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Units and Energy Zero

The primary units are centimeters, grams, microseconds,
K (pressure in Mbar, specific energy in Mbar - cm®/g), but
the mole and the system mass Mg (specified by the user) are
also used as the mass unit. The energy unit kcal, prevalent
in the literature at the time the code was made, is used for
a few input and output quantities.

Energies are relative to elements in their standard
states (as defined by the NBS) at T = 0. For elements which
are gaseous under ordinary conditions, such as oxygen, the
typical standard state is the molecular form (0,) in the hy-
pothetical ideal gas state at a pressure of one atmosphere.
For elements which are solid under ordinary conditions, such
as carbon, the typical standard state is the most common
crystalline form (graphite) at zero pressure.

Terms

Contour - Locus of constant T, e, v, or s
CJ - Chapman-Jouguet

CS ~ Conformal-solution mixture rule

EOS - Equation of state

Ideal (part) - Translation plus internal part of the EQS
(Secs. III.B and 1IV.C)

Imperfection (part) - Configurational part of the EOS (Secs.
II1.B and IV.C)

KW - Kistiakowsky-Wilson (EOS)
LJD - Lennard-Jones-Devonshire (EOS)
LH - Longuet-Higgins mixture rule

Lattice (in LJD) - The cold (T = 0) state with all molecules
fixed on their lattice sites

NBS - National Bureau of Standards
Pure-Fluid - Pure species (gas EOS)

Unreacted Material - The unreacted (in general metastable,
as in an explosive) material in the

jnitial state (po, To)




vi

Symbols

Intensive thermodynamic functions

p, T, u - pressure, temperature, chemical potential

Extensive thermodynamic functions

vV, E, H, A, F, S, C_, C_ - molar volume, internal energy, en-
P thalpy, Helmholtz free energy,
Gibbs free energy, entropy, constant-

pressure and constant-volume heat
capacities

v, e, h, a, f, s, c_, ¢, - corresponding sEecific quantities
P (per unit mass)lequal to (n/Mg)
times molar]

Composition

n - total number of moles per My grams of system

ng - number of moles of gas per Mo grams of system

ng - number of moles of solid per MO grams of system

n; - number of moles of species i per M0 grams of system
X; - mole fraction of species i in the gas phase = ni/ng
Xg - ns/n

Intermolecular potential

* *
r o T - minimum-energy radius and well depth

* * 3 . .
V = (N/VE)(r )” - molar volume of fcc lattice with molecules
at distance r

n, m - repulsive and attractive indices

Chemical equilibrium calculation

¢ - number of elements
S - number of species
Q - empirical-formula coefficients
o - species-formulae coefficients
}i - renumberings
S - supersaturation index

Other.

D - detonation velocity
A - AHf (NBS)



Symbols (cont)
Other (cont)

F - "free energy" for equilibrium constants; solid: F =F 4
gas: F. = yu3-RT &n x, (Sec. IV.E) s S

y - (-2 2n p/3 #n v)s - adiabatic exponent

r - v(ap/ae)V - Griineisen coefficient

H - [HO(T) - K| (nBs)

Mo - system mass

N - Avogadro's number

q - heat of reaction, Sec. IV.F
R - molar gas constant

p - density

Z - sum over all species

Zg - Sum over gas species

u - particle velocity

z - pV/RT

Superscript or over

i - jdeal

imperfection
*

NBS tabular function (translation plus internal)

- - average

(1) function (as distinguished from a variable) e.g. p(T,v),
used only when needed to make this distinction

~

(2) decoration, as in F

Subscript or under

-
]

species index

0 - unreacted material in the initial state

g - gas

s - solid

2 - lattice (cold curve) function for the LJID EOS
H - Hugoniot

other subscripts - partial derivative

-~ ~ Vector

. matrix

vii



THE MES CODE: CHEMICAL-EQUILIBRIUM
DETONATION-PRODUCT STATES OF CONDENSED EXPLOSIVES

by
Wildon Fickett

ABSTRACT

The MES code calculates states of the reaction products of
detonation in gaseous or condensed explosives under the assump-
tion of thermal and chemical equilibrium. The products may con-
sist of any number of gaseous species and one solid species.

The condition of equilibrium includes the number of phases: the
solid may or may not be present depending on the current state.
In addition to the primary calculation of the Chapman-Jouguet
state at a specified set of initial densities, the detonation
Hugoniot, and contours of constant temperature, density, energy,
or entropy, each at a specified set of pressures may be obtain-
ed. Al1 of the first derivatives (e.g., sound speed and heat
capacity) are calculated at each point.

The solid equation of state is cone constructed from a given
shock Hugoniot under the assumption of constant Gruneisen coef-
ficient. For the gas, either the ideal gas, the Kistiakowsky-
Wilson, or the LJD (Lennard-Jones-Devonshire cell theory) equa-
tion of state may be used. Several choices of "mixture rules”
for extending the last one, a pure-fluid equation of state, to
mixtures are offered. For LJD, the input data are the parame-
ters defining the intermolecular potentials of the species.

I. INTRODUCTION

The MES code, which performs the calculations described in Refs. 1 and 2,
was made some years ago, became dormant when the IBM 7094 became obsolete, and
has just been reactivated "as is" in response to a request. I make no apology
for things I would now do differently. The only significant changes made in the
code are: (1) the replacement of the original machine-language equilibrium rou-
tine with an equivalent FORTRAN version, (2) the replacement of several relatively
small machine-language I/0 routines by approximately equivalent FORTRAN versions,
and (3) a new scheme of diagnostic printing.




IT. INPUT

The data are entered in packs, each pack preceeded by a CON card. The CON
cards have 2A6 format; only the first two fields are data; the user may enter
comments on the rest of the card. The first two fields, each left justified, are
the word CON and the pack name. Each pack consists of one or more strings, num-
bered sequentially in the write-up; each string consists of one or more cards.
Strings are described by Tisting their fields; alphameric items are underlined.

A few strings, such as the table of initial densities for the CJ locus, and ini-
tial pressures for the Hugoniot and contours, are of indefinite length; these
must be terminated by a zero. Most of the formats are 6E12.7. A few are 12I6 or
12A6; these are marked (I) or (A).

Data for a job (a batch-type submission) are divided into runs. Each run
begins with a CON, PAS card and ends with a CON, REND card. The job ends with a
CON, JEND card following the last CON, REND. Each run has two parts. Part ]
(preliminary), beginning with CON, PAS, generally enters parameters of the con-
stitutive relations. In Part 2, beginning with the first CON, SAM card, the
packs CJ, TED, and PV each specify a complete calculation to be performed immedi-
ately after the pack is read; the user may often want to have more than one of
these packs within a run, as well as additional SAM packs. With a few obvious
exceptions, the packs of either part may be entered in any order.

The input program reads one pack at a time. It expects to find a fixed num-
ber of strings in each pack (even though, under some options, not all of them are
used). If the first card of a pack is not a CON card (usually because the user
has gotten the wrong number of strings in the previous pack), the program reports
an error and skips to the next CON, PAS card and begins reading there. In de-
scribing the input data, the phrase "not used" means that the data cf the field
or string in question is not used by the program under the specified conditions.
It will, nevertheless, be read by the program; the user may enter anything, but a
blank field(s) is suggested. The only exception is that if an entire pack is not
used, it may be omitted.
eRemarks
1. Alphameric constants in the input are given in caps, underlined.

2. Except for the equilibrium calculation, which has its own special order, the
first slot of all composition arrays is the number of moles of solid.

