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ABSTRACT OF THESIS
THERMAL-HYDRAULIC ANALYSIS TECHNIQUES FOR
AXISYMMETRIC PEBBLE BED NUCLEAR REACTOR CORES

The pebble bed reactor's cylindrical core volume contains a random
bed of small, spherical fuel-moderator elements. These graphite
spheres, containing a central region of dispersed coated-particle
fissile and fertile material, are cooled by high pressure helium
flowing through the connected interstitial voids. A mathematical
model and numerical solution technique have been developed which allow
calculation of macroscopic values of thermal-hydraulic variables in an
axisymmetric pebble bed nuclear reactor core. The computer program
PEBBLE is based on a mathematical model which treats the bed
macroscopically as a generating, conducting porous medium. The
steady-state model uses a non]inear Forchheimer-type relation between
the coolant pressure gradient and mass flux, with newly derived
coefficients for the Tinear and quadratic resistance terms. The
remaining equations in the model make use of mass continuity, and
thermal energy balances for the solid and fluid phases. None of the
usual simplifying assumptions, such as constant properties, constant
velocity flow, or negligible conduction and/or radiation are used.

PEBBLE solves a coupled set of nonlinear finite difference equa-
tions, derived by integrating the corresponding nonlinear elliptic
partial differential equations over a finite area, based on assump-
tions about the distribution of the variables between the nodes of the

grid. This approach ensures that conservation laws are obeyed over

ix




arbitrarily large or small portions of the field. In addition, this
approach is most appropriate for a macroscopic porous medium model of
the packed sphere bed, which already includes the assumption that the
variables in a given bed volume are well characterized by
macroscopically-averaged values. The finite difference equations are
solved by a successive substitution technique.

The code has been used to analyze the full-scale mockup of the
Oak Ridge National Laboratory's Pebble Bed Reactor Experiment, and the
flow predictions have been compared with data. The code PEBBLE is
shown to predict distributions of velocity and pressure adequately for
high Reynolds number flows in packed sphere beds. A fully coupled
thermal-hydraulic analysis of a large power reactor design has also
been completed, using calculated fission power profiles. The code
calculated a mixed-mean outlet coolant temperature which is within one
degree K of the analytic value. Limitations of the code, and its
ability to calculate the distributions of the thermal-hydraulic

variables in large pebble bed power reactors are discussed.

Kenneth R. Stroh

Department of Mechanical Engineering
Colorado State University

Fort Collins, Colorado 80523

Fall, 1978



I. INTRODUCTION
A. Pebble Bed Nuclear Reactor Concept

On October 11, 1945 Farrington Daniels filed a U.S. Patent appli-
cation (granted October 15, 1957) describing a nuclear fission reactor
using uranium carbide as fuel, graphite as moderator, thorium as fertile
material and helium as the coolant [1]. The fuel and moderator were to
be roughly spherical pebbles (+0.02 to 0.07 m in diameter) randomly
arranged in a “"pebble bed." Means were provided for charging at the top
and discharging at the bottom, in part or in whole, at intervals as
required. Coolant was assumed to pass uniformly through the entire cross
section of the pile.

Since that time, work on the pebble bed reactor (PBR) concept has
proceeded worldwide, primarily at the Oak Ridge National Laboratory
(ORNL) in the early 1960's, and more recently in the Federal Republic of
Germany. The program in Germany has seen more than nine years of
operation of the 15 MW(e) Arbeitsgemeinschaft Versuch-Reaktor GmbH (AVR)
reactor and the on-going construction of the 300 MW(e) Thorium High
Temperature Reactor (THTR). In February, 1974 the mixed-mean outlet
temperature of the AVR was increased to 1223 K without major problems,
raising the possibility that a pebble bed Very High Temperature Reactor
(VHTR) could supply helium at temperatures appropriate for process heat
applications [2,3]. A section of a large PBR core is shown in Fig. 1.

The latest German designs use a spherical fuel-moderator element
with small particles of fissile (or fertile) material, coated with

pyrolytic carbon or SiC, embedded in a graphite matrix. In the
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reference fuel, the coated particles are dispersed throughout the 0.05 m

diameter central region of the 0.06 m diameter graphite ball. In the

advanced fuel-moderator element design the coated particles are dispersed

in a spherical shell within the graphite ball. The fuel-moderator
element types are shown in Fig. 2.

The bed is cooled by helium at an inlet pressure of about 4 MPa
flowing downward through the core. The pebbles also flow slowly downward
due to the continuous addition of fresh elements to the top of the bed
and continuous removal of spent elements from the bottom of the bed.

Most designs are based on the Once Through Then Out (OTTO) fuel cycle, in
which the fuel elements reach their design burnup in a single pass
through the reactor core. This fuel cycle, combined with downflowing
coolant, results in approximately 90% of the thermal power being gen-
erated in the upper half of the core. Thus, near the outlet, where
pebble surface and coolant temperatures are highest, internal generation
is Tow. This results in acceptable maximum fuel particle temperatures
~and temperature gradients for very high helium temperatures at the core
outlet.

