arbitrary trial vector, x'°, the residue is

r(P) = Ax(p) + 5 =Grad F [x(p)] (6.5)

By Eq. (6.5), the residue, E(P), is normal to the surface of the ellip-
soid defined by Eq. (6.4) in the N-dimensional space of the elements of

X

If g(p) is some arbitrary direction and mp some arbitrary constant

(p+1)

dependent upon p, then the iteration scheme for x can be defined as

z(p+l) )

+ o, E(p) (6.6)

X

Equation (6.6) states that the new iterate is given by the old iterate

plus some "correction" vector.

The variational methods amount to choosing an @, such that the quad-

ratic function F[_}_c_(P*l)], given by Eq. (6.4), will be a minimum for a
(p)

given direction m'~°. Consider Fig. 6.1, which represents the intersec-

tion of a plane defined by g(P ) and _x:(p ) and the surface F(_:_c) = constant.
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Fig. 6.1

The tip of the vector §(p ) eppears a8 & point in this plane.

The minimum F[x(m l)] is tangent to the direction E(P ) and the new

residue, 'Z(P"l), is thus normal to E(p). We have |

2 | (B) e (eHl) | [Ai(p) . E] . A{5(1»1) . E(p)]

or by Eq. (6.6)

E._(]a':-l-l) - E(P) + o AE(P) ' (6.7)

Choosing E(P" 1) and 2(:9) as gbove implies

E(p+l) cal®) o @) ), &, A?‘_l(p) . ol® 2o (6.8)