3. There are no prestored defaults. Many standard values must be supplied by
the user under CON, FOB; the standard pack is given in the sample input,



Sec. VI. CON, SWIT, g.v., does have a mechanism for preserving previously

entered items when it reappears.

A, Part 1

oCON, PAS, run label - begin Part 1.

output header.
oCON, blank, comment.
®CON, SWIT - switches.

(1) diff, fix diff, gas, solid, mix, eq, CJ, PV, PVC,
diff - 0 - no action

1

fix diff

gas -

solid -

mix -

0
1
0
1
9
0
1
0
1
2
3
4
eq -0
1
0
1
1

PV -

calculate equilibrium-composition derivatives
at each point

no action

fixed-composition derivatives similarly
ideal-gas EOS

LJD EOS

KW EOS

incompressible

Griineisen EQS

none (pure fluid); omit XIP pack

ideal mixing

LH mixing

CS (conformal solution) mixing
One-FTuid mixing

fixed composition

equilibrium composition

equilibrium CJ condition

frozen CJ condition

s 25 3, 4 for T, v, s, e constant on contours

(see CON, PV)
PVC - 0 - no action

1 - under CON, PV, use last T, p from previous cal-

Two of the switches are set (or reset) elsewhere:

culation instead of input Tc’ Pc

XIP and the PVC switch under COM, PV.

The run label becomes part of the standard

the mix switch under CON,



This pack may also be entered one or more times in Part 2 to change switch
settings between calculations. A negative item means: '"don't store this item"
[use currently stored (last previously entered)] value.
®CON, TIP - ideal thermodynamic functions
1. (I) number of species, degree of fit n.

2. Tmin’ Tmax'
3. g, Aps Ay, -ees 30, 4y BHZ, MHL(T ), [H, (Tg)-Ho1/RT .
Polynomial fit coefficients for [HO(T)-HSJ/RT, enthalpy integration constant
d, heats of formation, and enthalpy at TO. One such string for each species.
®CON, SEP - solid EOS
1. F,"Cp{R, o, Vo’_Tg’ EO/RTO. . . N g
Griineisen coefficient, heat capacity, thermal-expansion coefficient (K '),
initial volume (cm3/mo1e), initial temperature (K), initial energy. For in-
compressible solid, only V0 is used.

2. blank, Cos Cpa Cos C3s Cf. 4 )
Hugoniot fit coefficients: PH(v) =:£: c.(v/vo)1

®CON, GEP - gas EOS (omit pack for ideal gas), LJD EOS

1. (I) potential index (1, 2, 3 for LJ, MCM, MR).

2. mym AL AL, T .
repulsive/attractive exponents, multipliers, well radius r (A = 10
well depth T* (K); r* and T* not used for a mixture.

_]Om),

oKy EOS
1. (I) 9.
2. o, B, 0.

®CON, XIP - Mixture (omit if SWIT mix = 0), LJD EOS
1. (I) number of (gas) species, type.
type - 1, 2, 3, 4 for ideal, LH, CS, One-Fluid;
* *
2. Sy Sts P T n,om. . .
Sps ST - scale factors: multiply all input r by Sy and all input T by Ste

* * * *
s Tr - reference v , T (LH only).
n, m - potential n and m (One-Fluid only); ordinarily same as n, m in
CON, GEP [omit if SWIT gas = 0 (ideal gas)]
3. ¥ - one for each (gas) species.

Jf - one for each (gas) species.



oKWt EOS

1. (I) 9.
*
2. SY" o Ke
3. JSA.
Here ki = [r:/(N/v63]1/3, where k. is the usual KW covolume and N is

Avogadro's number.
4. blank.
®CON, EQP - equilibrium (omit pack for fixed composition)
1. (I) e, s, py =5 Ps 9.

¢ - number of elements
s - number of species
p - number of phases minus 1; used only if ¢ =0
p'~- first guess for p when ¢ = 1
¢ ~ 0: fixed number of phases (p + 1)

1: equilibrium number of phases (one or two);

N
3o

system empirical-formula coefficients (number of gram-atoms of each

element).

3. (A) blank, element symbols, Al, AO.
A print label; all fields right-justified.

4. % - species-formulae coefficients.
This consists of s strings, one for each species, so that each string is a
row ofé§. The first field, format A6, is the right-justified element symbol,
and the remaining fields, format 16, are the coefficients. (For example,
with elements C, H, 0, and N, the string for carbon dioxide is: (€02, 1, O,
2, 0).
(1) gj - species renumbering for two-phase system (¢=1) or given system (¢=0).
(1) g? - species renumbering for one-phase system (¢=1); not used for ¢=0.

Dimensions are all fixed once ¢ and s are given:

Q) als x ©), a'(e), a%(c) .

h\gathe species may be listed in any order. The g's specify renumberings. If k
is the number of a species as originally entered inék, then its new number is 2.
The a, must be chosen so that after renumbering the following conditions are sat-
isfied: the formula coefficients of the first c species must be linearly



independent; the danger of convergence failure will be minimized by choosing for
them those species expected to be present in largest amounts. Two special re-
quirements simplify the program: For ¢=0, p=1 (two phases), the solid species
must be number c. For ¢=1, the user must supply two possible systems: Two phase
(solid present) and one phase (solid absent); the program chooses the correct one
at each T and p. For the two-phase system the solid must be number c. For the
one-phase system it must be (nominally) present as number s; here the program
assigns it a large free energy so that its calculated mole fraction is negligibly
small,

For details and examples see Secs. IV.E and VI, and Appendix A.
eCON, FOB - knobs
1. FROOT ¢'s.
2. FROOT r's.
3. 1/2 A an p, 1/2 AT, ¢
4. FROOT bounds.

The FROOT items are in the order given in Sec. V.B, Table III; the bounds are

outer’ Sinner’

in pairs (min, max). The A's are the displacements for the numerical differenti-
ation, Sec. II.B. The €'s in string 3 are for the outer and inner equilibrium
iterations, Sec. V.A.
oCON, DBUG - print store

Do the standard error print (mainly the entire common store) at this point.

B. Part 2
oCON, SAM, material label - initial state and begin Part 2

1. py(g/em), py(Mbar), T (K), M (g), AH(T ) (kcal/mol).

Mo - system mass; must agree with empirical formula under CON, EQP.
AHf(To) - enthalpy of formation of unreacted material at Po> T0 relative to
elements in standard states at TO.

2. pn - number of moles of each species (for system of MO grams). First field is
for solid. For equilibrium composition, these are guesses for the first
iteration.

We have picked T  for the heat of formation because AHf(TO) is the quantity
usually listed for explosives, and because it is needed for the calculation of
the heat of reaction q as usually defined (Sec. IV.F). An alternative, which may
be more convenient for some cryogenic materials, is to enter in place of AHf(TO)
the enthalpy of formation at Ty from elements at T=0. If this is done, the CON,

TIP input must also be changed by entering AH% in place of AHf(TO) and setting
6



[HO(TO) - Hg]/RT0 for each species to zero. This has the advantage of making
the TIP input simpler and independent of TO. The disadvantage is that the value
of q printed out will have a small error (which does not affect on any other cal-
culated quantity).
CON, TED - detonation Hugoniot at given p

p - pressure table.
®CON, PV - contour of constant T, v, s, or e at given p
1. (I) k, PVC.

k-1, 2, 3, 4 for constant - T, v, s, e

PVC - PVC switch (see CON, SWIT)

Tc’ Pe - initial point (not used if PVC # 0).

