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A.BSTRAGT

ApPx?02c~tit? solutions CN the 95Jansp0rtEquakion ~

are obtained for a large class of problems in neutron .’

diffusion, using the Spherical Harmonics Method. ThiS

p )“method gives rise to a sequence ~.t
+

of approximtions$

the accuracy of which increase with n.

The polynomials closely associated With the

Spherical Harmonics Ilethodare investigated, in par-

ticular their asymptotic properties- The latter make

i;hpossible to obtain exact solutions by Ietttng n

approach infinity.

Matrix representations of’the general solutions

(of order n) are developed which greatly ~educe the

analytical and numerical work connected with particular

solutions. M the same time the discussion of

boundary and other physicel mm.aitions is simplified.

theory’~methods of Ple.czek,I?rankelfiliarl<~and Otherse

I
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medium 53 characterized

and t in units of cm.

time dqxmtienc= Qf’the type:

increase

Substituting





where r is in units of’ the mwn f%eo path.



and whenw ./liand B~ arc?unknowns to be decerminod by

boundary and other physical conditions.

where Ho(x) = ex/x and

f’vmctionsof the second kind, den~t~d by Kn(x). W

have

When n 2s odd f’n.~(r) has an additional unknown.



TXE On(f, p) - POLYNOMIALS—.

The general spheP5cal.harmonics solutions glvon

geometry under consideration, these polynomials enter

obtain’tihoexact solution of the Transport



%(P) and ~(p)3 two

equation, VW have

(2.1.4) Gn(f,p) =’

and hence

{2.105) Go(f#) =

Ql(f,p) =

and hence



&z “
. Hemcm

~5@+(5-4t)Pl

[ao594+5(7-13f)p2-9]

[945f~5+105(3-7i’)@(361-64f)],]

[&5f#+35 (11-34f)p4-.21(14-llf)@+25]

[150W’p7+385( 13-5Ckt)p5-21(242-283f]p3+
--(9 W-256f)p]

[225225f#+25025 (5-23f)p6-335(247#W3f)p4+
+3(9647-5053f)p -=2225]

A
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formula holds:
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(2.3.8) Gn=l(f,pf) = l/(n-1)1

Theorem 2,X.5. The parameter f

el$mtnated, and we may wr~te

In C+Jf,p~) can be

TMs theOre~ is & ccxmequonce of the relatlons,

Gn(f,pf) = o, (3n-l(f,p~)= cn-l~it%(lll)~ :lnd

(2.3.11) co = 1, C]c=

so that the cooff~cient of

Tg~I(P) equals unfty.

We note that )~T$)(p)=



●

.~~.

2.4.
[n)

dxpULclt F3mulas for Gk(f’sp+)J n = 2,3,.0.6.

n= ~ SZ(p) = P2,

n =4 $4(P} “ P4 - & P2#



2.5. General Formulas for G=(f,p)*

The recurrence fo~ula for T~)(v)s an immediate

consequence of (1.2.1) and (2.3.9)$ is given by

Wheme

(2.5*2) gk = k2/(2k-1)(2k+l).

using the fact that T~~l(p) = O ana i’)(p)= 1,

Formula (2.5.4) 3s readily o“btainedby inductton



k= n-2 we obtain

k= n-l and k-= n-2 respectively.

2.6. The ZC9PO03 Of Gn(f,p).





●

●

#

●
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the fraction (2.6.’?)mmies from -f to 1, so that Gn(f’,p)

(-00$ O). This combined with (Z.608) @V@a (2.6.3).

Theorem 2e6.~!can be shown to be true wtth an

argument along these lines: Xf the derivative of th~

fraction (2.6.7) wit~~respect to F vanished for p = ~,

and If PO substlt~ted in (~oG~7) gQQ- ~ R fos ‘~4f’04 ‘S

we would conclude that tha fraction possessed two

zeroes in the p~-htemal con~aini~.g po~ for some f’

near fo. This contradicts previous concluslona re~ard-

ing the number of zeroos In each p~-interval.

