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AWI!RACT

Iterative numerical methods for solving independent, simultaneous,

i.nhonmgeneouslinear equations are surveyed. Application of the methods

to elliptic difference equations as arise in neutron diffusion, heat con-

duction, and potentisd.problems is discussed. .
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1.” INTRODUCTION

This paper presents a survey of the methods of solving independent,

simultaneous, inhomogeneous linear equations. Here we are concerned

with systems too extensive to be handled conveniently with a desk cal-

culator; therefore we restrict the discussion to iterative-type methods

performable upon high speed digital computers.

We assume that we have a system of equations of the form

N

I a Xj +
ij

j=l

where the x. are the
J

s = o i=l,2, .... N
i

(1.1)

unknowns, and the coefficients a.. and the inhomoge-
lJ

neous term S4 are given. In matrix notation (1.1) is
J.

Ax+s=o--

where A is tie N x N non-singular matrix

the N-dimensional vector of unknowns Xj,

vector of the inhomogeneous term.

(1.2)

of the coefficients a.., x is
lJ —

and s is the N-dimensionsJ.

We assume a correspondencebetween unknowns and equations, i.e.,

the ith equation will be used to solve for the ith unknown. ‘Iheorder
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of improving the unknowns in an iterative procedure may vary according

to a particular method, but a given equation will slways be solved for

the same unknown.

We assume that the mati disgonsl elements of A are dominant.* Thus,

the solutions of Eq. (1.1) are not altered if each equation is multiplied

by a nozmd.ization constant l/aii. The matrix A then takes the form

A= I+L+U (1.3)

where I is the identity matrix, and L and U are lower and upper trian.

gular matrices, respectively.

The methods for solving Eq. (1.1) are direct, iterative, and com-

binations thereof. Direct methods, such as Gauss elimination are those

for which the exact solution i.sobtained (assuming no round-off errors)

in a finite number of steps. For a general system of N equations} these

3methods require the order of N operations.
*

They can be used for any

set of independent equations (in contrast to iterative-type methods),

but they suffer from the occurrence of round-off errors which, in some

instances, can be large.

“iterative methods canbe used if the matrix A is posi.ti.vedefinite
(Sections 2, 3, and 6), it has real eigenvalues (Section 4), or if
the main diagoruil.elements dominate the off+iiagonal elements (Sec-
tions 2 andj).

%-X-
For a multidisgonal matrix, the number of operations approximately
equsls the number of equations tties the maximum row width between
non-zero row entries times the maximum column width between non-zero
colunn entries.

-8-



On the other hand, iterative methods (Sections 2 and 3) generate

only an approximate solution in a finite number of steps: the exact

solution would usually be obtained only in the limit of

*
number of steps. They are iterative in the sense that

solution is successively improved in a stepwise manner.

rors are generally small, do not tend to propagate, and

succeeding

methods in

the effort

an infinite

an approximate

Round-off er-

are reduced by

iterations. Iterative methods have an advantage over direct

that if a reasonable approximation is available initislly,

involved in obtaining a “solution” will be reduced. Although

the exact solution cannot be obtained generaKly, a convergent solution

can be made to approximate the true solution of the equations as accu-

rately as desired. However, the iterative methods are applicable only

under certain circumstances, as discussed below.

If the system of equations is very nearly dependent, the number of

iterations required to reduce an initial error of the approximate solu-

tion can, in some instances, involve more numericsl operations than if

the system were solved by a direct method.

The inclusion in the iterative method of a dependence of an extrap-

olation parsmeter, a, on the iteration cycle number is discussed in

Section 4. In Section s, the application of iterative methods to blocks

of unknowns is considered. Some variational methods are discussed in

*!Themethods of conjugate gradients and conjugate directions (Section6)
are exceptions. These methods obtain the exact solution in N steps by
an iterative-directmethod.

-9-



Section 6. And finslly, the particular exsmple of a system of difference

equations originating from a second order linear elliptic differential

operator, such as arises in neutron diffusion, heat conduction, and po-

tential problems, is considered in Section 7.

We generally state results without proof, referring to the literature

for the details. The bibliography at the end is meant to be only repre-

sentative, not exhaustive. References to extensive bibliographies are

listed.

-1o-



2. BASIC ITERATIVE MEI!HODS

Consider the system of N independent, simultaneous, inhomogeneous

linear equations given by Eq. (1.1). We assume a matrix equation of the

form

Ax+s=o--

where

A= I+L+U

(2.1)

. (2.2)

as in Section 1. The independence assumption guarantees that A is non-

singular.