P - pressure table.

First calculate the point (TC, pc), then use the value of T, v, s, or e from
this point as the constant value for the locus. Use T and p from last previously
calculated point for Tc’ Pe instead of input values if PVC # 0.
®CON, CJ - CJ Tocus at given p

Lo - initial-density table.
®CON, REND - end of run
oCON, JEND - end of job

ITI. OVERVIEW

In this section we give an overview of the problem and program, including
the principal equations. Some of these equations are schematic or just serve as
definitions; Sec. IV gives the detailed equations implemented by the program.
Section V, together with comments in the program, provides a more detailed de-
scription of the program itself.

We define the term state point and some related symbols in Sec. A, the main
components of the state-point calculation in Sec. B, and the higher level part of
the program which uses the state-point calculation in Sec. C. Principal routine
names are given in parentheses with some of the section headings.

A. State Point (MES)
A state point is the usual set of thermodynamic variables V, E, H, A, F, S,

and some of their derivatives, the chemical potentials My the mole fractions X3
and the total number of moles n (per system mass Mo) at given T and p. Recall
that we have at most one solid species, and the convention that it is the first

listed.




The mole numbers and mole fractions are given by (see symbol sheet)

= . =n_+n
n :E: "3 s g

bl
—

"

el

1]

>3
~

3

>
"

ni/ng, i>1(gas)

Note that X5 i>1 is the mole fraction in the gas phase. The composition may be

either fixed (specified) or equilibrium (recalculated at each state point).
Because the equations defining the equilibrium state are implicit and com-

plicated, we obtain derivatives by numerical centered differencing over carefully

chosen intervals, rather than attempting to use the very lengthy analytic expres-
sions.

Routine MES calculates a state point at given T and p, using the five pack-
ages whose generic names are given in the subheadings of the next section. These
packages constitute the bulk of the program.

B. Components of the State-Point Calculation
An extensive quantity for the system is the linear mole fraction sum of those

for the two phases, e.qg.,

E = xSES + xgEg

It is convenient to separate functions like Eg and E_ into ideal and imperfection
parts. The ideal part, superscript i, represents translation plus the internal
partition function; the imperfection part, denoted by a prime, represents the
configuration integral.

Descriptions of the five main components of the EOS calculation follow.



1. Ideal Thermodynamic Functions (TIM). We use superscript * to denote the

portion of the ideal part that represents the internal partition function; most
of the work is in getting this number (for the solid it is the whole value).
These functions are tabulated by the NBS and others; they are represented to the
program by polynomial fits. The tabulations refer each species to itself at

T = 0. The program adds the heats of formation at T = 0 to refer all to the same
reference, namely elements in their standard states at T = 0. The physical state
corresponding to the tabulation is the given T and p = p* (1 atm for a gas and
zero for a solid), with the stipulation that a gaseous species is in the hypothe-
tical ideal-gas state at T and p*. For the gas phase, we define the ideal part
as that for an ideal gas at the same T, p, and x, so that

eV (T, p, )

1)

i * *
S (T, p, x) Zg x; S;(T) - R anp/p +R Zg X; &0 x. , and

i * *
ui (T’ P, Xi) Fi(T) + RT &n p/p + RT &n Xi

2. Solid Equation of State (SEM). For the extensive thermodynamic functions
we have

E(T, p) = E (T, p=0)+E' (T, p), etc.

With the equation of state in the often-used form p(T, V), the imperfection quan-
tities may be defined as the integrals along the isotherm:

V(T, p)
E' (T, p) = (T Pt - p) dv ,
V(T, p = 0)
v(T,
s' (T, p) = P) pr dV , and
V(T, p = 0)



ut (T, p) = FU =+ pl - TS

The EQOS used takes the form of equations for T and p along an isentrope through
an unknown point T], V] on p = 0, and incorporates simple approximations to the
ideal functions on p = 0. The equations can be put into a form such that for
given T and p the point T], V] at the foot of the isentrope can be eliminated
and the complete EOS at T, p can be obtained by iterative solution of one equa-
tion in one unknown. After this is done, the approximate ideal part is subtract-
ed to give the imperfection part (with the correct ideal part, calculated by TIM,
added later).

3. Gas Equation of State (GEM). Here we have

E(T, p, x) = Ei (T, ps x) + E' (T, p, x) , etc.

For the usual form p(T, V) the imperfection functions are given by the integrals
along the constant-composition isotherm

V(p, T)
E' (T, p, x) = (T Py - p) dV and
RT/p"
V(p, T)
S' (T, p, x) = . (pT - R/V) dV
RT/p

in which the term R/V in the second integral subtracts off the ideal gas part.
Also

H' = E' + (z-1) ,
A' = E'-TS"' , and
F' = H'-TS' |,

10



For the chemical potentials we have

“% = (n Fl)ni n=1 2

where the partial derivative is at constant T, p, and "j’ Jj#i, of the gas phase.

Both of our imperfect-gas equations of state, the LJD and the KW, have the
form p (T, V, x), and are not explicitly invertible to V (T, p, x). At given T,
p, x we must then first solve the equation

P(T, Vv, x) = p

(where P on the Teft distinguishes the pressure function from the given value of
pressure on the right) for V and then calculate the imperfection functions at the
given T and this V.

The KW EOS is a simple one, and includes the composition dependence. The
LJD EOS is much more complicated, requiring for its calculation the numerical
evaluation of several definite integrals. In its original form it applies to
only a single, pure species. Here it is extended to apply to the gas mixture
through one of several mixture rules, described next.

4. Mixture (XIM). The program offers several options for describing the

gas mixture. The first is the general one of ideal mixing, for which each mix-
ture property is a linear mole-fraction sum of those of the individual species

E' (T, pa x) = Do % B} (T, p) , ete.

This may, of course, be applied to any (pure-species) EOS.

The other mixture rules assume that the pure-species EQS is based on an in-
termolecular potential function and express the mixture properties as expansions
in the potential functions or potential-function parameters of the individual
species. In some cases the outcome of this expansion is that the mixture is rep-
resented by a fictitious fluid with a certain mean potential whose parameters de-
pend on the composition.

5. Chemical Equilibrium (EQM). The composition of the system can be ex-
pressed in terms of the progress variables of J independent reactions (ordinarily

1



J is the number of species minus the number of elements). We symbolize these
reactions by

where Xi represents one mole of species i, so that Vij is the (molar) stoichio-
metric coefficient of species i in reaction j. The equilibrium composition is
the solution of

<
.
(SN
=
—lo
~~
—
o
-
=
S
]
o
(&)
n
—
-
-
[

with the Qspes the chemical formula coefficients (number of moles of element k in
one mole of species i), and the Qk’ the empirical-formula coefficients of the
system (total number of moles of element k in the system; total of k elements).
The first set of equations represents mass conservation, one equation for each
element; the second represents the usual “equilibrium-constant" relations for the
reactions. The second equations are put in the form

Zg \)1,] &n X'i = -Zvij F'I (Ts Ps A)/RT, J = ], veey J
1

with ?} defined as

F,

i Hy

i RT &n X; for a gas species and

Fi = p,=F for the solid.

The advantage of this procedure is that, for the ideal gas, the ?i are independent
of x, so the x-dependence is confined to the 2n X; terms. For the real gas the ?}

12



do depend on x, but this dependence is small enough so that the equations can be
solved by a direct iteration method based on a procedure that solves the ideal-
gas problem: Guess x, calculate ?i for this x, find the ideal gas x for the ?}
fixed at this value, recalculate the Fi from the new X, and repeat to conver-
gence.