B. Motivation of the Study

The Systems Analysis Study for Nuclear Process Heat is an on-going
program in the Reactor and Advanced Heat Transfer Technology Group of the
Energy Division of the Los Alamos Scientific Laboratory (LASL). A task
of the program has been the development of appropriate calculational
models for the analysis of various nuclear process.heat systems. The
status of the PBR thermal-hydraulic modeling effort is the subject of
this paper. Sufficient detail is included to allow this paper to serve

as a user's manual for the computer code PEBBLE.
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The near-term requirements of the code are that when given the axi-
symmetric power distribution (from an existing neutronics model), the
core geometry, and the helium inlet temperature, pressure and mass flow
rate (from design information), the following steady-state information
can be calculated:

1)  the axisymmetric coolant velocity distribution,

2) the coolant pressure distribution and overall core pressure drop,

3) the distribution of coolant bulk temperature, and

4)  the distributions of pebble average surface temperature,

fueled/unfueled interface temperature, and maximum fuel

temperature.
The task requires a numerical model which includes all important trans-
port mechanisms, which is flexible enough to handle wide ranges of param-
eter variation as required by sensitivity analyses, and has the potential
for eventual coupling to the neutronics model. Though specifically
oriented toward nuclear reactor analysis, the techniques developed may be
adaptable to many chemical engineering processes involving fluid flow

through packed beds.




II. REVIEW OF THE LITERATURE

A. Introduction

Extensive literature exists in the chemical engineering journals
regarding the flow of gases, the transfer of heat and mass, and the
pressure drop in fluids flowing through packed beds. Most existing
reaction engineering analyses, however, are for stagnant beds, for Tow
Reynolds number flows or assume plugflow of the gas. The heat transfer
analyses reported generally have no generation term (or at most a surface
reaction), some neglect turbulent mixing, and many assume the solids
temperature equals the gas temperature. No analysis was found which
approached the complexity required in a pebble bed nuclear reactor anal-
ysis, however, many portions of the mathematical model have been pre-
viously derived. A partial review of the applicable literature published
prior to 1975 has been performed by Badur and Giersch [5]. Techniques
for the thermal-hydraulic analysis of a nuclear PBR have been developed
in Germany, but the methodology (mathematical model or numerical method)
has not been reported in the open literature.
B. Packed Bed Fluid Flow and Pressure Drop

Exact mathematical modeling of a packed bed reactor system is impos-
sible, as the arrangement assumed by uniform spheres in a container with
a sufficiently large bed to ball diameter ratio cannot be predetermined.
Any approach which attempts to describe the bed geometry on a scale on
the order of the particle diameter, introduces a regularity into the
packing which does not physically exist. This can be avoided by treating
the bed macroscopically as a porous medium; that is, each region of space

contains a mixture of both a solid phase and a fluid phase, with the



respective fractions of each phase determined by a volume-averaged
distribution of the phases representing the physical packed bed.

Though purely statistical approaches to porous media flow, such as
random walk models [ 6,7 ] and random media models [ 6,8 ] hold promise for a
fundamental understanding of the flow phenomena, results to date are
inconclusive. The complexity of these models makes coupling of the fluid
flow and heat transfer problems impractical. |

It is more appropriate for engineering analyses to calculate the flow
from differential equations. Though originally empirical, these differ-
ential equations have recently been derived theoretically[9,10]. Num-
erous solutions to porous media flow problems are available based on
Darcy's law and various intuitive extensions thereof. Darcy's law states
an empirical linear relationship between the flow rate and pressure
gradient such that “the volume rate of flow is directly proportional to
the pressure drop and inversely proportional to the thickness of the
bed." It was observed very early that this linear relationship is only
valid for the “seepage velocity" domain. Various investigators place the
upper limit for validity of Darcy's law at Reynolds numbers, based on the
particle diameter and superficial velocity (a velocity based on a void
fraction of 1.0) of from 1 to 10 [6].

High velocity porous media flow analyses have most often used a

quadratic equation of the type first proposed by Forchheimer [6 ]

AP _ 2

for the non-linear flow regime, where V is the fluid velocity, P is the

fluid pressure, L is the length of the medium, and a, and a, are

2
factors which depend on both fluid and porous medium properties.



Ahmed [10] has derived a macroscopic one-dimensional Forchheimer-type
equation from a dimensionless form of the turbulent Navier-Stokes equa-
tions. This analysis assumes an incompressible fluid and steady flow
without body forces. He argues that the kinetic energy dissipation due
to turbulent fluctuations is very small (~5%) compared to the energy
represented by convective accelerations, and assumes the turbulent losses
can be safely ignored for flow through porous media. The resulting

equation is of the form

&t b By o+ §vY (2)
where x is the spatial coordinate, D is a characteristic length for the
flow, b] and‘b2 are factors dependent on media properties, and n
and p represent the fluid dynamic viscosity and density, respectively.
The origin of the terms in Eq. (2) indicates that the linear term repre-
sents a flow resistance due to viscous shear. The quadratic term
represents losses caused by separation, and sudden enlargement of the
flow area, as the fluid traverses the continuously changing interstitial
pore geometry. Throughout this paper, the terms a]V and a2V2 in
Eq. (1) are referred to as the linear and quadratic resistance terms.
The most frequently used (and recommended) Forchheimer-type equation

is the semi-empirical Ergun equation [11],

L 3 2

AP d-e [150 () o+ 175 2 vz], (3)
€ p
p

o,

where V is the superficial velocity, € is the bed void fraction and dp



is the particle diameter. The equation is formed by adding the Blake-
Kozeny equation for purely laminar (viscous) flow through a porous medium
modeled as an assembly of capillaries, to the Burke-Plummer equation
derived for the fully turbulent 1imit in a capillaric medium.