The fundamental equation for the basic iterative methods is obtained

by rewriting Eq. (2.1)

x= -(L+ U)X- S-- (2.3)

EEhnultaneousIteration

Gauss was the first to develop Eq. (2.3) into an iteration scheme

by forming

-11-



where the

Jptl) .
-(L+ U)~(p) -

superscript denotes the

s (2.4)

iteration cycle number. This equation

defines Simultaneous Iteration.

The newest estimate of the solution, ~
(p+l)

, is obtained from all

the components of ~(p), connected and weighted through -(L + U), and the

inhomogeneous term. All iterates of ~ are advanced simultaneously and

are entirely dependent on the previous iterate.

This procedure has various designations in the literature. Although

frequently called Gauss Iteration, such a term is misleading because Gauss——

did.not solve the equations in a fixed order as

Schmidt, who used the method extensively, often

ciated with it. When it has been used to solve

equations, the label Richardson Method has been

authors refer to it as Method I. In this paper,—.

indicated in Eq. (2.4).

has had his name asso-

elliptic difference

applied. Many later

, we shall refer to it

by its descriptive title: Simultaneous Iteration.

It seems reasonable that the Simultaneous Iteration would converge

more rapidly if a component of x
(p+l)

, when determined, were used in

determining a component of x
(ml)

still unknown. Such is indeed the

case, and this defines the next procedure.

-12-



Successive Iteration

or

Solving Eq. (2.1) in the order 1, 2, .... N, we define

X(P+-l) = -L&l) - I&’) - ~

X(p+l) . -(I+ L)-l UX(P) - (I+ L)-l s

(2.5)

(2.6)

One notices from the form of Eq. (2.5) that the formation of the ith

component of x
(p+l)

~
1

involves the components ,k<i, and *),

k! > i. Thus, $+’) depends upon the advanced iterates already com-

puted snd the previous iterates yet unadvanced. Thus Eq. (2.6) defines

a Successive Iteration procedure.

There are many different designations for this method in the lit-

erature. The most frequent are Seidel!s Method and Gauss-Seidel Method.

This is misleading, for Seidel did not use the equations in a fixed

*
order. Liebmann, who used it extensively as applied to Laplace’s equa-

tion, has had his name associated with it. The term llethodII is

popular among many later authors. We shall adopt the descriptive title,

Successive Iteration.

*
Seidel’s Method is essentially identical to Southwell’s Relaxation
Method of 50 years later.

-13-



Convergence Properties

‘lMeconvergence rates

uated for a general matrix

of

A;

the above procedures are

however, some conditions

not easily eval-

guarsxrteeing

convergence and relative convergence rates can be given.

Consider an error vector E(P), defined by

E(P) =x-x (P)
--

giving the difference of the pth

solution, ~, which satisfies

Ax+s=o--

Substituting Eq. (2.7) into the

Successive Iteration, we obtain

“(2.7)

approximation, x(P), from the true

(2.8)

iefining equations for Simultaneous aud

the error equations

Simultaneous Iteration: ~(??+l)= -(L + U)~(p) (2.9)

Successive

If the matrices

Iteration: E(~l) = -(l+ L)-l ~(P) (2.10)

on the right-hand sides of Eqs. (2.9) and (2.10)

(ptl)have eigenvalues Ikil <1, then the iterated error vector, ~ , will

tend to a null vector as p am. In that instance the Simultaneous and

Successive Iteration methods are said to be convergent. The character-

istic detenninantal equations for the eigenvcilues

-14-
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Simultaneous Iteration: detl L+ U+ AI =0

Successive Iteration: detl U+ A(I+L)l=O

or, in terms of the coefficients of Eq. (2.1):

Simultaneous Iteration:

A.
%.2

a21 L

31 a32

. .

● .

. .

anl. an2

Successive Iteration:

.

33

a23

L

.

53

a23

h

.

.

●

✎

●

✎

✎

.

.

●

✎

✎

✎

.

.

.

.

.

.

%n

a2n

●

●

.

.

A.

%n

a2n

.

.

●

●

k

(2.11)

(2.12)

(2.13)

(2.14)
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The order of solving the Simultaneous Iteration equations, Eq. (2.4),

has no effect upon the convergence rate. However, the order of solving

the Successive Iteration equations, Eq. (2.5), does affect the conver-

gence rate.

In general, the eigenval.uesof the matrix A are not known in advance.