Case IX, n odd.

following theorem~with the aid of’
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(2.7.1) (l+f) -
+=0’ ‘l’””saroth(l p)

latter case we may replace p

arctan. In dlscuss~ons where

may be confusfrqz,we denote p

;veobserve that ~(-1] =

by lpi and arcth by .

the shorter notat~on

by PO.

1, p(o) = ~$p(f) = s

1~.mnlpl~~)w m, and that (l+f)lp\~2/ff if fs~O. By

%1/.3f, -lef,*o,expansion Of (2.701) W8 have p

and

the

&nd
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●

As the derivative of g(f,p} with respect to p is

al~ays negative, g(f,p) decreases monotonoly from

co to woo , and arctan g(f8U) fr@?l?r/22to -~\2.

(20’7.7)

“ (1) 9prov%ded F(~i , pi can be written as F(~i) + O(l/n&),Ooz

and the integral on the right hand sid61exists.

equals l/f for k = O,and O fOr k=~~:,.... This enables

us to evaluato a number of defintte Inton%ls of the



We also have the followtng expansion f~JI’

PrOOf Of theorems.

From Szqd! 1,([$s23.3) and (?3.72.19)s m have

for ~2~ 1:

whSch shows that MO convorgenca 2s untform for



● Qn(P):

Now, In Vfew of formula (2.7.20)>W0 ENlywrit@

.
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Theorem 2.7.3 follcms from Theorem 2.7.2 and

Szeg8 1, (15.3.10]; and Theorm 2.7.4 from (2.7.7)

essentially by dlfferentlattoh.

●
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CHAPTBR 113—.

MATRXX REPRESi!2?i’AYIONOF THE ANGULAR MOMENTS

3.1. Plane Symmetry.

In plane symmetry th= Transport Mquation has

the following $orm, whan Q(r) = O. see (1.1.4).

where l?(r,~)Is the tmgulm dlstrlbutlon, r the

perpond!iculardistanco from a fixed plane (the ortggfn)

measured fn units of tho moan froa path, and ~ the

cosine of the angle botwwm the direction of travel

of a neutron at r end tho vector r.

Applying the SH-method to (3.1.1) vJe obtain

for the ~n.l-approximation:

{

( ~+-f’)~o$r),
(3.1.2) (k+l)Dr~K+l(r)+kDr~K.,(r)+(2k+l)~k(r),= =,

(0, k=l,2,...
...(n-1).

TM complolm solution of (3.1.2) is givm by

(see Mark 1, p. ) ‘

which can readily be vm’ifled by substitution in (3.1.2),

and by making lZS63of {20101)0 The quantities Ai and B1

are unknown~ to be detormi$’mdby boundary and other

phystcal conditions. we refer to (3.1.3) as the

exponential form or exp-form of’the solution.

/’

H..,..*. ..*
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We may also wrtto (3.1.3) in an aZternate

form as the hyperbolic a“hyp-f’ormof the solution,
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●

to the hyp-form

\ d’+.... ** ch, ch~~n

.
the inverses of (3.1.7) and (3.1~8):



On multiplyin~ the Zth row of

Column Of ~ taking the hyP-fOZWlOf

VMJobtain (modulus An)

I; Into the ith

these mmtrices
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Mote.

‘~ the fOllOVJingIf me lmlltlply~ into q

formulas result, wh2.chwc shall make use of in

suceoed~ng paragraphs:

= c), k = 1,2,...(~1),),

I 3 -2s1s2 + S3$ k= 3>al

\
4 -3s~s2 +2s1s391 +8; -s4,
etc. ka4p

(3.1.18)

Sd that

(3.1.19)

Now

Henco

(3.1.20)

&&(@G@,P~) ‘

= - [ck(2n-1)!/2?%!(n-1)$J$$#&).