In recent years there has been a growing interest in the development
of modeling equations for representing flow ma]distribution in packed
beds, primarily in chemical catalytic reactors and iron blast furnaces.
There has been general agreement in the literature that the mathematical
models of such systems make use of the differential, vectorial form of
the Ergun equation. See for example Radestock and Jeschar [12,13], and
Stanek and Szekely [14-16]. Moreover, in recent papers, Szekely and
Povermo [17] presented direct experimental evidence for the validity of
this approach.

The differential, vectorial form of the Ergun equation may be written

as

o= ST (kg t ok, (V] (4)

where the functions k] and k., can be deduced from Eq. (3). In recent

2
papers, however, Shvydkii, et al. [18] suggested that this form is an
oversimplification. They argued that the terms on the right-hand side of
Eq. (4) represent a flow resistance, and that inertial terms should be
explicitly included. When written in two-dimensional axisymmetric cylin-

drical coordinates, the equations proposed by Shvydkii take the following

form

oV oV k k
_r cr .1 3 1 . 2 (5)
vr ar * VZ 9z por ) Vr‘ p Vr‘ Vs
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and
oV oV k k
: z 12 Ny, R
Ve 3w t V237 T p 9z 0 v, 0 V.V, (6)
where
_ 2 2,0.5
vV = (Vr +V, ) (7)

They did not present a numerical solution of the full set of equations
containing these inertial terms, but assumed irrotational flow, making it
impossible to compare directly the results obtained from the two differ-
ent formulations given by Eq. (4) and Eqs. (5-7).

Choudhary, Propster and Szekely [19] have performed numerical experi-
ments to allow direct comparison of the two flow models. They noted that
in contrast to the laminar Navier-Stokes equations, where one would
expect the inertial terms to predominate at high velocities (and at a
distance from solid surfaces), the terms on the left- and right-hand
sides of Egs. (5) and (6) are both of the order (V2), making it
impossible to draw conclusions readily regarding the relative importance
of these terms. As expected, the two solutions are essentially identical
for parallel flow through uniformly packed beds. As a critical test,
they performed an isothermal flow analysis of a blast furnace with
alternate "V" shaped layers of different size packing, where the fluid
was introduced through a side stream nozzle (perpendicular to the exit
flow direction). They reported that the two flow models gave quite
similar results, with the differences between calculated point values of
the velocity ranging from 2 to 12%. They concluded that the calculated

difference would be difficult to detect experimentally. The inclusion of
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these inertial terms greatly increased the computational labor, and they
questioned whether the refinement in the calculation justified the
additional effort for the majority of engineering calculations. It can
be noted that the flow maldistribution in the blast furnace problem is
more extreme than would be expected in a pebble bed nuclear reactor core,
even with radial power peaks and hot-spot formation.

Early pressure drop studies through sphere beds intended to mock-up
pebble bed reactors indicated, however, that the Ergun equation consider-
ably over-predicts the pressure drop in the Reynolds number range of

interest. Defining a friction.factor

pe (B2)/ (), 9

offers a basis for comparison of the Ergun equation with pressure drop

data from Denton [20] and the ORNL Pebble Bed Reactor Experiment (PBRE)
[21]. Figure 3 shows this comparison in a plot of friction factors
versus Reynolds number. The Reynolds number used throughout this paper
is based on the superficial mass flux, G = pV, and the pebble diameter,
dp, so that

G d
Noo = TE : (9)

C. Packed Bed Heat Transfer

The rate of heat transfer in a generating, conducting porous medium
with a flowing fluid phase is controlled by a number of mechanisms,
including bulk movement of the fluid, conduction in both the solid and
fluid phases, convective transfer between phases, dispersion of the fluid

in the interstices of the porous medium, and in the case of a gaseous
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fluid, radiant exchange. Because of the complexities of the solids
packing and the interconnected interstitial spaces, a porous medium
approach to thermal modeling is required. Thus, the dependent variables
are the average temperature of the pebble surface and local value of the
coolant bulk (mixing cup) temperature.

Several investigators have derived differential equations for these
temperatures from thermal energy balances on the solid phase, on the
fluid phase, or on a unit volume of the bed containing both phases.
Choudhury [22] has derived ordinary differential equations in his study
of porous-metal nuclear fuel elements, assuming uniform generation,
constant coefficients and negligible radiant heat transfer. Experimen-
tally determined effective thermal conductivities were used. Singer and
Withelm [23] have derived vectorial differential temperature equations
for packed bed chemical reactors, and have presented analytical solutions
for certain restricted cases where constant coefficients can be assumed
and some terms can be neglected.

There are numerous correlations and models in the literature for
packed bed heat transfer coefficients and effective conductivities. One
review by Barker [24] lists 244 references on subjects related to heat
transfer in particulate systems, including fluid-to-particle heat trans-
fer coefficients, mass transfer coefficients, mixing studies and effec-

tive conductivity experiments.



IIT. MATHEMATICAL MODEL

A. Hydraulic Model

In formulating this model, the core volume was treated as a gener-
ating, conducting porous medium characterized by its uniform pebble
diameter, the core diameter ratio, and its void fraction distribution.
In a PBR the bed volume and diameter ratio are both sufficiently large to
allow characterization by a volume-averaged void fraction distribution,
which allows calculation of local macroscopic values of the thermal-
hydraulic variables.

