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ABSTRACT

This paper is divided into two parts, La=53 and LA~53 A. LA=53
treats in groat detail the variocus metheds which have bson used in the treat-
ment of the physical problems of this project which ere ropresontable in
torms of integral equations. These problems are primorily those involving
the determinatiion of critical sizes end multiplication rates for various
configurations of active and tamping materials. A fow rclated probleme in-
oluding age oslculations, predotonation probebilities, and a simplq albedo
problem are alsc discussed.

A nunmber of graphs have besn prepared giving the mathsmatical data
involved in the solutions of these problems and many of the solutions then-~
solvea. A brief recapitulation of the methods of solutions of the more standard
problens has been prepared. This may be used aither sem rately or in conjunc-
tion with the mein part of the paper. This recapitulation or "recipe book"

snd the full ocollcotion of graphs compose LA-53 A.
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METHODS OF TREATNENT OF DISPLACEMENT INTEQRAL EQUATIONS

INTRODUCT ION

In many problems involving the multiplication and diffuszion of

noutrons in fissionable and scatbering material, integral equations of the

Gype

a8

n(z) = Xa:.c. a(x') K(lx = z']) F(x')

are mot. It is proposed to discuss here the properties of equationa of this
type, the methods of solution which haveo so far been used, and the results
obtained. Equations of this typo have been used to describe the physloal
mrasis of the determination of the critical sizes and multiplication rates of
masses of fisgionable materiel, with or without tampers, and such related
problems as the determinations of albados and Jetonation probabilitiss of
hyperoritical gedgets.

Soms of the methods of treatment of the problems discusaed here ere
c&nsiderably older than the present problems. The differontial diffusion
thoory was taken over from gas kinetic theory. The simplest from of the extra-

poiated end-point m@thqﬁ we ﬂmvfpnmnﬁ.' the course of the study of the

Te » o0
squatior of L. A. Milr;&“dqgg::».:-.;u,.‘,{a; whe ¢

.....
.’0..

i off radistion through the outer

layers of stellar AtmopiPIeToig. * Ene°§urxao*on method has heen applied to menv
S8 e e fiIMfrL aCCIPEEA
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similer problems, and more frequently, as the Ritz method, to differontial
oigenvalue problems. Mony of the mathomatical techniques employed here are
borrowod from classical probability theory.

in Chapter I the existing body of mathematical theory of displace-
ment integral equations is examined. A large part of this treatment is taken
froi the review of the subject written by F. Smithiesl), His treatment is
presanted in a simplified end less rigorous mannaer and for the most part trana-
gribed into the notation customary in this project.

| In Chapter I1 the reduction of slab and sphere problems to one-
dimensional form is discussed.

In Chapter III Ghose methods are arplied to four specisl cases of
displecenent integral equﬁtions. The first of these is thoe intsgral egquation
witth the kernel K.=9°tx"x'., which posses & simple exact seclution and is
thorefore a convenient example for displaying the properties common to eque-
tions of this typa. Tho sacond kernel treated is the exponential integral,
which is the onendiﬁensional form of the Milne kernel, which occurs in the
most familier problems of this work. This equation is treated in considerable
detail. The remaining two examples are those of the Gauss kernel and tho
kernel describing the wster boiler problem.

In Chepter IV other methods of treatment of these probleoms and

assooiated problems are discussed. Among these are the variation and numerical

SO AT ZtIr L T el e e srom s IR SNOumeRs
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mocheds of treatment cl the integral equations and albedo end non-steady-state
piroblems.

In Chapter‘v ihe eaxtension of the end-point method to other shapes
than the slab and splura is considered. The epplicebility of the mebthed to
oysindars and rootongular solids is primarily based on the check afforded by
the verintion msthod vhich has been applied fo a few such goniizurations.

The exkenpaion of 1he vse of this method to cases where no such check is avail-~
ablie iz discussor.

In Cherter VI the choice of suitable oconstants for the integral
squation is stuiled. In the simple form of the integral equation a numbar of
physical simplifications are ussd. All sceattering processes are agsumed iso-
tropic and clastic, and the inhomogencity in energy of -the fission spectrum
is negleoted. The effect of the two approximations is studied to determine

appropsiata values to use for the cross sections and energy.
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CBAPTER I. THE GENERAL THEORY OF DISPLACEMENT
INTEGRAL EQUATIONS

The general type of integral equation which we troat may beo written

as

n(r)

o Sdr_' F(z') n(z') K(lx < '} (1.1)

where the variable r is in one or more dimensions, usually one or three.

The integratidh is to be carried out over all space or over that part of space
for which F(r)#0. In most of the problems treated F(r) ie piecswies con-
stant and of oﬁe sign, usually having a value differont from zero in only one
or two regions. In general there will exist a denumerable (except where

F#0 over an infinite volume) infinity of eigenvalues, o, one of which is
the least. Frequently this least eigenvalue and the corresponding eigen-

function are of primary interest.