6. Derivatives (GAMM). The first partial derivatives (for the complete
system) are calculated by centered difference from symmetrical displacements in

2n p and T of carefully chosen size. Three derivatives are approximated by cen-
tered differences

c. = (ah/aT)p Ah/AT

p

(3 2n p/d 2&n v)T Afn p/Anv

(9 &n v/aT)p A &n v/AT ,

where A denotes a difference between the two symmetrically displaced points in p
or T. The remaining derivatives are then obtained from these

cp/cv =1+ (pv/cpT) (-3 an p/d 2n v)T [T(3 2n v/'aT)p]2 .
vy = (cp/cv) (-5 2n p/3 &n v)T , and
I‘:

2% (pv/cpT) T (5 an v/aT)p

C. Controls for Particular Loci
The rest of the program uses the (T, p) state-point routine (MES) to calcu-

late points on various thermodynamic loci. The routines are given in the section
titles.

1. Contours of Constant T, v, s, or e (PV, MESC). The locus is specified
by a given value of the desired variable. Thus for constant e, for example, it
is the solution of

g (T, p) =e,

13




with €. the given value of e, specified either as the values of TC and Pe at
which the program is to calculate e., or taken from a previously calculated point.
Under control of PV, the program calculates points on the locus for each of the
set of specified values of p, using MESC to calculate each point.

2. Detonation Hugoniot (TED, HUG). This procedure works the same way, with
TED the control and HUG the Hugoniot-point calculator. In this case the equation
solved is the Hugoniot equation

h = hy =5 (ppg) (vg=v)

3. Chapman-Jouget Locus (CJ). A CJ point is located by iterative solution
of a form of the CJ condition

with u and D given by the shock conservation relations, over a set of points on
the Hugoniot, with each Hugoniot point calculated by HUG. The CJ points are de-
termined for the specified set of initial densities.

IV. EQUATIONS
In this section we give the remaining equations in essentially the form used
by the program,

A. Ideal Thermodynamic Functions (TIM)
The system 1s defined by a matrix of constants, one row for each species.

Each row contains

0 ~
s 81y +ees Bps d, A, A(To), H(To)/RTo

Here we have defined, in terms of the MBS notation

A% = MHD = AH(0), A(T) = MHL(T,)
H(T) = H(T) - WO,

14



where AH? and AHf(T) are the heats of formation from the elements in their stand-
ard states at T = 0 and T = T. The standard state is defined as the standard
form at the temperature of interest and pressure p* (1 atm for a gas, 0 atm for

a solid), with a gaseous form in the hypothetical ideal gas state. For elements
carbon, hydrogen, oxygen, and nitrogen (CHON), the standard forms are solid
graphite, and gaseous H2, 0,, and N,, respectively. The symbol HO(T) - Hg de-
notes the enthalpy at T relative to that of the same substance at T = 0. The
Eonstants a, through a, are the coefficients of a polynomial fit of degree n to
H(T)/RT, and d is the integration constant for the entropy. Recalling our con-
vention that the solid always be species 1, we define

9

i1 0 ifi#1 and

J

i1 1T ifi=1

With i the row (species) index, and j the column index, we have

n
* Y j o
H]-/RT = E a..v + A,i/RT s

1J
Jj=0
* n 3
- : J
G/RT = D0 (3 +1) a;
j=0
* n [_ .] j *
Si/R = a5, ain T+ :E: (3 +1)/3 aijT + dj - (ai] - 1) &n p/p , and
J=1
* * *
Fi/RT = Hi/RT - Si/R

15



A1l these quantities are relative to elements at T = O+ (entropy at this
temperature is zero for all species).

The ideal functions for the gas mixture are then

*
E X; Hi/RT
g

.i
H_/RT
g/

i *
Sg/R ng]. S]./R -Zg X; n Xis etc.
The mixture heat of formation from elements at T0 is
Ag(TO) = Zg Xs 85(T )

The total free energy of the gas is not needed, but the F: of the individual spe-
cies are used in calculating those Fi that determine the equilibrium composition.

The program uses the fits only over the range of Tmin to TmaX from the input.
Outside this range, the results are an extrapolation using the assumption that the
heat capacity is constant at its boundary value.

B. Solid Equation of State (SEM) .
The solid EOS is constructed from a reference curve and the assumption of a

constant Griineisen coefficient to get off the curve. Defining y = V/Vo (with Vo
here the normal volume of the solid at p = 0), the reference curve (see Fig. 1)
is the shock Hugoniot pH(y) for y <1 and the p = 0 line for y > 1. lle assume a
simple form for the ideal functions on p = 0, use it to calculate the complete

+The Hugoniot calculation uses the enthalpy relative to elements at T ; with this
reference state indicated by explicit inclusion of the reference temperature T,

as a parameter (together with argument T), the quantity supplied by TIM for th1s
calculation is

H (T3 )/RT Z ag5T = (T/T) [ (T )/RTST + ay(TQ)/RT,

Note that for the alternate SAM input (Sec.II.B), this becomes identical to H3 /RT
above, i.e., the reference temperature becomes zero.

16



EOS, and then subtract it to get the imperfection part. Using superscript I to
denote the isentrope through point yponp=20 and superscript o to denote func-
tions on p = G, we have for this isentrope

I
b= bl (s y;) and

—
i

I 0
T [&; ¥is T (y])]
On the reference curve p = 0 we take

™ = 1) =(y-1)/a

o

R = 2 (%) =c, (17 -T))

0

with constant heat capacity Cp and thermal expansion coefficient a. With constant
Griineisen coefficient T we find

E/Vy = (w/T)p+g(y),
g(y) = py (v) [1/2(1 - y) - y/T1 +E;  fory <1, and
gly) = o] Cp (y -1) fory>1

For pI and TI we find

y
PI(y; y]) = Ty-(r ¥ 1)./ﬁ y(r +1) g'(y) dy and
y
1

)F

Ty yy) = T°Uy) (0y/y

17



If we represent the reference Hugoniot by a power series
n .
pyy) = 3 a.y
i=Q

with coefficients chosen such that
n
pH(]) = Za'i=0

i=0

(to make the result simpler), the integral can be done analytically and we find

ol = ey = (cfany) [rrirn] [oym™ -] fory s,

o
1

po(y) + p(1) fory<1,

P y) = - (r/ydaly) + (r°/y™T) [1(y) - 117, and

I(y) = fymg(y) dy

S (3 0 - () () 07
=0

'}

To get the EOS for given p and T, we must eliminate (by iterative solution)
7 from pI = p and TI =T.
eComputation

Given p, T, the function defining y is

™yt -1 =0

18



TI(y) is calculated (for y < 1) by first calculating p2(y), then solving pI(y) =
p for 2 to get

yo= [+ (p-pz(y))/A]”‘””, A= (Cp/a Vo) [r/(r)]

and then calculating TI from the equation above. When Y1 js close to 1 (the

usual case) the RHS is expanded in a binomial expansion

v T+kx+ %-k (k=1) X% + ...

>
1l

1/(T+1)
x = [pp )]/
For y > 1, 1 is
yy =y (eI

with expansion

y [1 Fkox + %-k (k-1) X% + ...]