We now consider theorems determining

procedures, which depend only upon a

Proofs of the theorems are sketched,

can be found is given.

the convergence of these elementary

knowledge of the coefficients of A.

and a reference in which the details

~eoremI (Ref. 30, p. 141, andRef. 1)

Given a non-singular matrix

A= I+L+U

we methods of Simultaneous and Successive Iteration both converge for an

arbitrary starting point and for any order of solving the equations if the

following conditions*
%-X

are satisfied

.

Simultaneous Iteration:

Successive Iteration:

where the a.. are the coefficients
lJ

’11 I
<1

i aij -
J

f

~111 I<1aij

‘J

of the matrix A.

(2.15)

*
The prime indicates the absence of i = j in the sum.

That is, the diagonal elements of A are dominant.

-16-



The proof of this

a theorem of Hadsmard,

values of a matrix lie

theorem for Simultaneous Iteration relies upon

concerning eigenvalues, that states: all eigen-

in or on circles centered at a<< and of radius
AL

Z’/ aijl. Here we are concezmed with the matrix -(L + U), which has zeros
j
along the main di~onsl. Hence, all the eigenvalues will lie within

circles of radius ~’ a. . centered at

j lJ
anteed if the radius is less than 1.

values equsl to 1 since then we would

forbidden, stice A is non-singular by

the origin. Convergence is guar-

Now -(L + U) cannot have eigen-

have A = I+L-I-U = O, which is

definition.

The proof of this theorem for Successive Iteration follows from

observing the error at each step and showing that it decreases to zero.

Note that in Theorem 1, convergence is obtained if the disgonsl of

the original matrix A (in our case I) is greater than the sum of the

off-diagonsl terms in a row. In

if the diagonal te?nndominates.

not have 1’s along the diagonal,

other words, convergence is obtained

If the original set of equations does

the matrix A can be obtained by di-

viding each equation by its diagonal term (if non-zero). me sums of

the resultant off-di~onal terms will be less than 1 if the originsl

disgonal terms were dominant.

Theorem II (Ref. 30, p. 141)

Given a matrix

A= I+L+U



the method of

is

Simultaneous Iteration converges,

II-(L+ U)ll

‘F

The proof of this theorem follows from Theorem I

of -(L + U) lie inside a circle of unit radius].

A matrix is defined to be positive definite

I a
ijxixj>o

i,3

for all~+ O. This brings us to Theorem III.

Theorem III (Ref. 30, p. 142)

Given a resl symmetric matrix

A= I+L+U

the xnetiodof Successive Iteration converges if,

itive definite.

if the nom of -(L + U)

(2.16)

[since all eigenvelues

if

(2.17)

and Otiy if, A iS POS-

‘Theproof of this theorem follows by foming the quadratic function

(2.18)

-18-



and noting that the solution to the system of equations

Ax+s=o--

minimizes Eq. (2.18). The

diminished at ewh step of

proof then amounts to showing that F(a) is

the iteration, if and only if, A is positive

definite.

Stein and Rosenberg

orems related to the two

(Ref. 23) have pzmved some

methods under discussion.

very valuable the-

One of tie most

useful, whose proof relies upon the properties of non-negative matrices,

is the following.

Theorem IV (Ref. 23)

Given a matrti A with coefficients

a = 1
ii

and

aij <o
foralli+j

then the methods of Simultaneous and Successive Iteration converge and

diverge simultaneously. In the case of convergence (A positive definite),

Successive Iteration is more rapid.

-19-



3* EXTRAPOLATED ITEWUTVE METHODS

The Simultaneous and Successive Iteration convergence rates can be

increased in various ways by extrapolation (US- iterates at previous

cycles).

Assume tiat the matrix A has resl eigenvalues, Vi, and a complete

* H
set of eigenvectors, vi> such Mat

(3.1)

where Vi= 1 - xi. lhe Li are the eigenvalues of the matrix -(L + U) of

Section 2. Throughout this section, we assume that Simultaneous Iteration

converges; i.e., Ai < 1.

Extrapolated Simultaneous Iteration

In a straightforwardmanner, Simultaneous Iteration, Eq. (2.4), can

be extrapolated by

*
That is, each eigenvalue is of index 1 or simple.

-x+
It is not implied that extrapolation procedures will not follow with-
out these assumptions; however, the choice of extrapolation parameters
mightbe more difficult.

-20-



JPQ) =$) - [
(J) ~(P)+~ -1

where ~ is the extrapolation parameter.