The predominate assumption made in formulating the hydraulic model is
that the coolant flow in a PBR core can be described adequately by a
Forchheimer-type equation, relating the pressure, P (Pa), and the super-

ficial velocity, V (m/s), such that

Up = -V (f +f, V), (10)

where the products f]V and f2V2 represent the linear and quadratic
resistance terms, respectively.

Koida [ 25] has developed expressions for f, and f, so that

f-l = A—E_z' s (]])
eRh
. Bop

fo = 2 > (12)
e R
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where
A and B = empirical coefficients that are constant for a given
particle shape,

Rh = effective hydraulic radius for the flow within the packed

bed (m),
€ = bed void fraction,
¥ = fluid dynamic viscosity (Pa-s), and

0 = fluid density (kg/m3).
R, for a randomly packed bed of spheres is given by [26]

Ry~ (%)T’f? : (13)
where dp = pebble diameter (m). Equation (10) clearly neglects body
forces (gravity) and does not explicitly include the inertial terms. The
body forces may be safely ignored, as their effect is negligible for the
high gas velocities considered here. It is assumed that the inertial
terms can be safely ignored following the study of Choudhary, et al. [19]
discussed in the previous chapter.

Numerical values for the constants A and B in Egs. (11) and (12) of
24.5 and 0.1754, respectively, were calculated using Barthels [27] fric-
tion factor correlation for high Reynolds number gas flows in packed
sphere beds. Equations (10), (11) and (12) and Barthels correlation can
now be expressed as the friction factor defined by Egq. (8). Figure 4
shows the comparison of these friction factors versus Reynolds number
with the information previously displayed in Fig. 2. This model should
not be applied outside the range 103 < Npe < 4 x 104.

If the fluid pressure drop and temperature rise across the bed result

in an appreciable change in fluid density, it is more convenient to
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calculate the mass flux, G = pV, rather than the fluid velocity. Using

G, Eq. (10) becomes

7P o= -8 (gt g, G, (14)
where

g = fi/e s (15)

g, = Tl (16)

Since curl grad = 0, the pressure variable can be eliminated from Eq.

(14); thus
VX [- g (9] + 92 IGI)] = 0. (]7)

The model's equations have been formulated in axisymmetric cylin-
drical coordinates because they allow a realistic representation of
actual physical conditions, and facilitate coupling of this model to the
current neutronics model. Manipulation of Eq. (17) yields the following

scalar equation
‘%’ [‘ (9] + 92 ]é]) GY‘] - ’3—371" [" (g'l + 92 lé‘) GZ] = 0, (18)

were z' and r' are the axial and radial coordinates.
The equation is made nondimensional by the appplication of the

following definitions:
g,' = _ﬁ__’ G* = _L'G:.L * = _92 . (]9)
95 Gy Gry 921N
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where
R = bed radius (m),
L = bed height (m), and
N = inlet plenum values.

Introducing the above definitions into Eq. (18) gives a nondimensional
scalar equation in terms of Gr* and Gz*, the unknown radial and axial

components of E*,

% [(E + G*) g,* Gr‘*] - l— 53,.— [(g + G*) g * GZ*] = 0. (20)

The continuity equation, V8= 0, in nondimensional form and axi-

symmetric cylindrical coordinates is

S|

) 9 =
S <r Gr*) + a5 G6x = 0. (21)

For the purposes of computation, the coupled system of Egqs. (20) and (21)
are replaced by a single equation of higher order for the nondimensional

stream function, y , defined by

G* = _a 9y
r r a9z’
(22)
G * = l _aﬂ)_ .
z r or

When so defined, the stream function inherently satisfies the continuity
equation. Combining Eqs. (20) and (22) gives a nonlinear, elliptical

partial differential equation:
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Because the coefficients are a function of temperature, and the temper-
atures in turn depend on the mass flux, a complete thermal-hydraulic
description results in a set of coupled elliptic partial differential
equations like Eq. (23). The numerical solution method selected [28]
requires that the equations be expressed in terms of the nondimensional

variables in the following form (See Appendix A):

5 9 ] ) 3 9
% [57 (4’ 3“"5) T (4’ 552“')] T a2 [% "%z (°¢ ¢)]
9 r 9 -

where ¢ is the dependent variable,
Y is the stream function, and
a¢, b¢, c¢, and d¢ are functions used as required to make Eq. (24)
and the equation transformed identical.

For Eq. (23), the following functions are used:
d = P, a, = 0, b¢ = (¢ + G*)gz*, and c¢ = 1. (25)

Equations (23) and (24) are expanded and set equal to each other to
obtain the expression for d¢. The resulting general nondimensional form

of Eq. (23) becomes

- L e g B - [ Zer o o 3]

o

+ j%—(g + G*) gy %%— = 0. (26)
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Once the stream function field is obtained, the pressure distribution
follows. Computing the divergence of Eq. (14), with application of the
continuity equation, and applying the nondimensional definitions yields

the following scalar equation:
_3 fx *y 5 f  ap*
ar ;?' ar 3z 3z
(27)

2
G g L
I Y
-[ NI ref’IN ] {gr aaz [(E e 92*] ) —g%% [(F, " e 92*]} "

were P* = P/Pref’ the nondimensional pressure. Equation (27) is in the
form of Eq. (24) where

¢ = P*, a¢ =0,b, =c,_=1, and

(28)
6y 91y L W 9 W 9
Yo TP {ar 2 [(‘5 +E) 92*] "3z %r [(‘5 + 6 92*]} :