=
n

x = p/A

C. Gas Eguation of State (GES)
1. Ideal Gas. The EOS is

V = RT/p ,

and the imperfection quantities are all zero.
2. LJD (Lennard-Jones-Devonshire Cell Theory). This EOS is based on an in-

*
termolecular potential u(r) (see Fig. 2) with well depth kT (k is Boltzmann's
*
constant) and radius r . We define a reduced temperature and volume
19



HUGONIOT
u
p
ISENTROPE
kT*
pd
r
y r
-
Fig. 1. Solid Hugoniot and isentrope. Fig. 2. Intermolecular potential for
LJD EOS.

o =T/T, 1=V, vi=2V2 "y,

with V* the volume of an fcc lattice with intermolecular separation r* (N is
Avogadro's number). The EOS is a sum of two parts: A lattice (T = 0) part, with
all molecules fixed on the sites of a regular fcc lattice, and a thermal part,
for which the partition function is approximated by a cell integral, in which one
molecule moves while all its neighbors remain fixed on their lattice sites.

We first define the lattice and cell-integral functions. We define x as

minus the reduced lattice energy

x=--]2-Zu (11/3 r*)

with Z the coordination number of the lattice for which we use 12, the fcc
value. The cell-integral function G(y) is defined as

b*
aly) = _/' y x2 e WTX)/8 o v = 0.55267
0
G(y) = g(y)/g(1)

20



Here the integration variable x is the distance from the cell center in units of
the nearest neighbor distance at the given T, b* is the distance of the cell
boundary from the center, and W is the cell potential relative to its value at
the cell center, the potential of a molecule at a given distance from the cell

center, in the field of its 12 nearest neighbors smeared into a uniform spherical
shell (at the nearest neighbor distance). The cell potential is given by the
spherical-smoothing integral

T+x
W(x,t) = f X' [U(T]/S r* x') - u(r1/3 r*)] dx'

T-x

For the two types of potential-function terms we consider (power and exponential)
the smoothing integral can be done analytically, but the cell integral cannot.

The cell integrals come from the canonical ensemble, with independent vari-
ables T and V. The natural imperfection quantities are thus those relative to
ideal gas at the same T and V. Elsewhere, we have used imperfection quantities
relative to the ideal gas at the same T and p. The two are the same for all
except the entropy and free energies, which are related by

S'(T,p)/R = S'(T,V) + anz ,
A'(T,p)/RT = A'(T,V)/RT - 4n z, and
F'(T,p)/RT = F'(T,V)/RT - 2n z ,

with the argument p or V denoting imperfection with respect to ideal gas at the
same p or V, respectively. In the following, we mark A' with respect to V by
argument V (we will refer to it later); all quantities without an argument are
with respect to p.

The imperfection thermodynamic functions are

z = pV/RT =1 + 67! [rxT - G(TWT)] J

E'/RT = o7 [-y + G(W)]
21




H'/RT = E'/RT + (z-1) ,

AY(T,V)/RT = 1 - x/6 - Tog 2m2/2 g(1)

A'/RT A'(T,V)/RT - an z ,

F'/RT

A'/RT + z-1 , and
S'/R = E'JRT - A'/RT

The derivatives, with partials written for p(T,V), E'(T,V) [and z(7,8), E'(7,6)]
are

(V/R)p; = (z8)g = 1-672 [G(WTWT) - G(W) G(’L‘WT)] :

(VZ/RT)pV = T2, -2°% T(TXT)T/Q

-2 2 2
+ 6 [e (vh,) o(1) - 6%(ru) - G«er>T)] , and
t - -] [ ] - -2 2 2
C)/R = R™Ep = (E'/RT), = @ [G(w ) - @ (W)]
The potential functions may be written in the form

u(r)/kT* = (n-m)-] Enf(r,n) + nf(rﬁnﬂ

*
f(r,q) = (r*/r)q or eq(]-r/r ), (g =norm

The three potential forms are

Potential Repulsive Term Attractive Term
LJ power power
MCM exponential exponential
MR exponential power

22




(The symbols o and B have been previously used instead of n and m for the expo-
nential form). To write x and W, define coefficients a for x, and b for W for
repulsive and attractive terms as follows:

Coefficients Repulsive Attractive
a = -1/2 AnZn/(n-m) -1/2 AmZm/(n-m)
b = Zn/{n-m) 8Zm/ (n-m)

§ =0, 1 for Am =0, Am #0

Here the constants An and Am are the Madelung lattice constants for a power-law
term and may be regarded as an empirical multiplier for an exponential term.
They may also be regarded as switches: An # 0, Am = 0 gives a one-term (repul-
sive-only) potential. For a power-law term, the proper value of An or Am takes
into exact account the contributions of all neighbors for the lattice contribu-
tion; to do this for the exponential form a volume-dependent function would be
required. For the b-coefficients, used in the cell integrals, only nearest neigh-
bors are considered, so that the A's dn not appear.

The functions yx and W and their derivatives, are, like the potential, a sum
of a repulsive and an attractive term. Using the coefficients a and b defined
above, we write the expressions for one term for each of the two forms.

a. Power Form.

t = T]/3
X = atq
™, = -(a/3) x

ttx ), = (4°/9)x

W o= bt™¥ 2(x,q)

TWT = -(q/3) W

23




T(th), = (a7/9) W

Q,(qu) = [Z(Q'Z) X]-.I [(’I_X)'(q'Z) - (]+X)"(Q‘2)] -1
= :E: c, x21
i=1
c; = (q-2+2i) /[(q-2)! (2i+1) ]

1

ciap = cL(av21)(qr2i-1)1/[(2143) (2i+2)]

The series is used for computation.
b. Exponential Form.

s = qr]/3
y = aeds®
™, = -(s/3) x

T(T)(T)T = [(sz-s)/g] X
W = beds f](s,x)
™= (b/3)eT® £,(s,x)

() = (b/9) ed-s PERY

where the functions f], f2, and f3 all have the form

24



fi(s,x) = “i(s) (sx)'] sinh(sx) + Bi(s) sx sinh(sx) + yi(s,x) cosh(sx) + Gi(s)

with the coefficients Qs Bi’ Yio 61 given in Table I.

eComputation of the g-integral

The 16-point Gauss method is used:

R

nNf

*

b - 16
./- f(x) dx b }E: a, f(xi)
0 i=1

X'i ?‘b (]-y'i) ’

where the a; and y; are the weights and arguments of the method. These are sym-

*
metric about the center of the interval (0,b )

Y1 % Y6 = (0,99
Yg = Ygq=0.1
a] = a]6 = (0.03
ag = a9 = 0.19
TABLE I
COEFFICIENTS FOR THE EXPONENTIAL FORM
i di(S) 81(5) yi(s,x) Gi(s)
1 T+s™] 0 el -1
2 —(s+2+2s” 1) -1 2(1+s”1) s
3 52+25+4+4s'] 2+3s -(3s+4+4s']+sx2) s-52
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In the region of interest, the integrands often effectively vanish for x signifi-
cantly less than b*. The program allows for this by, in effect, choosing the
numerically appropriate upper limit each time, as described in Sec. V.C.

3. KW (Kistiakowsky-Wilson). The KW EOS has its own built-in mixture
rule in the form of a Tinear mole-fraction sum of covolumes ki

k = KI:E:g X; ki .