The error vector, .(p), of Eq. (3.2) is transformed by

E(W1) = (I - ti)~(p)

Expanding the error in the eigenvectors of A, ~i, we have

~(p)‘i- ‘b)
i=l i=l

where each mode is transformedby

(3.2)

(3.3)

(3.4)

(3.!5)

(P)Any individual error mode ~i can be eliminated by the parameter choice

1
cD=— 1 - Li

(3.6)

Thus, if all the eigenvalues were known, we could eliminate all error

modes and obtain an exact solution in N iterations by choosing o dif-

ferently for each iteration. Unfortunately, the eigenvalues are not

known ih general.

-21-



For a fixed constant a, we must choose it so that ~ modes wild.be

decreased simultaneously; i.e.,

where ho md Am

If’s~tmeous

0<0

(3*7)

are the minimum and maximm eigenvslues, respectively.

Iteration converges (Iki I< 1), then u is in the range

<1

‘lbselect an u that will minimize Eq. (3.7) requires knowledge of

ho and Lm. However, if we assume ho = -Xm, then the opt- ~ iS

u)= 1
>

Thus, the optimum Extrapolated Simultaneous Iteration becomes simply

Simultaneous Iteration and nothing has been gained.

On the other hand, hprovement might be expected by forming a second

order extrapolation scheme

Jp+l) = y
[ 1[

+ o! &’) -p) - UJ &(p)+~.
1

(3.8)

‘@l), -dependsupon the two previous iterates,where the new estimate, ~

JP) ~d ~(p-l). me form of tie

the equality to hold in the limit

equation is determined by requirhg

of convergence. Two parameters, a and

-22-



(ml)
a, must be chosen. As before, consider each error mode, lZi , where

$?+1) =
[
l+a - U.)(1- 1.,) f)-ap) (3.9)

Assuming the relation%

~(lxl) =Q ~(p) =Q2E(p-1)
-i i -i i -i

we have

or

(3.10)

(3.11)

which has

~2
i-(l+ c%.

the solution

U.)+uxi)c)i+ceo

1 1
($i=* (ii. a-u+ flxi): (l+cY - 0+mi)2 - k (3.12)

If a and ~ are chosen so that the expression under the square root is

negative for sll ii, then all Qi wild be complex and, more importantly,

all Cli will be identical.

*We are assuming that the second order procedure of (3.9) is equivalent
to applying some matrix with eigenvslues Qi to only the previous iter-
ate. We then choose the parameters such that this is true.

-23-



In particular, the choices

1+0! -CD+ (.UX.=
m

2*

1+0! -U)+(DX =
o -2fi

give c%and a

(2=

u.)=

(3.13)

\

(3.14)

This choice of parameters} which makes tie square root of (3.12) negative, ‘

or zero, yields

\

(3.15)

The eigenvalues Qi are complex, but all have the ssme absolute value.

~US, all. error modes are decreased at the same rate. Note that Qi isII
alwayssmaller than the maximum of Lo and IXml. Consequently, the pro-11
cedure is always more rapidly convergent than the Simultaneous Iteration.

-24-



If estimates of the minimum and maximum eigenvalues (xo, Am) for Eq. (3.14)

are not exact, it is best to estimate Lo lower and Am higher to assure the

Qi being complex and therefore all modes decaying at the same rate.

Actually, the

totically) because

E(o) but require a

situation of Eq. (3.10) is never achieved (except asymp-

of the first mesh sweep. We estimate the initial error

second iterate E
(-1)

in Eq. (3.9) differing from E
(o) by

Eq. (3010). As only the norm of Cliis known, the initial iterates cannot

be picked appropriately. Thus the convergence rate indicated by Eq. (3.15)

is approached asymptotically only as p ~cm .

In the literature, this method has generally been called Second Order——

Richardson. We will refer to it here as Second Order Simultaneous ItersA——

tion.

(The authors were unable to find an advsntage in third order extrapola-

tion. The optimum scheme would seem to have been obtained using a second

order efirapolation.)