Using the coupled set of Eqs. (26) and (27), one can solve for the pres-
sure and velocity distributions within the confines of the bed.
B. Thermal Model

The rate of heat transfer in a generating, conducting porous medium
with a flowing fluid phase is controlled by a number of mechanisms,
including bulk movement of the fluid, conduction in both the solid and
fluid phases, convective transfer between phases, dispersion of the fluid
in the interstices of the porous medium, and radiant exchange. When
different mechanisms have a common driving potential, they may be com-

bined by applying an effective heat transfer coefficient.
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The macroscopic temperature gradient in the solid phase drives a
complex group of heat transfer mechanisms, which operate both in parallel
and in series. These include thermal conduction through the solid peb-
bles, conduction through the stagnant fluid film near the contact point
of two adjacent pebbles, thermal conduction by contact between pebbles
and for a gaseous fluid, radiant heat exchange. The net effect of these
mechanisms can be expressed by an effective thermal conductivity coef-
ficient for the solid phase, kse' The static term, kg, derived by

Kunni and Smith [29] is used in the model, given by:

ke/kg = e (1 +8Nu ) +8(1-c¢) {1/ (}3+ Nurs) ty '—;f] (29)
where
kf = fluid molecular thermal conductivity (W/m-K),
kS = s01id thermal conductivity (W/m-K)
R = geometry factor, here equal to 0.95, and
Y = geometry factor, equal to 2/3 for spheres.

N“rv and Nur_S are Nusselt numbers for radiant heat exchange between

void spaces and between solid surfaces:

1-¢
- . - 3 € r
Nu., = by do/kes b, 4cts/[1 S ey ( : )] . (30)
N = h  d/kes h = agtd [ (31)
rs rs p'f* ‘'rs S Z'Er

where € is the solid surface emissivity and o is the Stephan-

Boltzmann constant, and to is the pebble average surface temperature (K).
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The empirical factor, ¢, is calculated from:

-
!

¢y * (¢] - ¢2) (e - 0.260)/0.216. (32)

When € < 0.260, ¢ = ¢2. When € > 0.476, ¢ = ¢]. ¢] and ¢2 are

given graphically in [29]. Curve fits of these parameters [30] are used

here. For the range

k

msﬁiswm
f
ke \ 0.2426
6, = 0.2770 |+ , (33)
1 K
6, = 0.1293 (&)0'3292
K .

In the fluid phase, heat is transferred between fluid regions at
different temperatures by two mechanisms: molecular conduction and
turbulent dispersion in the interconnected interstitial voids of the
solid phase. These combined effects are approximated by a single effec-

tive thermal conductivity coefficient for the fluid phase [ 23] given by

keg = € ket pcE, (34)
where

¢ = fluid specific heat capacity at constant pressure (J/kg.K), and

E = turbulent thermal diffusivity of the flowing fluid phase

(m/s).
Because the turbulent thermal diffusivity is anisotropic, the fluid
effective thermal conductivity is also anisotropic. The axes of interest
(r,z) coincide with the axes of the principal effective thermal conduc-

tivities.
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The numerical values of E are calculated using the method suggested

by Finlayson [31]. The turbulent Peclet number is defined as
Ny, = ——2 (35)
Finlayson suggests that the radial and axial variations in the local

value of E can be correlated with variations in the axial fluid velo-

city, V_, such that

z
& _ %
v N ?
Z |y Pe,r
and
EZ. = _SE~_ (36)
v NP :
z |, e,z

The radial and axial turbulent Peclet numbers can be easily changed
in the code. At present the radial and axial values are 10 and 2, re-
spectively. These values assume the turbulent thermal diffusivity is
numerically equal to the turbulent mass diffusivity. The turbulent
Peclet numbers above correspond to "consensus" values reported by Deans
and Lapidus [7].

The distributions of local fluid bulk temperature and pebble average
surface temperature can be obtained by the solution of equations derived
from thermal energy balances on the two phases. These balances are based
on the fluid superficial velocity and the total cross-sectional area.
Convective coefficients, generation rates, and thermal conductivities are
corrected for the proper fraction of the bed. A thermal energy balance

on the solid phase results in the following equation:

V. (- Kee v t) +ha, (t,-t)-q = 0, (37)
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where
h = convective heat transfer coefficient (W/mz-K),
a, = pebble surface area per unit volume of the bed (m'1),
tf = local value of the bulk temperature of the interstitial
fluid (K),
ts = local value of the pebble average surface temperature (K), and
q = energy release rate per unit volume of the bed (W/m3).