Its reduced variable x:

x = k/V(T+6)%

for 6 = 0, would be that corresponding to a repulsive-only potential with

*

ke (r)3(T7)°

(actually 6 is fixed at 400 K). The equations are

z = pV/RT = 14xePX |

E'/RT = [aT/(T+6)1(z-1) ,

F'/RT = (eP*)/8+2z-1-%nz , and
W/RT = (e¥-1)/8 - an z + (xki/K)(z-1)

The derivatives are, with partials of p (T,V) and E* (T,V)

(V/R)pT = z - (T+Bx)E'/RT ,

(V2/RT)pV = - (1+Bx)(z-1) - z , and

C,/R = {2 - [1+a(1+8x)]T/(T+6)}E'/RT
26



D. Mixture (XIM)
A11 the following forms except ideal mixing require the intermolecular po-

tential functions for all binary interactions. To get these from the given po-
* *
tentials for each species, we use the combining rules for r and T

* _ * *

ri3 E'(ri + rj) and
¥ o 1/2

T = (T T) :

and assume the same functional form for all (including common values of the re-
pulsive and attractive exponents n and m),
A1l of the sums in this section, of course, extend only over the gas species.
1. Ideal Mixing. The properties of the mixture are just linear mole fraction
sums of the properties of the components, each calculated as a pure fluid at the

given T and p. Thus

V(T.p) = D % Vi(T,p)

and similarly for the other extensive variables. The chemical potential of each
component is just equal to its Gibbs free energy at the given T and p

w3 (Tp)/RT = FL(T,p)/RT

2. LH Mixing. This is based on an expansion about the propert1es of a fixed
specified reference fluid (subscript r) in powers of r - r and T - T A1l the
pure species are assumed to be described by the same reduced EOS p (T , 6 ), Ty ®
V/V » O T/T The partial derivatives are those of the reference- f]u1d func-
t1ons with T and V as independent varijables: p (T,V), E (T,V). The equations

are

ij X fjk
Jsk
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* *
ik = Ty

* *
Gk = Ti/Ty

2 = 2 {1 - [0 (oofog) + )] 510 3 [1e (o) ] (g-n}r

-

H'/RT = {H'/RT ¥ [t'/hr - CU/R - R (TpT-p)(-pD/pv)] (f—l)}r
FRT = [FU/RT + (E'/RT)(F-1) + 3(z-1)(g-1)],
ui/RT = {F JRT + E'/RT [ ( . X, 15/h' ) (- 1ﬂ

+

e LS i) s

with all of the thermodynamic functions and their derivatives on the right evalu-
ated for the reference fluid at the given T and V.
3. CS Mixing. This is an improvement over the LH form, with a composition-

dependent reference fluid chosen to make f = g = 1. The same assumptions apply.
The reference fluid is defined by

-~
*
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x
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*
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The thermodynamic functions are all just those of this reference fluid except for

* *
the chemical potentials, which are the same as those for LH but with . and Tr as
defined here and f = g = 1:

WI/RT = {F'/RT e € RT [ (nfF) o7 an. | + 3(z-1) [(n/;*)ani]}r ,

% %
n/T 3T /Bni

2(}[: Xs T:j/f* - 1) , and
J

% %
n/r 9ar /ani

Z(JZ X; r:j/f“* - 1)

These partials are at constant nj, J#I.

4. One-Fluid Mixing. This is similar to the CS form, except that the expan-
sion variable is taken to be the potential function itself instead of its param-
eters r: and T:. It yields a tractable result only for a power-law potential.
The reference fluid is defined by the mean parameters

* *
= q =
sq 12in ijij (rjj),q norm ,
. (sn/sm)]/(n'm) , and
oo Srr:]/(n-m)/srg/(n-m)

Again the thermodynamic functions are those of the reference fluid. The chemical
potentials are those of the CS form but with

[2/(n-m)] (Sm./sn = Sy sm) ,
[2 + 2/(n—m)] (msm./sn - nS . sm) , and

* *
= q -
sqi % : X5 Tij (rij) »g=norm

(n/f*) a?*/ani

(n/F*) BF*/Bni
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E. Chemical Equilibrium
Recall the definitions given in the input description:

¢ = number of independent species
= number of elements

v
]

total number of species

p+1 = Number of phases (p=0: gas only, p=1: gas + solid)
= empirical-formula coefficients

species-formulae coefficients ,

B8R o
"

and that, for a complete equilibrium calculation, the user supplies two possible
systems: a one-phase system with the solid only nominally present as species
number s, and a two-phase system with the solid present as species number c.
Symbols newly defined here are
q = number of moles of each species for a system prepared
“*  from independent species only,

= stoichiometric (chemical reaction) coefficients of the
dependent species {independent species have coefficient
1),
c-p
Vg = :E; ij = change in number of moles of gas in reaction k,
J:

V
o0

n~ = number of moles of solid,
nd = number of moles of gas,

Xx. = (gas) mole fraction n1./ng except X, = ns/ng for solid
present, and

equilibrium constant for reaction k.

~
=<
il

We change to superscript s and g here for solid and gas to avoid confusion with
indicial subscripts.
1. Initial Calculation. The initial calculation generates constants for

the main calculation. Mathematically, it consists of a change of basis from
(moles of) elements to (moles of) independent species. In the new basis each de-
pendent species is expressed as a linear combination of independent species, with
coefficients that are just the independent-species stoichiometric (chemical reac-
tion) coefficients for the reaction producing one mole of the given dependent
species from the independent ones. The system could, of course, be prepared from
95 moles of each independent species i (i = 1 to ¢) instead of Qi moles of each
element.
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We now define some index conventions to simplify writing the equations.

Divide the a-matrix into independent (c by c) and dependent (s - c by c) parts.

Number the complete columns, and the rows of the independent part, with i or j.

Number the rows of the dependent part with k. (See Fig. 3.) The ranges are

iand j: 1 toc

k: c+1 to s,

and denote by 21 or Zj a sum over i or j from 1 to ¢ and by Zk a sum over k from

¢+l to s. Then o and v are solutions of the linear equations

1 to ¢ and

Q
~ade
[}
el
—
n
L0
(&)
-
<
n

1 toc, k = c+l to s.

_'Q
)
<
Z.
Q
=
<
[
(]

The dimensions of Y are the same as the dependent part of X and we retain the
same usage and range of indices for it. (See Fig. 4.)

ELEMENTS
| c
ior]j >
(I J
or
J INDEPENDENT
SPECIES
INDEPENDENT b c
ior] >
gg c+l k
L 2 =
c+l k E@
20 v
DEPENDENT Lt =
iz
(=)
sV s ¥y
Fig. 3. The a-matrix. Fig. 4. The v-matrix.
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2. Main Calculation. We retain the above index conventions except that
now in all sums except that in the definition of Kk the ranges of i and j are

iand j: 1 toc-p ,
and we use primes to denote sums or products over this range.

The equations can be reduced to a set of c-p equations in c-p unknowns; the
remaining mole fractions are determined in the process of solving these or are
calculated afterward. The equations are obtained by expressing the dependent
species in terms of the independent ones, writing out the first derivatives, and

applying the Newton-Raphson method of jteration. Letting superscript (n) number
the iteration step, the result is

x$n+]) = (1 + hi(n)) xgn), i=1toc-p

(with super (n) understood in the following equations). The increments h(n) are
J
the solutions of the linear set

Z. Aijhj = F,i=Ttoc-p
Ay ® %5 8y +kak Vi Bki

Fy = ’q1'+x1‘+}:kxk B
ki T kit (- 1) gy

Yk T ZJ V3

01
1}

i qi/}:;. 93
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The first equation is a linear system for the hj' In the second equation Gij is
the Kronecker delta, the xi's are the independent-species mole fractions, and
the xk's are the dependent-species mole fractions, expressed in terms of the
mole fractions of the first ¢ - p species through the next-to-the-last equation,
which is just the set of equilibrium-constant relations for the reactions. Fi-
nally ai is the normalized Q3 and Vi the (gas) mole change in reaction k. The
Kk and qi are independent of the x's and are calculated at the beginning.