Extrapolated Successive Iteration

The

the same

extension of Successive Iteration, Eq. (2.5), can be achieved in

way as for the

X(pl.l)
= &’)

Simultaneous Iteration, by

- t

X(P) + LX(P+l) + ~x(p) + s “-1 (3.16)t

where u is the extrapolation parameter. As for the

(3.16) is obtained when the latest estimates of the

basic iteration, Eq.

unlmowns are used in

-25-



the Extrapolated Shmil.taneousIteration, Eq. (3.2). Successive Iteration

is obtained whenever o = 1, and the terms Under- or Over-relaxation apply

as u is less than or greater than 1. Equation (3.16) can be rewritten as

[ 1X(W1) = (I+u& (l-U) I-KIIJX(P)- (l+@ -lUJ~ (3.17)

For the error we have

*(P++) = (I +&)-l
[ )
(1 - u)I - (NJE(p) (3.18)

\

There seems to be no clear procedure for writing (3.18) in terns of the

eigenvalues hi. Consequently, it is almost impossible to optimize the

iteration procedure in the general case. However, for an important par-

ticular case, when the matrix A results from using a five-point difference

equation, the matrix of (3.18) is such that o can be optimized. In that

instance, Extrapolated Successive Iteration becomes a powerful method, as

will be seen in Section 7.

-26-



4. ‘BE METHOD OF TSCHEBYSCHEFF POLYNOMIALS

In Simultaneous Iteration, the repeated application of a matrix M to

an error vector results in the application of Mp to the initial error vec-

tor.

find

We now consider the application of a general polynoms.1GP(M) and

that Tschebyscheff Polynomialsare optimum for convergence.

In Simultmeous Iteration, the iteration matrix M . -(L + U) is ap-

plied to each iterate

(4.1)

The true solution, ~, satisfies Eq. (4.1) exactly; i.e.,

x= Mx-s-— -

As in Section 2, the error, E(P), associated with the iterate, x(P), is

defined by

and satisfies

-27-



E(P) = *(P-l)

Writing x(p) and E(p) in terms of the initisl

~(o) - -
gives

approximation

X(P) = Mp x(0) - (l+ M+#+ . ..+ MP-l)s. ,-

.
and

E(P) = Mp ~(o)

For convergence, all eigenvalues of M must be less than 1.

(4.2)

~(o) ~d

(4.3)

(4.4)

Consider the case

applied to the initial

qf Eq,.(4.4). Then we

E(p) = GP(M)*

where the pth

error, rather

would have

E(o)

degree polynomial in M, GP(M), is

than the particular polynomial, Mp

(4.5)

This will give an improvement in convergence rate if the polynomial GP(M)

reduces the slowly decaying modes of M more rapidly than does Mp. It iS

rather well known that such a polynomial exists and is given in terms of

Tschebyscheff’s polynomieil.s(Refs. 5 and 7). First, however, we discuss

methods whereby a genersl polynomial can be applied.

-28-



Methods

A semi-iterativeprocedure for applying a polynomial to an initial

approximation consists of generating the Simultaneous Iteration iterates

and forming a polynomial as a linear combination of them. Considering

only the error, denote the Simultaneous Iteration iterates by#p), and

(P)ethe resultant approximation by~ We have

and

1?
E(P) =

I-
-(i) = pai E

I

a MiE(0)
i—

i=O i=l

=GP(M) E(o)
.

(4.6)

(4.7)

(4.8)

where the ai are real coefficients. The polynomial obtained depends

upon the choice of coefficients a..
1

A second procedure for generating the polynomial is purely iter-

ative in nature; namely,

-29-



E(P) = ~(P-l) +U

[

~(P-1) - ~(P-1)
P- 1

P
= ~T’ (l-u)i M-ai) E(o)

=

=GP(M) E(o)

&ah, the Gp(M) is

‘i “

In both of the

erty

GP(I) =1

(4*9)

(4.10)

(4.11)

(4.12)

completely dependent upon the choice of parameters

above cases, the generating polynomial has the prop-

(4.13)

ln actusl computation we do not work with the errorj but with the

function itself. Using similar notation, the semi-iterative method has

the form

;(P) = &(P-l) -s

~(P)=pa #i)

I i-
i=o

(4.14)

(4.15) I
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*
and the iterative procedure

X(P)

[

=x(p-l) +U ~(p-l) - ~(p.l) - ~
P- 1 (4.16)

There are other similar iterative procedures which lead to a polynomial.

in M operating on an initial error.

Tschebyscheff Polynomials

Flanders and Shortley (Ref. 5) prove the following theorem:

Theorem: The pth

maximum absolute value

degree polynomial in u, Sp(u), having the minimum-

for u real and in the range -1 <a <+1, and nor-

malized such that Sp(mo) = 1 for some @o > 1 is given by

Tp(d

‘P(”) = ~ (4.17)

where TP(0) is the Tschebyscheff Polynomial. ‘I!hedenominator of Eq. (4.17)

is constant and achieves the desired normalization.