The terms in Eq. (37) represent, from left to right, effective conduction
in the solid phase, convective transfer between the phases, and internal
generation from fission and decay. Introducing the following nondimen-

sional variables

_ ts _ tf * - CGINL _ kfe
[P v S S e v e e
FIN £FIN FIN FIN
K = kse a*=a L, h*= _ﬂlz_ and q* = —-j——LE— (38)
s T Repy 0 v T Kery Kern TrIn

allows Eq. (37) to be transformed by the same methods and definitions
used to obtain Eq. (26). The result, in axisymmetric cylindrical coor-

dinates is

-3 lrk EI§. I I EIE + h* a_* (T_-T.)-q*|= 0 39
3z s 3z or{ 2 7s 3r r a,* (Tg-Te)-a¥|= 0, (39)

which is in the appropriate general nondimensional elliptic form required
by the numerical solution technique.
Peterson [ 32] has shown that for helium, the specific heat at con-

stant pressure, ¢, can be assumed constant for engineering purposes.
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Assuming ¢ constant, a similar treatment of the thermal energy balance

for the fluid phase yields

.2 3 2 3
c [‘a? (Tf 5%)' 3 (Tf 'a%)]

oT oT
_8_ ___f. -_a_ L __.i - * * - =
Y2 [} Kfz 9z ] or [aZ Kfr ar ] rh ay (Ts Tf) 0, (40)

where it should be noted that the effective thermal conductivity coef-
ficients are anisotropic.
Values for the convective heat transfer coefficient, h, are obtained

from the Jeschar correlation [33] for the Nusselt number, which is

applied locally:

hd 0.5 N
Ne = —B2= g0+ (U=e)y + 0.005 -R& | (41)
Nu kf e 2 Re €

where the Reynolds number, based on the superficial velocity and the

particle diameter, dp, is given by

Re T (42)

The Nusselt number correlation is reported to be valid for Reynolds
numbers between 250 and 5.5 x 104.

The effective thermal conductivities of the solid and fluid phases
are functionally related to the local film temperature, usually the
arithmetic average of ts and tf. This dependence of the coefficients

on the dependent variables makes Eqs. (39) and (40) nonlinear.




26

The computer code based on this model solves Eqs. (26), (27), (39),
and (40) as a coupled system of nonlinear elliptic partial differential
equations. Boundary conditions for the solution of a selected physical
system are specified at r = 0, r = 1, and both z limits (inlet and
outlet) which need not be parallel.

Once the numerical solution has converged and the pebble average
surface temperatures have been obtained, the internal temperatures and
temperature gradients can be calculated. Referring to Fig. 2, let
ry = radius of inner fueled/unfueled interface (equal to zero for

the conventional ball),

radius of outer fueled/unfueled interface (m),

-
1]

pebble radjus (m), and

-
1]

power per ball (W/ball).

O
1]

For the conventional element, the temperatures at ™ and rp, are given by

= Q
t, = +t, , (43)
1 81rksr2 2
and
] 1
t=_Q_(_-_) ‘ot (44)
2 41rkS ry rs S
The temperature gradient at the fueled/unfueled interface is given by
dt . =0

For the shell ball

Q 1 ‘”22“”12 3
_ 1 1
Y T Emk, 3.3 [( 2 )' " (r_ - 'r")] ttp, o (46)

3 (r2 -r
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with t2 given by Eq. (44). The temperature gradient at the outer
fueled/unfueled interface is given by Eq. (45).

The thermal conductivity of the pebble is a function of temperature
and integrated fast neutron flux. Lacking a thermal conductivity model,
a curve fit to an axial distribution corresponding to an idealized OTTO
fuel cycle [34] is used in the code. It is assumed that the thermal
conductivity of the fueled matrix and unfueled graphite are equal. The

function used to fit the data is

[}

-15.37z
k(2) 17. + 20.5e (47)

The resulting distribution is shown in Fig. 5.
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IV. COMPUTER CODE PEBBLE

A. Solution Technique

The finite difference equations used in program PEBBLE were derived
from the differential equations of the mathematical model by integrating
over finite areas, based on assumed distributions of the variables be-
tween the nodes of the grid [28,35]. This approach ensures that conser-
vation laws are obeyed over arbitrarily large or small portions of the
field. In addition, this approach is most appropriate for the macro-
scopic porous medium model of a packed sphere bed, which already includes
the assumption that the variables in a given bed volume are well charac-
terized by macroscopic average values.

The coupled system of nonlinear algebraic equations is solved by a
point iterative method, with the option of under or over-relaxing the
dependent variables as necessary. A Gauss-Seidel method is used, in
which the new values are used in each iteration cycle as soon as they
become available. This method is known to yield rapid convergence and
places low demands on computer storage. Details of the derivation of the
finite difference equations from their differential counterparts, along
with details of the successive substitution formulae can be found in
Appendix A. This method is a modification of the techniques developed by
Gosman, et al. [28]. The code is written in modular form, with the
finite differencing being done by the code. This allows great flexi-
bility, in that equations can be easily changed or‘added.

The user has the option of using either upwind or central differences
for the advective terms (those terms multiplied by ay, in Eq. 24).

Central differences are more accurate, but upwind differences may be

required to ensure the convergence of some equations. This will be
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discussed further in Chapter VI. Properties are updated at the end of
major iteration cycles, and the mesh can be swept for an equation as many
times as desired within each major iteration cycle. References are given
in the code for property models. A subroutine solves the Beattie-
Bridgeman equation of state to recover the coolant density at each prop-
erty update.

The convergence criterion used dictates that the maximum fractional
change in a dependent variable, ¢, in the field must not exceed a pre-

scribed value, that is

I:((D(N) ) d>(N-]))/¢(I\U]max < cc. (48)

where the bracketed superscripts denote the values for the Nth and Nth-1
iterations, respectively. Tests with PEBBLE have shown that changes in
calculated values are insignificant for cc < 0.005.