The xk's, k = c+1 to s, are found in the process of solving this system.
The number of moles of gas is

When the solid is present (p = 1) the c th equation is decoupled from the first
Cc - p equations because, although each of the first ¢ - p equations contains in
general all of the first ¢ - p X; (by virtue of the presence of the X; in the
equilibrium-constant relations), none contain Xe (by virtue of its absence from
the same). Thus, in this case, only the first c - p equations are solved itera-
tively, and then Xe is determined from the c th equation evaluated for this
solution.

As mentioned earlier, in the complete equilibrium case, when a solid may or
may not be present, the program carries two possible systems, one with and one
without the solid. It begins by solving the case found to be correct on the
previous entry, then tests to see if it has the correct one and switches to the
other if necessary. If the two-phase system is solved, the test is the sign of
the number of moles of solid; if it is positive, the choice was the correct one.
If the one-phase system is solved, the test is as follows. Find the first reac-
tion in the two-phase system that involves the solid. Call this the test reac-
tion. In the two-phase system the mole fractions involved in it would have to
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satisfy

Vki

~
[}

K xk/Hj X;

(with K and the v's, of course, from the two-phase system). Define a saturation
index s for the test reaction as

A

'S
s = (xk/Hj X.

i )/Kk

and evaluate s for the x's (of the species involved) from the one-phase solution.
If s <1 the system is unsaturated with respect to deposition of solid, and the
one-phase choice was the correct one.

F. Miscellaneous
The actual Hugoniot and CJ iteration functions are given in Sec. V.B. (Table

IITI). Note that the Hugoniot function uses enthalpy relative to To and that ho
.1..

is for the unreacted material.
The "heat of reaction" g is defined, for products at given T, p, as the

energy released by reaction of the unreacted material in the initial state (To,

po) to products at the same temperature and pressure (but having the composition

calculated at the given T, p)

[xg Bq (To) tXg A (To)] products ~ [A(To)_] unreacted - Ro

L
{

Ke]
1]

(n/M,)Q

The particle velocity u and detonation velocity D are given by

W = (p-py) (vy-v)

I the alternative procedure (heat of formation at T = O entered under CON, SAM,

Sec. II) is followed, then the Hugoniot energies will be relative to T = 0. The
value of Q wiil be that at T = 0, with the term (-RTO) incorrectly subtracted.
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0(2)02 = (p-p)/(vy-v) .

On the isentrope, the particle velocity u, which would require evaluation of the
Riemann integral, is not calculated. For the isentrope whose initial point is a
CJ point, the quasi-static work done by the explosive in expansion of the prod-
ucts to the given pressure, described in Appendix B,
_ 1 2
W(p) = e, - 5 Uj

3 - e.(p)

i
is printed in the u-slot.

V. PROGRAM

The program listing, Appendix C, contains a 1ist of all routines and common
data blocks, with a one-line description of each. It also contains, with each
routine, comments giving the routine's specifications. In most cases, the logic
is simple enough that suitably placed internal comments suffice to describe it.
The exceptions are collected here, in order of decreasing logical level in the
program. A detajled list of the contents of all common data blocks is given in
Appendix D.

A. Equilibrium Iteration - EQM
To ca]culate a state point at given T and p, MES calls TIM for the 1dea1

free energies (F at the given T), and then SEM for the solid free energy g =
FS(T p). It then calls EQM, which calls XIM for the gas mixture EOS in the
process of finding the equilibrium compositon. Finally it calls TIM for the
complete set of ideal functions at the new composition, and then COUT for the
complete state.

Because of the multiplicity of EOS and mixture-rule options, EQM and XIM are
the most complex routines of the program. EQM is outlined in Table II. Sub-
script i means all species; for example, §1 “ X; means save all gas mole frac-
tions. Also, only the most important input and output items of routines XIM and
EQMS are indicated. In words, the solid F is calculated once at the start be-
cause it depends only on T and p, which are here fixed. First, the mixture rou-
tine XIM(1) is called for the imperfection chemical potentials. These are then
added to the ideal ones (calculated earlier by TIM) to get the ﬁi which are the
input to the (ideal, i.e., constant-?i) equilibrium routine EQMS. The current
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TABLE II
THE EQUILIBRIUM-EOS ROUTINE EQM

~ 3 l >~
Fe « F; + F solid F, depends on T, p only

1 1 *
@ Hp, v« XIM(1) gas u; (r for LH & One-Fluid only)

B ?} < Fg U (F} from TIM earlier)

~

Xj © X; save old X;
x; « EQMS(F,, Fs) new x; at constant Fi
if (Z[xi - xil < g): gotoy done?
x; « 1/2 (xi + Xi) next guess: mean of new and old
?}, i XIM(2); go to B (CS or One-Fluid only)
if [(C$ or One-Fluid) and
(|r"-r"| < €)]: go to a outer done?
(gas state) <« XIM(3) final state

composition is saved for later use in the convergence test and in getting the
next guess, and then EQMS is called to calculate the composition implied by the
current ?} and ?;. If the resulting composition change is small enough, this
finishes the iteration for other than the CS or One-Fluid mixture rules (used
only with LJD EOS). If not, the next guess for the composition is taken as the
mean of the new and old values, new ?i are computed by XIM(2), and the cycle is
repeated starting at 8. For the CS and One-Fluid mixture rules the completion
of the above (inner) iteration is one step of an outer iteration whose conver-
gence test is that the value of F* from XIM(2) after the inner iteration is com-
plete be close enough to its value furnished by XIM(1) at the start at a. This
is discussed in more detail below.

We next describe the action of XIM, which is different for the different
equations of state and mixture rules. Here GEP is the gas EOS routine, which
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gives the ideal-gas, LJD, or KW equations of state (according to the gas switch

from CON, SWIT) and XIM chooses the mixture rule from this switch and the mix

switch, which we here call k, from CON, SWIT or CON, XIP. For the LH, CS, and

One-Fluid mixture rules, XIM calls XIMS for the detailed computations. The no-

tation XMT « GM indicates that the pure-fluid state in the GM array is moved to

the mixture state in the XMT array. Also, T* and V* are to be understood in

addition wherever r* is indicated. The numbers (1), (2), and (3) refer to action

taken at the XIM(i) calls, i =1, 2, 3. The options are as follows:

oKW EQS

Recall that GEP calls HKW, which calculates the complete (mixture) EOS.

(1), (2), (3) HKW via GEP supplies the state, including the ul

®k=0: No-mix [normally used only for a pure fluid (s1ng]e spec1es)]

(1) GEP supp11es the pure-fluid EOS for the input r*. The u; are all set to the
pure-fluid Fg’ and XMT < GM,

(2) No action.

(3) XMT « GM.

ok=1: Ideal mix

(1) For each species, set r* to r:, call GEP for the pure-fluid EOS, and set My
to Fg.

(2) No action.

(3) Calculate all mixture imperfection quantities as Tinear mole-fraction sums of
those for the individual species.

ok=2: LH mix

(1) Set r* to the input reference-fluid value, then call GEP for the pure-fluid
E0S, and call XIMS for the I

(2) Call XIMS for the My

(3) Call GEP for the final state, then XMT « GM. (Why any action is needed here
is no longer clear to me.)

ok=3: CS mix, and k=4: One-Fluid mix

(1) Call XIMS to get ¥*, set r" to F* and call GEP for the EOS, then XIMS for
the u; (XIMS calculates both 7* and the u » using the reference fluid
state. Here two calls on it are necessary, the first gets r » which is
needed for the reference-fluid state. There are actually two entries to
XIMS that are not distinguished here; the first calculates only F*, the
second both 7 and the ”i‘)
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(2) Call XIMS for the y; and 7 .
(3) No action.