The Tschebyscheff Polynomials, Tp(m), are definedby (Ref. 10)

Tp(a) = -1
Cos (p Cos u) lo] c1

(4.18)
Tp(u) -1

= cosh (p cosh O) lull>1

*
Essentially Extrapolated Simultaneous Iteration, Eq. (3.4) with var-
iable u.
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Tp(u) can he expressed as

()- gU.P(l -

or,

i-w

a polynomial

()(D2)+ ; (J-4(1 -.2)2
23

a)

using simple trigonometric

recursion relation!

+ ● *O (4.19)

identities, can be written in the follow-

From (4.18) we have

Tp(-l) =+-1 p even

Tp(-l) = -1 p odd

Tp(l) =+1 p even or odd

(4.20)

(4.21)
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optimum Polynomia

Using the previous theorem, the optimum polynomial cam be deter-

mined. The matrix M has eigenvslues bounded absolutely by 1 (otierwise

the Simultaneous Iteration would diverge).

If, further, the assumption is made that &l-lthe eigenvalues of M

are real, then

-l<b~k<a<l (4.22)

for all A. Thus the conditions of the theorem can be obtainedby shift-

ing the range of the interval (ajb) to (-1,1), using the transformation

(4.23)

ll(A)=2k;:;b

where V(A) are the eigenvalues of the matrix U(M)

M. From Eq. (4.23) one notes that

~(a) = +1

~(b) = -1

corresponding tohof

(4.24)

y(l)=p+’p >1
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Using the theorem and the

ynomial to be determined is

nomslization of

[

~ 2M - (a + b)I
TP[U(M)] P a - b

GP(M) =
1

TPIU(I)] =

‘?[2 ~ ~~ b]

Eq. (4.13), the pol-

and the error for the pth iterate, from Eq. (4.5), is

The maximum absolute value of the numerator

convergence is

E(P)

In comparison,

E(p)

D. Young (Ref.

least a factor

much better.

governed by the denominator,

Simultaneous Iteration gives

< # E(o)
. . .

(4.25)

(4.’6)

Of Eq. (4.26) iS 1. ~US,

and

(4.27)

(4.’8)

6) established that the convergence rate of (4.27) is at
—

&better than tiat of (4.28). Actually, it might be
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!lhepolynomial method, on the other hand, requires more work be.

cause the coefficients, as well as the iterates, must be calculated.

This is not very significant. Shortley (Ref. 7) estimates that the

computing time is of the order of #2 were N is the number of equa-9

tions of the system. This tends to be optimistic, but is somewhat

more qualitative.

If the matrix A, Eq. (2.2), is symmetric (or can be made so by pre-

multiplication by a positive definite matrix), then the M obtained for

Simultaneous Iteration (2.4) has real eigenvslues. If the Successive

Iteration matrix has real eigenvalues, the application of Tschebyscheff

Polynomials results in an increased convergence rate. In general, how-

ever, it is not clear that the eigenvalues of the Successive Iteration

matrix are real.

Choice of Parameters

In order to generate the Tschebyscheff Polynomials, the iteration

parameters of Eq. (4.7) and Eq. (4.9) must be determined.

The coefficients of the semi-iterative procedure are obtained by

expressing the Tschebyscheff Polynomials in polynomial form and matching

coefficients.

For the iterative procedure, Eq. (4.9), the roots of the Tschebyscheff

Polynomial and the generating polynomial, Eq. (4.11),are matched.

The roots of TP(v), IvI < 1, are

k = o, 1, 2, .... P-1 (4.29)

-35-



Thus, for the transformed roots, Eq. (4.25), we have

2A -a- b~= a-b 211+1*= Cos —
2p

k= o, 1, 2, .... p-l (4.30)

or

A=;
[ 1

2k+lfla+ b+(a-b)cos —
2P

k =o, 1,2, .... l-l (4.31)

Similarly$ the roots of the general polynomial, Eq. (A.11), occur when.

ever

(4.32)

or

ak-l~.— (4.33)
‘k

Matching Eq. (4.31) and Eq. (4.33) gives

{[

1 z?k+l -1

‘k= l-Z 11a+ b+(a. b)cos —
2P

k =0, 1, 2, ..,.,p- 1

-36-

(4.34)



Both procedures have different coefficients for different orders p

of the polynomial. The usual procedure is to estimate in advance &e”re.