(n)
Tk+l(~) Is Q polYnOnfal Of degree n-k-l.
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In Chapter IV Wa-”shdl need the matrix

The computation of the elements tn (3.1.24) ia

R-1)%3@n.3@0j(so

fact combinations of thu eleaxmts in the

where the general elemmt is denoted by ai$.
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3.2. Spherical SymMCm?yo

In spherical ay?mmtry the Transport Equation

has the following form, when q(r) o 0. SQO (3.1.5).

vddch after the SH-tJ?ansi?omatZonbecomes “

‘{(l+f!)~o(r)$k = O,

0, k = 192,...(1)l).
The solution of (3.2.2) is g3ven by

(see Mark 1, p. )

(3.2.4) HO(X) = (~/X)Ox, HI(X) = (l-l/x)il/x)ex,

H@t) - -j@-u/x&#) + Hk.2(x)s

and

‘;2~Hk+~(@(3.2.5) rb#————

I&x) = (1 -: + *)HO(X),
H+) = (1 -:++?+ $ ]Ho(xh

(3”2”G) q%) s (1 -$+- QJ.L$ H++),

Hs(x) = (1 - #
945” 945

+g-$#qZ - ‘~ )Ho(x)o-

Formula (3.205) can be der~vcd by Induction.

Using (3.2.4), (3.~eb)5ati the recurrence formula

I

shown to bs a solutlon of (3.2.2).



tom
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The solution (3.2.3) may also be wri~ten In a

involving hyperbolic tunctions:

(3.2.7) !’/k(r) =

whene

H:)(x)=
(3.2.8)

H:(x) =

E&x) s

(2)
Hk(x) =

The angular momentisin sphewical geometry nay

also be written In vector form. We have

(3e209)

where Cn

[h’fk(r)].= cnTn(r)~(pi,r) [&J~s

1s glvcm by (3.1.0), Tn(r) will be dertved



(3.2.14) Fn(r) =

(3.2.15) F&) = [-l) j-fhj+L2j-&lrj-i} =,

(
o ● m***a***. *ea*e

= L? o * ● ● ● ● 9 ● ● e ● ● ● ● e ●

u c/Y 1 0 . . . . . ...0

u 3/+ 6/r 1 (.)● .00
u o lt@ m/r 1 0 ● ●

● *oOm*aO*** ● *****OOO*a a

o . . . . . . . . . . . . . . . . . . . . . . 3
(i)Xt is possible to construct matrices En(r) I

SO that

{i)

([)

0..0
(3.2.16) ~(s?)Fn(%’)= O .. 0 Fn.21-2

0..0
0.....0..... u
o @*. e*seaooe on.

(3.2.17) I& )r=

(

o S/r 3 0 Oaa*O*OO
00 b/r i o ...s
000 7~rlu ..

)............0........ n,

&*(l?)=

(
() U 15/r2 10/r i 0
000 35/1”214\r i“;”;:
9Oes ● * 9,000 ● O ● 9 ● ● ● ● 0 . . ● .0 ● O*W

● m **8* . e. ● . . . . .0 ● .* ● ● . . ● . ● . ● . ) n,

(3.2.lb) Tn(r) = ~(r)l?n(r), I



. .
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numbers tr~ are tho coefficients of yn-s in T~)(p)

G.. (2,3.9) and paragraph (2.4)1.

Finally, we define Tn(r1$r2) as follows:

{3.2.20) !Pn(rl,rg)= T~(r1)Tn(r2).



.
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In the plane case we obtain from (1.1.4)

and (1*2.1) when U’= 0:

so that, after @ttQlying through by pk(~)$ k =

0,1,.~.(n-l), and M’tegratlng we have ~~(r) = 0.

As a conseqwnce the angular moments and the a~ular

dtstribut50n remdn constant as r varies across a

medium with ~= O.
.,

In the apkricd wase tb OqWit~ZO~(1.1.5)

Is reduced to

Ss readily

and fork= “

(n-2) whtch gives y.a(r), the other moments then

(3*3.3)

and

(3.5.4)

Sfmtlarly

(3.3.5)

eucmmsiv+ intogratlona. We havfs



a’

●

(3.3.7’)

where

(3.3.8)

am

[3.3.9)

(3.I..6). .

by s TTm navel

and
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a

(3.3,12;

ko L072;(1-s) o & (1-&%@i ) o SO*

o lIS o 0 0 0 ● . .