The Associated Differentiasl Equation

The simplest problems of this type are those for which {r) is
constant throughout all space. Although these problems are in tivmselves of
little physical interest their study is of value in that it throws light on
the character of the solutions n(r) in tho more interesting problems in

rogions far removed |i.e. beyond the reach of the kernel K(|r - g'lj} from
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any boundary. For such equations the constant ¥ may bo absorbed in the

oigenvalue c.

a{r) = cgdr_" n(z') 8(lc = £'{) (1.2)

where the integration i3 carried over all space. If the kerne) X is

ressonably regular, the salutions »n(r) of (1.2) are of necossity enelytis.
in the following it will bo assumed that this is the case. Equation {1.2)
mpy ©e rowritten as

n(r) = ogds:' E(Je'[) n(e + £*).

a(r + x') may now be expanded as a Taylor series in r'. Only the even terms

of tho series will contribute to the integral. For a three-dimensional spaco

ihe equation then tskes the form

@) < o aet K[ o) < s Zle) yn P6) s e )

< "’y ]‘22 > eec

i

c(n(;_') ¥, + & n(r) /5! + 28 na(r) MQ/si v .) {1.3)

whero ¥p is the nth moment of the distritution K(r’). If o My is cloes

to one, the second and later terms of the expansion may be small comparsd with

e first. In this case it may be a useful epproximation to neglect all terwms

o009 000 08
beyond the second, d:'fg*.l%i}é&uc.’«&l_e;::';hrg integral ecuntion to the differential
(14 L4 L J
TR SV A SO






diffusion equation
f(l/s!)(ug/uo)a= Q- cMo)//(cMo?} n(r) = 0 (1.4)

As the approximetion leading to this diffusion egquation is valid only if

cMp is close to one, equation (1.4) mey just as well be written
{(I/SE)(Mz/Ho)Aa (1= cMo)}n(g) = 0 {(1.2%)

The approximation leading t0 (1.4) and {1.4') is almost nover satisfied in

the present work, It is therefore necessary to look for solutions of (1.5).
Sinco n(r) is analytic {except, perhaps, at infinity) it oan be

expressed es a supsrpoaition of "wave~functions", ng{r), .satisfying the

squations

(A=) ng(zr) = O (1.5)

This form of representation of n(r) is just the lLaplace or Fourier %rans-
formation which plays a central role in all this theory. It can be seen by

substitution that ny(r) will satisfy oquation (1.3) if and only if

oMy + x2Mp/7) 4 XPue/B! + ....l) = 1 (1.6)

This ia known a8 thg."gygﬁpcﬁggigogg.equation" of (1.3). The general solu~
e e o o s o -
° 4 ® [ e o
tion of {1.3) is a slpedpsd® iiZmdbistds various wave functions, n-(r), for
es o0é ooo oo oo oo _ A\
&
[ ] [ ] N
RN W
o o o0 [ ] [ J [ ] [ ]
e o o e o 0 e o o
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el) of the values of k satisfying the characteristic equation. For most
of tho problems which we treet, the charscteristic squation has only one
solution, i.e., specifies a definite value for lk]. The genaeral solution is

of this magnitudo.

. kg
then e superposition of waves, e~ =, for all vecters, k R

The Choracteristic Equation

This result is more clsarly derived by the use of a Laplece or
Fourier transform. Such a transformetion is motivated by the feot that
the kernol of the integral eguation is a displacement operator, a function of

r = r' alone, suggesting an expension in the eigenfunctions of displacemsnt

oporators, ek's. Forming the Fourier transform of equation (1.2), one has
ne = [ar o™ Ea(x)
o gds olk-L Sdz” n(z') K(|z - £'})

ofa(x - ) otk lr-') g(Jr o p1)) Jaz’ @i L’ n(r')

]

W

onyKy (1.7)
where Kj) 4s the Fourier transform of thc kornel.
By (1- ch) = 0 1.8)

Thus ny can differ from 2ero only where the characteristic equation is

setisfied, 1 = oy +2:003" PhistoqudiPison, aside from a change of sign in k¢,
is identicel with (1:5) Which s the power series expension of Ky and may
[ X J o0 [ ] [ X X} [ ]

rosdily be obbained sty Shesexgansida 4F the exponential jn its dofinition.
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1% is clear from (1.8) that the sbove is the only condition imposed by the
integral aquationy i.e., that the integral equation is satisfied by an

arbitrary solution of
(6 + 1) ne(x) = 0

for any k satisfying the characteristic equation. It 1s evident from this
aolution thet in the interior of a finite wmedium the solution of (1.1) hes

the character of the wave function, n(r), of the symmetry appropriete to
the shape of the medium. Kear the boundaries the sctual selution will deviets
from this wave function. The nature of this defiation and the boundary condi-
tion thereby imposed on the asymptotic solution np(r) is the subject of the

romainder of this chaptsr.