quired p snd then calculate the appropriate

that the estimated is not large enough to

tion, then the cycle can be repeated. This

generating the larger polynomial initially,

of the method.

coefficients. If it turns out

give the required error reduc-

is not, however, as good as

and is clearly a disadvantage

A second disadvantage is the susceptibility of the method to large

round-off error (Ref. 7). This occurs because the coefficients u< and

ai may be very

One means

inates both of

(Ref. 4, p. 9,

A

large.

of generathg the Tschebyscheff Polynomials which elim-

Iiheseproblems is to use a second order iteration scheme

and Ref. 24), such as

X(P) = X(P-l)

[
+a Mx(p-1)-&-’)

P-

Such a form is plausible because of

-1[.s +@ ~(P-1)-x(P-2)
P- 1 (4.35)

the known recursion relation Tp(~),

Eq. (4.20). Again the error reduction is taken as in Eq. (4.26)

TP[U(M)1 E(o)
E(P) =

TPIU(I)1-
(4.36)

which, when substituted into the error equation restit~ fromEq. (4.35),

yields, upon rearranging,
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TP[U(M)] = (l+apM-c$+~p)

Equating the coefficients of

tion gives

and

TPIU(I)]

TP-2[U(I)1

TPIU(I)]
TP-l[U(M)1

Tp-l[u(d 1

TP-2[U(M)] (4.37)

L

Eq. (4.37) with those of the recursion rela-

@p =
TP-2[U(I)]

TPIU(I) ]

(4.38)

(4.39)

The first two values of the Tschebyscheff Polynomials (4.2o) are satisfied

if the following choices are made

2
%=2-a-b

(4.40)

Pl=o
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Us@g the values of ap and f3pgiven by Eqs. (4.38), (4.39), md

(4.40), a set of iterates ~
(P) is generated in Eq. (4.35) s~h fiat

Eq. (4.36) is obtained at each step. Round-off clifficulties are

greatly reduced, as the coefficients are order 1=
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5. I!LOCKOR IMPLICIT ME’IHODS

It is sometimes advantageous to advance a set or block of unknowns

simultaneously. The equations are implicit if each of the unknowns.of

the block depends upon the other unknowns of the block. !Ihemethod of

solving these implicit equations depends, of course, upon the structure

of the matrix. Usually they must be solved simultaneously. In that

case, the blocks should be chosen so that the solution is simple and

the round-off errors are small.

The ideal procedure would be to obtain the exact solution by solving

all the equations simultaneously as a single block. However, this is im-

practical for a general system of # non-zero coefficients because of

round-off errors. On the other hand, if there are of the order of only

N non-zero coefficients, such a procedure might prove feasible if round-

off is not large.

If each block consists of just one u@mown, then the procedure is

identical to the “point” methods of the previous sections. Also, if the

equations of a block are uncoupled (i.e., each unknown does not depend

won the other unknowns in the block), then each unknown can be ~itten

e~licitly in tezms of previous iterates and the method is identical to

the corresponding point method (Ref. 17).
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One can have simultaneous and successive block methods as discussed

in Section 2, as well as extrapolation of these basic procedures as in

Section 3.

As an example,,

Eq. (2.1) such that

knowns of the first

assume that each block involves k unknowns.

the first k equations have the coefficients

-x-
block on the main diagonal, and the second

Order

of k un-

set of k

equations has the coefficients of the k

the main diagonal, etc. Then Eq. (2.2)

unknowns of the second block on

can be written (Ref. 17) as

(5.1)

where the matrix D is formed from the (k x k) matrices of coefficients of

unknowns in the blocks. The matrices fland~ are the remaining lower and

upper triangular matrices which couple unknowns within a block to unknowns

outside the block.

Corresponding to Eq. (2.3) for the basic fozm, we have fromEq. (5.1)

(5.2)

Analogous to Eq. (2.4) for Simultaneous Iteration, we have Simultaneous

Block Iteration

-x-
As discussed in Section 1, each equation
coefficient of which appears on the main
Eq. (2.2).

distinguishes

(5.3)

an unknown,the
disgon~ of the matrix A-of
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or

Jp+l) =
-D-l(~+ti)&p) - D-l S “(5.4)

Similarly, from Eq..(2.5) for Successive Iteration, we have for Succes-

sive Block Iteration

or

(5.5)

(5.6)

As before, the error obeys these same equations with the source term

absent. The characteristic equations for the error matrices become

Simultaneous Block Iteration: detl~+~+hDl=O (5*7)

Successive Block Iteration: detl~+X(D+~) =0 (5.8)

with arrays corresponding to Eqs. (2.13) and (2.14). In particular, if

k= 2 (still assuming aii= 1)
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Simultaneous Block Iteration:

A. %2 33 a14 “ “ “

a23 a24 “ “ “

a31 a32 %
ka34 . ● ●

a41 a42 ‘a43 h

● ✎

● ●

ad. an2

Successive Block Iteration:

%2

h

32

‘a42

.