00 s o ;(14)8 o ***

o g$(x-&/s)/s o l/s~ o () ● m*

00 0 0 # o *OO

o *(+++) o ~d(l-Vs) o @• ●

● o*o O*oqe Oe*s S* O090*=O*OO*● 0*90069*00** ● SO..O*9OOO.

\
●



and

course also be obtatnod dlreotly from the Transport

tiquattono
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\

Tho matrix repr~sentatio.~sof the angular

moments are agaSn

ZWspeetlvely. The matrices Cn, Gn, and Tn(r) havo

the same f’ormas bd!’oro. .Thorelatton batween

~ and ~ 3s the same as before [see remarka In

connection with (3.2.9)1. The ~ -matrices

assoc!latedwfth the case when f = O have the

following forms:
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sphurical

(3.4.’7)

a?.?d

(3.4.8)

(3.4.9)

00

● 9

* ●

,0 0 (



‘

pmbhnso

(xmcerned,

by the two
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The corresponding spherfcal conflruratlon consists

oi’a core with radius a, a shell”with radl% Q and b, and

an outside sh:sllvlth radii b and ~.

8ymtnetryabout the ori@n requires that the
-.

anpular distribution at r = 0 be Isotroptc$ wh5ch

Impltes Vk(0) = Constant for k = 0, 0 for k = 1,2,...(1),),

which in turn lmpltes that Al = B~. Continuity at tho .

‘?;(bs) ● Finally sCatte3?i~ ana~or capture in tha’

voutside medium Wplies k(m) = 0, so thtitl$i= u.

v/e now have for plates

. . . .,.?-..
./..

~= ~--=; –-UI:W . . .~ -— . . .m- o e ., .>. . ..m —
..

(4.1.1)



. ,@ .

where we take tho hyp-form of the matmlcos in the first

and second media and tho oxp-form in the

xnedtum. Eliminating the unknowns or the

we obtain

third or outside

second medium,

Indtcate that the dimensions have

the physical condlt%one imposed.

zero, and tlxlsmeans that”Kg

have been raduced to n by #n

.. -
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whore (0)n denotaa a n by n mtr3x with zero elementso

Tf M’oz%atlon about above @mf@urattons $s

ghon $0 that in ●ffeet w have

metes, the ha$ter (the CZ’itlC~

tlon) may be found from (4.2.4)

but one -own para-
,.“;

numbea of the~”conf’@ra-

sime the soluttons of

TIIefo~las for the two=-mediumease may be

obtained by letting b approaoh a tn which ca$o ~(~i,bz-az)

am Qn(~~sb2-a2] b~come un%t matrices and Tn(a3,a~)Tn(a~S?3)

●quals Tn(a~,a3)o The fo~ulas for the N-medium case

are readily obtatned by irksort~ngN-3 additional &~s

amd.~Tn~s boforo the last ~ ad Qn in (~~~.4)s ~orr@~Pond-

Ing to the elimination of the unknowns of’other central

mod%a~ ‘#enets that the Qrder of tha matrix products

in (4.1.4) %$ fndepenaent of the number of media and

equlalto *O

Note 3. In chapters 1X1 and IV we have restirtctodthe

discussion to the case when n Is even. ‘Phoamiitional

tsrm corresponding to ~% = O, which ontcn?sthe express~ons

fO~~k(r) in the odd case$ cm be Intorpret=d to give

a contribution to tha moments at tho boundaries but

no contribution elsowhcro. NOW it iS possible tO show

that tor n odd Yn.l-approximation Is ~ormally equivalent

to v~.2-approximation. They w511 differ in dezatl,

tnstoad of tho zeroes of Gn.l(f, ) we use the zeroesr
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mote 2* Ti? in the plane case we have ~s O in ono of the

5nterlor zmlta, we may because of our observations In

paragraph (303) simply let it collapae~ For instance,

Sf the middle medium has ~= O, our boundary condition

becomos Wk(al) = ~(b~). Sf the outstda EMX15um( in

either the plane or sphcrZcal cas~) has a zero ‘~cross-

sectton’f,we may assi~ to it arbitrary parametarsg’oggo$

f = -I and ~E~, as long as we charaotsrize tt !lna

manner that w1ll permit no neutrons to return to the

interior media.