To recover the mass flux at the axis of symmetry, we note that for a
finite mass flux, the radial derivative of the stream function, ¥, must
approach zero at the same rate as r near the axis. It follows that
the ¥ A r distribution is parabolic near the axis. The program assumes
this relationship holds at grid points once and twice removed from the
axis, allowing the mass flux, G*, to be calculated at r = 0. The mass
flux, G*, is set equal to zero at the impervious wall to approximate the
no-s1ip condition. The presence of G* in the resistance coefficient,
however, then incorrectly leads to a reduced resistance to flow adjacent
to the wall. In the code, therefore, it is assumed that the flow resis-
tance at the radial boundary node is the same as the resistance at the

adjacent interior node.
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The code does not require rectangular boundaries at the z limits of
the bed (inlet and exit). The boundaries are set with the arrays IINLET,
IMIN, IMAX and IEXIT. The successive substitution formula is only
applied from IMIN to IMAX. The code does assume that the grid is defined
so that grid points lie on the boundaries. If the user wants to incorp-
orate non-rectangular boundaries, changes will need to be made in sub-
routines GRID and BOUND, and MFLUX should be checked.

The code is heavily commented and referenced, and was written to be
used by others. A listing of the code, as set up for a coupled thermal-
hydrualic test problem, is provided as Appendix B. The thermal-hydraulic

test problem is discussed in Chapter VI.




V. ORNL PBRE ANALYSIS
A. Pebble Bed Reactor Experiment

Though the ORNL PBRE was never built, a full-scale mockup was con-
structed and extensive velocity and mass-diffusion measurements were
made [21]. The PBRE was designed to be a 5 MW(t) all ceramic, helium-
cooled pebble bed reactor system, with the core volume containing approx-
imately 11700 spherical fuel-moderator elements [36].

The mockup used unfueled graphite spheres, 0.0381 m in diameter,
loaded in a Plexiglas core model. The cylindrical core had an inverted
conical core support plate with an included solid angle of 1200, which
had a central 120° conical ball discharge dome. A free-surface fill
cone at the angle of repose topped the bed. The basic geometry is shown
in Fig. 6. The core had a diameter of 0.762 m, giving a bed to ball
diameter ratio of 20. For experimental Bed 13 (modeled in this paper),
the height from the lowest point of the core support plate to the peak of
the fill cone was 1.35 m. Air was supplied to a plenum structure below
the slotted core support plate, flowed upward through the interstitial
voids in the bed, and exhausted to atmospheric pressure above the fill
cone.

Point velocities were measured above the bed with a hot-wire anemom-
eter, and averaged over all angular measurements at each radial position
to give the mean radial velocity profile. The velocities measured cor-
respond to superficial velocities, and the angular averaging makes com-
parison of measurements with an axisymmetric cylindrical coordinate

prediction reasonable.
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Once a bed was constructed and measurements had been made above the
fill cone, graphite spheres were removed to form flat-topped beds at
three axial positions. Referring to Fig. 6, FC denotes the location of
measurements taken above the fill cone, FT denotes the flat top configu-
ration with the fi1l cone removed, I denotes the intermediate configu-
ration with the upper half of the bed removed, and E denotes the bed
configuration where only the entrance region was filled with spheres.
For each bed, the flow rate was varied to give Reynolds numbers, based on
the pebble diameter and superficial velocity, between 1150 and 9400. The
small bed to ball diameter ratio, and complicated inlet geometry caused
some modeling difficulties, but the PBRE mockup measurements offer the
only experimental data available for relatively large packed beds of
large, uniform-diameter spheres with an interstitial fluid flowing at
high Reynolds numbers.

B. Code Validation Concerns

Normally, code validation relies on analytical solutions, or data
from geometrically simple experiments; in this case, no two-dimensional
analytical solution could be obtained, and no simple experiment was
available. The only comparison that has been made with a known solution
involved modeling an isothermal, uniform-property bed. With constant
pressure conditions at the inlet and outlet, this configuration should
yield a uniform velocity profile (plugflow). The plugflow calculation
uses a rectangular grid, modeling an axisymmetric cylinder with flat,
constant-z inlet and outlet faces, having a uniform void fraction of
0.39. The pressure boundary conditions are based on symmetry at r = 0

and r = 1, and constant pressure at the inlet and outlet, with the inlet
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face value specified at 1.0. Boundary conditions on y at both the inlet
and outlet correspond to parallel, axial flow (i.e. 3y/3z = 0). The axis
of symmetry and impervious radial wall must both be lines of constant ¥.
Because the introduction of y increased the order of the original dif-
ferential equation, one of the y boundary conditions is arbitrary. For
numerical simplicity, we chose the value of ¢y = 0 at r = 0 for all z.
Once the value of y has been set at r = 0, the ¢ distribution for
plugflow can be determined from Eq. (22), by setting G,* = 1 and inte-
grating fromr =0 to r = r. Thus for plugflow, ¥ = 0.5 r2. This
function is shown in Fig. 7. The wall values of y can then be set at
0.5, which ensures that the area-averaged dimensionless mass flux across
each bed cross-section equals unity [16]. For this configuration, pro-
gram PEBBLE calculated uniform velocity flow. The calculated pressure
distribution was consistent with a one-dimensional form of the governing
equation. The solution is well behaved, converging in a stable manner
regardless of the initial guess.