The outer iteration described earlier is necessitated by a time-saving de-
vice introduced in GEP. A second entry GEP(2) calculates the approximate gas
EOS (for LJD) by the quick route of the LH expansion from the reference state
currently stored. This time-saving entry is used by XIMS to get the gas state
required for the calculation of the My Where the mean r* depends on composition
as for the CS and One-Fluid mixture rules, the validity of this expansion is en-
sured by the outer iteration.

B. Iterations
The iterations are tabulated in Table III. A1l except that for the equilib-

rium composition described above can be written as a function of a single vari-
able and are controlled by FROOT. Note that the gas and solid EOS iterations,
independent and on the same level, must both be completed as part of the equilib-

rium iteration, which must in turn be completed as part of the calculation of
the function for the Hugoniot or constant-v, s, or e iterations. Finally the
Hugoniot iteration must be completed as part of the calculation of the function
for the CJ iteration. This stacking requires careful adjustment of the conver-
gence criteria for a reliable system. The functions chosen are not too nonlinear
and their magnitudes and slopes are reasonable size (the factor of 20 in the
Hugoniot function is introduced for this reason). In general there are slots in
CON, FOB for several constants for each FROOT iteration: (1) The convergence
criterion €, (2) The "guess-constant" r, in most cases the ratio of the second
to first guess, and (3) upper and lower bounds for the iteration variable or the
related physical quantity. Not all of (2) and (3) are used in every case. Under
"Bounds", subscripts min and max denote (3), other bounds are computed as indi-
cated. Finally, we use subscripts 1 and 2 in the "Guesses" column to denote it-
eration steps 1 and 2. Remarks on some of the iterations follow.
°cJ

For the second guess, a constant-y isentrope is a sufficiently good approx-
imation to the CJ locus. For the Tower bound, we use the constant-y approximation
to the constant-volume detonation pressure. In the function, y is evaluated for
either fixed or equilibrium composition according to the setting of the input
switches; thus either a frozen or equilibrium CJ point may be obtained.
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TABLE III
ITERATIONS
a FROOT Independent
Iteration for C-array  In Routine Guesses Bounds Variable x Function f(x)
Chapman-Jouguet cc CJ P = previous (0.3) b p> %-(Y-l)poq £ pH(po) P jp) -1
N ] viv -Y
Py = Py (vy/v,) ilp) = [} WS go 5 ]
vy =g (p)
h{T;T ) - h (T ;T
Hugoniot CH HUG T, = previous (3000) T>Tin T/1000 20 ( ‘(’Z_p )3( oTo) - ‘f 6 + X
0) o 0

xp =%y = Fy/fy € T < Thex
Contour (constant- CM MESC T] = previous none T v v-v
v, S, or e) /:

Ty=r T, s: e3¢ 3

e: e-e

G - i .
as E0S s GEP x; = previous fm 10) Y > Vg nin n v n [3(vg .T)/p]

Xy = Xy = f]/fl Vg < Vg nax
Solid EOS cs SEMS Xy = previous (0.8) X > Xoan vs/vso see Sec, IV

Xy = TX X < 1+a(T-T°)

Equilibrium
composition See Sec. V.A.

3The order given is that of the CON, FOB input corresponding to that of the C-arrays in store., Logically, the equilibrium-composition iteration be-
bjust above that for the gas EOS, and the gas and solid EOS are on the same level as are the Hugoniot and the contour.

The value in parentheses is used on first entry.
On first entry, f'ar,

dThe energy zero for h is To; see Sec. IV.A,




®Hugoniot .

The value of f for the second guess is that calculated by numerical differ-
ence on the last step of the iteration for the previous point. On the first
time through it is the input guess-constant r.
*Gas.

The derivative f{ for the second guess is calculated from the derivative
(ap/avg)T furnished by the gas EOS routine GEM,
esolid

The function, given in Sec. IV.B, is based on the isentrope relation. The
quantity a in the upper bound is the thermal-expansion coefficient.

C. LJD Gas EOS Integration (In GES)
As shown in Fig. 5 the problem is to evaluate to prescribed accuracy for

any o an integral

*

jb f(x;a)dx

0

with the integrand depending on a in such a way that for some o it effectively
vanishes at some x appreciably less than b*. lle use the 16-point Gauss approxi-
mation (Sec. IV.C); its straightforward application to this case would waste
those points lying in the region of f(x) = 0. (Actually all seven integrals are
done at the same time; for simplicity the description here is for one.)

The method is to check for the vanishing of the integrand and to perform
the integration in segments if necessary. Because a changes little between most
of the entries, this turns out to be reasonably efficient. The part of GES that
does the integration consists of a control code, which chooses and adds the seg-
ments, and a procedure that integrates over a segment and reports how soon the
integrand becomes negligible, if at all. Al! segment lengths are b*/Zn, n inte-
gral. b,

The segment integration procedure T’(b], bz) eva]uates.é' f (x;a) dx by the

16-point Gauss method and reports three conditions for the size of the integrand
near the end of the interval. Let i (i = 1 to 16) be the Gauss point at which
the integrand first becomes negligibly small. Then I reports that the upper
Timit b2 is

"too small" for no such i (LD = 1),
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"just right" for 14 < i <16 (LD = 3), or
“too Targe" for i < 14 (LD = 2),

LD being the Fortran variable that reports the condition. (The actual test is

that the condition lf(xi)/_% a; f(xj)l < € be satisfied for each of the seven

integrals). The a]gorithﬁyhhich evaluates the compiete integral using the seg-
ment procedure T (bys by) is given in Table IV.

D. FROOT-Solve f(x) = 0 by Iteration
Number the successive steps in the iteration 1, 2, 3, ..., n, ... with nth

(function) argument x" and function f" = f(xn). The complete current state of
the iteration is contained in FROOT's argument array ¢

c 1 e - convergence: |f"] < ¢
A
2 x"

3 £

4 xn"]

5 -1

6 xn—2

7 £N-2
8 n - step number
9 k - branch index:

1 - finished (|f"] < ¢)

2 - continue

3 -error 1: X" = x" (see below)
4 - error 2: "= 171,

Each time it is called, FROOT bumps n by 1, finds the new x" and returns to the
user, who calculates f" = f(xn) and calls FROOT again. The user exits from this
loop on convergence via the branch number k. The prototype program is (e pre-
stored)

n 2 n-1 1
n<0, x <« xg, X « xg
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TABLE IV
ALGORITHM FOR THE CELL INTEGRAL

a b, «b'y b, « b'/2 b' is upper Timit from
2 1
last entry
I+ T’(O,b]) first segment

if (b] Jjust right): done
if (b] too large): <b' « b*/2, go to o> halve and start again
if (b] too small):

<BI«1+ T’(b], b, ) add 2nd segment

if (b2 too large or right): done

if (b2 too small): < b' « 2b', double
b2 < b', b] + b'/2, go to B >>

The upper Timit b' (not shown is that b' is bounded < b*) is saved
each time and used as the first guess on the next entry. The suc-
cessive segments look like

b] too large b] too small
I I | l I
0 b] b2 0 b] b2