If the core of a spher~cal confl~ratton has

zero erossectlon we use the matrix represontatlon

developd in paragraph (3.3)- The condition that the

density be finite at r = O hplies Ai = 0 for even

Indtces. ‘;iethen have corresponding to (4.104)

where



-4’7-

~Ot$3 3. If f = O we may, Instaad OE using tho special

matrtces devolopod Zn paragraph (3.4) factor out a

‘-1 t%o:~lK~@&Jy)diagonal matrix with elements ~~ and

Qn{ps,r) and inoludo itiwith the associated vactor.

\’@may then let ~ approach zero and tntroduce.Ao and
*

B. as det%ned In tho beginning of paragraph (3.4).
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4.2. Transmission Problems-

The techniques roquirod in oraar to obtatn the

density dlstribution$ W )~ r , anc quant!lt2esassociated

wtth it w112 be devolopad hero In connoct~on with

problems where we are pY?!Lmarilyinterested in the

current transmission. The current at a point r by

-1

and the current transmission across a znadiumh (a,b)

by

(4.2.2) Transmission =wA(b)\{(a) w%

where S Is a surface factor equal to unity in the plane

case and b2/a2 tn the spherical case-

Th9 piano configuration which we consider in

this paragraph conststs of an inside semi-inflnita

plato W (-ou,a) with f = fl and ~=~p a midalo plate

tn (a,b), f = f2, ~=~~ a~b~ and an outside semi-itiZnito

plato an (b,Ca). We take b = O in this case, and.

normalize by requirtn& that ~I(b) = ~. The corresponding

spherical system consists of a core in (OOa), a shell in

(a,b), and a semt-lnflnite shell in (b,a ). Here as In

the plane case ‘m take ~2 (b) = ~0 Further wo ass~e ~hat

are supplied by a



.

?n these problems wo

pammetars, and ~enoto the

- 49.-

numbar the media and the

unknowns of each iuedium,as

h paragraph (4.1). The boundary conditions are again

those of the previous paragraph, i.e., the continuity

of the moments. Further, wo requ~ro In the plane case

that Yk(-oo) = O, ao that Bi = Op and In the sphericai

case that the angular

so tkt Ai = BtO The

can bo Interprotod as

te~S Of%&r), those

The condition in the third modlum 1s, tlwmwfore, that

the non-asymptotic part of the density vanish@s,l.e.,

%Wf’wf),%) [’*
(4.2.3)

cnGnKJ#,b2 )

in the spherical case, the matrieos assocaatad wath the

first medium taken in hyp-form and the 0th0r9 in exp-f’orm.

??Mminattng the oonstants In tho m3udle medtum SC.;-.:vo

,,. t.,

whcm
.



where

(

● O.... o 1
(l)&=+z ‘ R ● 6..0. o 0

)e*ee98*0... ..*,.**

Formulas (4.2.7) reproaont systems of & equations in

&I+l unknowns~ lyemay then solve for l?@~n+l@ 1 = 1,2,...&m.

Similarly wo may S03V0 (4.2.8) for &/~&+l. Then sub-

st~tuthg tho values obtained for these unknowns in

the first {or second) part of (4.2.3) and (4.2.4), we may

Solva for Ef/E&@+l. Finally g~m+l may bo found by making

use of tho assumption l?l(b)= 1. To obtain the ‘cransmisslon

we need not bothor about tho last stop, Mnce this

quantity Is a ratto.

The same proceduro oan of course be employed

to find tha density distribution Sn a critical conflgupa-

tlon after zhav the critical number has been found. IJe

have merely to dacide u~on some normal~zation of the denstty.