With confidence in the numerical technique gained from the plugflow
calculation, the ORNL PBRE mockup was modeled with PEBBLE. The radial
boundary conditions on ¥ and pressure are the same as for the plugflow
case. The boundary conditions on ¥ at the inlet and outlet correspond to
flow perpendicular to the face; the condition being that the normal
derivative of ¥ is zero. The boundary condition on pressure at the
outlet specifies the value of 1.0, the reference value. In the solution
reported previously [37], the boundary values of pressure at the inlet
were computed using the calculated normal pressure gradient at the inlet,
the appropriate area-averaged value of the pressure for the adjacent

internal nodes, and the appropriate distance normal to the inlet



STREAM FUNCTION FOR PLUGFLOW

14

STREAM FUNCTION ,

36

0-6

0 -4

0-0

T T T T
0-2 04 0-6 0-8 1-0

DIMENSIONLESS RADIAL POSITION, r/R

Fig. 7.

The radial distribution of ¢ for plugflow.
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face. As reported earlier, for Bed 13FCa this resulted in an apparent
error in the calculated core pressure drop of 5.5%, and the calculated
pressure distribution near the inlet did not vary smoothly. Application
of this boundary condition later yielded an obviously incorrect solution
for the coupled thermal-hydraulic problem. It was found in the Titer-
ature [35] that this plausible (and physically correct) technique is
known to cause numerical problems. Since the inlet boundary condition
on Y assumed flow normal to the face, the pressure had to be constant
along the face for a physically correct solution. The new boundary
technique involves applying the above condition at one point, and then
setting the pressure at all inlet boundary points to that value.

The finite difference grid was set up with a constant Ar and a var-
jable Az, so that grid points fell on the inlet and outlet boundaries.
Bed 13FC was calculated on a 21 x 51 grid. The grid definition and
outlet boundary conditions were then adjusted to model Beds 13FT, I, and
E. Bed 13E was calculated on a 21 x 16 grid. The grid for Bed 13FC is
shown in Fig. 6.

A relaxation parameter of 1.285 was used for the calculation of ¥; a
value of 1.0 was used for the pressure recovery calculation. Calculation
of Bed 13FCa for cc = 0.005 required 31 s of CP time using a CDC 6600
computer, the interactive NOS operating system, and the LASL FUN compiler.
C. Void Fraction Distribution in the PBRE

The void fraction, €, in a cylindrical packed bed only achieves the
random packed bed value of 0.39 for very large beds. Since a sphere
makes only point contact with the wall, the void fraction varies from 1.0

at the wall to a minimum at one-half ball diameter from the wall. Its
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value then oscillates before approaching a constant value 5 to 10 ball
diameters from the wall [38-40]. Bundy [21] measured the total void
fraction of Beds 13FT and 13E, reporting values of 0.401 for Bed 13FT,
and 0.366 for Bed 13E. The void fraction distribution used by PEBBLE for
the cylindrical portion of the bed is shown in Fig. 8. This distribution
is based on the DBed/dp = 14,1 data of Benenati and Brosilow [38],
modified by data from measurements on one-fourth scale PBRE models by
Thadani and Peebles [39]. The fill cone void fraction was set to the
nominal value of 0.401, as no data are available for free-surface fill
cones.

The porous medium model is difficult to apply in the entrance region,
which has numerous structural surfaces and contains a relatively small
number of spheres. Bundy [21] measured a large void fraction in the
lowest part of the entrance region, a low value higher in the region, and
a mean value of only 0.366 for Bed 13E. It was believed that the large
value was a result of the wall effect, with spheres in only point contact
with the structure, while the low value was a result of rhombohedral
close-packing (€ = 0.26) at the bottom of the cylindrical bed.

Wadsworth [41] had previously observed rhombohedral packing near the
bottom of flat-bottomed beds.

In the absence of detailed information on the distribution of € in
the entrance region, the void fraction distribution assigned to this
region in PEBBLE was manipulated to give the approximate shape of the
reported velocity profile, causing the flow to enter the calculational
bed in approximately the same manner as it had entered the experimental

bed. The resulting distribution used the area void fraction of the core
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support plate (including no-flow regions) for the value of e at the
boundary and the first two internal grid points (about one-half ball
diameter). Next, a layer of rhombohedral close-packing, one ball
diameter thick, was assumed for the regions above the discharge dome and
the slanted core bottom. The void fraction of the remainder of the
entrance region was set to the measured mean value of 0.366.

D. Comparison of Predictions with Measured Values

Figures 9 and 10 display predictions by PEBBLE for the distribution
of stream function, pressure and velocity in Bed 13FCa of the PBRE mockup
series. Some general observations can be made concerning these figures.
The streamlines are perpendicular to the isobars. When bed properties
change, such as in the entrance region or the fill cone, the flow redis-
tributes in very short distances. In the cylindrical portion of the bed,
where the void fraction in the model varies only radially, the
streamlines are parallel and the flow is purely axial. The pressure
gradient is steeper in the entrance region, where there is denser pack-
ing, than in the remainder of the bed.

Pressure data for the PBRE mockups were reported in the form of
friction factors. For Bed 13FCa, with an inlet Reynolds number of 6275,
the reported value was 5.59. With the inlet boundary technique discussed
in Section B of this chapter, PEBBLE calculated a value of 5.607. The
print output for the analysis of Bed 13FCa is provided as Appendix D.

Figures 11 through 14 compare predictions by PEBBLE for the exit
velocity profiles of Beds 13E-FC with those measured on the full-scale
mockups. The calculated velocity profile at the exit face of the en-

trance region of Bed 13E, resulting from the void fraction distribution