.

Aa
n2

%3 %4 “

a23 a24 “

L %4

ka43

‘Ihebasic block methods csn be

point methods. Thus for

have

.

●

●

aln

a2n

.

.

).

ha
n, n-1

I

(5.9)

= o (5.10)

extrapolated as in Section 3 for the

Extrapolated Simultaneous Block Iteration, we
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or

Jp+l) .

and for the Second

[-

X(P) -@-l ~(P)

Order Simultaneous

+s-1
Block Iteration

(5.11)

(5.12)

Jp+l) =&) [+a y-+-
l-oD-1[*(p)+4 ‘5013)

,
SinrC1.arly,for Extrapolated Successive Block Iteration

Jp+l) =&) - CDD-’
[-
~b) +~xh?+l)+fyx(p)+ s1 (5.14)

The parameters and eigenvalues and the

Section 3 were dependent on the eigenvslues

-1 ‘- -

extrapolated procedures of

of the Simultaneous Iteration

matrix equation (2.13). Similarly, the parameters of the extrapolated

in@icit methods are dependent on the eigenval.uesof the Simultaneous

Block Iteration matrix equation (5.9). In fact, the parameters and

eigenval.uesare the same functions of the Simultaneous Block Iteration

eigenvalues as tie corresponding parameters snd eigenvalues of the

point extrapolations are of the Simultaneous Iteration eigenvslues.
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The extension to Polynomial Implicit Methods is immediate if

Eqs. (5.1) and (5.2) are used, rather than Eq. (4.1). The parameters

obtained are those of Section 4 with the Simultaneous B1OC1CIteration

eigenvalues replacing those of the Simultaneous Iteration.
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6. VARIATIONAL METHODS

In considering the variational methods for solving the system given

byEq. (2.1)

A2J+s=o (6.1)

we assume that the matrix A is real, symmetric, and positive definite;

i.e.,

a z.
ij = Ij = aji

andforanyx#O

I aij ‘i ‘j>0
i,j

(6.2)

where the bar denotes complex conjugation. An arbitrary vector, x (P),

will.not, in general, be an exact solution of (6.1) but will generate a

residue, r(P), defined as

(6.3)
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If A is symmetric, the system of Eq.

clientof a quadratic function

F(X)=~ZO&+~eZ

solving Eq. (6.1) is equivalent

for an arbitrary trial vector, ~ (P),

(6.1) can be written as the gra-

(6.4)

to min.imizingF(~). In particular,

the residue is

(6.5)r(P) = ~(P) + ~ .
[1

()GradF x p—.

ByEq. (6.5), the residue, r(P), is normal to the surface of the ellip-

soid defined by Eq. (6.4) in the N-di.mensionslspace of the elements of

x.

(IfQp) is some arbitrary direction andu some arbitrary constant

p (P+l)dependent upon p, then the iteration scheme for x can be defined as

Jp+l)
= y +0 m(p)

P–
(6.6)

Equation (6.6) states that the new iterate is given by the old iterate

plus some “correction”vector.

me variation&L methods amount to choosing an up such that the quad-

[1
ratic function F x

(ml)
~ given by Eq. (6.4), will be a minimum for a

given direction ~p) . Consider Fig. 6.1, which represents the intersec-

tion of a plane definedby~ (P) and r(p) =d the surface F(=) = constant.-.
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The

F(x) =C,

Fig. 6.1

tip of the vector ~(p) “appears as a point in this plane.

[1

(1
The minimum F x w ) is tangent to tie direction ~ (P) and the new

residue, &’) ,isthusnormalto~ (P)● We have

,(p+l)
- y = A&@‘E- [~(p)‘4 ‘I=(W1) -~(p)l

or by Eq. (6.6)

r(p+l) = r(P) + (DPA&)

Choosing ~(wl) and ~(p) as above implies

(6.7)

J?’@ . ~(P) = r(P) . ~(P) + U)PAm(p) . ~(p)=, (6.8)
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