Solution for Half-Infinite Medium

The simplest case in which to study the boundary effects is that
of a "half-infinite" nedium, one extending indefinitely on ono side of a2 plano
boundery. In thiz ohapter we will treat only the special case in which the
solution, n(g), ia o function only of the distance, x, from the boundary.
Where thore is only one non-zoro value of F{(y), the "untamped case, =x will
be taken positive in that direction. Where F 13 greater thun zero on both

sides, the "camped"” oase, =z will be taken positive on tha side on which F

is the greater. We illds firdfietsic?ee¥ to be zoro on one side so that the
o o [ 3 [ [ 4 [ 4

L] [ ] L 4 e
integration need oﬂig T 83m0uas avds® the half-space. In the integral in
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eonation (1.2), the two coordinates, y eand =z, enter only in the kernoel

and osm be integrated cut. The integral equation then hes the form

7 e

nix) = o\ ax? n{x") K({=x = =) {(1.9)
{

iy \

Here the constant ¢ and the kernel K are not necessarily tho same ms those
oscourring in the three-dimensional form.

Sinco in equation (1.9) the integration extends only from zero to
plus infinity, it is not immediately olear thal the same techulqus us
that of the full open space can be applied. If, however, the funotion a(x),
which is defined by (1.9) for all positive and negative x, is broken up

into two parts such that

n(z) = £{x) + g(x)

0 for x>0

)
o~
e
Yy
"
(1]

0 for x<0 | (1.20)

@

~
#

~
[

then the integrel equation (1.9) ocan bs written im terws of an integral over

she full range of x so that under Leplace transformation it bocomes factor-

2hleo
2lx) 4 glx) « ol ax' g{x") X( x » x* ) (1.11)






e o . (Y]
o & o0 : : : : ..
$es .8 .
o [ X ) [ X X J [ ] o000 o o ®
D fiue Flk) = f dx oakf:'i'(gt’; E:' ’E' g:' E’:
eon oo o o T s e
. . L ] o006 o 00 000 o9
c{ik) = } dx o™ glu)
-0

Wk} = de oI K(x)
oo

e

Z¢x chose parts of the complex k-plane for which thase inteograls oxist and

by analytic extension olsswhere. The laplace transform of equdtion (1,11)

ilow becomes

Plk) ¢+ G(k) = o[dx o~kx [dﬂ g(x*) k(x = x'})

=00

oo t * ¢
= cj‘d(x - x') o E(F=x") K(‘x - x"?j dx! o”¥= g(x")
= o E(x) 6(kx) (1,12)

This oquation has a unique meaning only if thero oxiats a strip parallel to
the imegipary axis in which all of the integéals defining these Lapleco trans-
forms exist. If this ic the case then funotions G(k) and F(k) which satia~
iy (1.12) and are consistent with the restrictions of (1.10) definc a unique
enlution to equation (1.8). It will be assumed in tho following that this is
the case.

The restrictions imposed on the forms of n(x) anéd K(x) by this
assunption are gquite woak. If the value of ¢ is =uch that the asynmptotic
s%lution for g(x) is sinusoidal, i.0. if the characteristic equution has
roots only on the imaginary exis, then the integral defining G(k) must exist

for all valuves of k in the right opon half plane. This integral exiends

XX XL 14
Y Y 1]
(Y Xz
eoee
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oy whish is bounded, the other decaying exponsntially if tho real part of k
is positive. Tho oharsater of #(x) for lerge rogative x is dotermined by

the charncter of the kerncl for large valuos of its argument. For the integral

Q
#(k) = g dx £{x) a~%*
-
{9 ponverge in & vertioel strip in tho right half k-plane it is only necessery
that £(x), hence alao K(\z]), decay exponantially for large negative x.

IT then for all x20
K(lx‘) <y e"™, w>0, >0

the intesrals definin; F(k) and EK(k) are convergent if ths reel part of
L lies between zero and b, and equaticn (1.12) hac a unique mesaing.

If the value of o is such as o give a hyperbolioc asymptotic
solution, i.es if the characterisiic ecuation is satisfied for values of k
off the imaginary axis, then the asymptotic solution g(x) may incresce
exponentially for lerge =x. This exponential incroease cannot, however, be more
rapid than the decay of the kernsl or the integral in equation {1.9) will not
converge. In this cage the integralAdefining (k) will not converge through~
ocut the right half keplane but only for values of k of which the real part
is greator than the real part of the root of the characteristic equation determ-

ining the asymptotic bohavior of g(x). Since, hewever, the kernel must have

v
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an asynptotic decay rate greater than the real part of this root the integrals
dofining XK(k) and F(k) will converge in a strip in the right half k-plane
which overlsps the rcgion of convergence of G(k).

Th; restrictions imposaed to make (1.12) meaningful ars therefore
eatisfied for any kernel which admits a solution of the integral equation.
Since in the problems of interest the existence of a solution is guaranteed by
the nature of the physical problem, the restriction imposed above will be satis-
fied in all such problems.

Since the integrands of the integrals defining F(k) and G(k) feil
.to vanish only for nogative and positive values of x reospectively, these
integrals will correspondingly convergo everywhere to the left and right res-
pectively of the common strip of convergence. G(k) will therefore be analytic
everywhore to the right of the left hand boundary of this strip, and F(k)
everywhere to the left of the right boundary. The analytic extension of k),
G{x), eand K(k) may be carried out so as to make equation (1.12) valid for
&1l k. The solution of equation (1.9) is now reduced to the problem of
finding two functions F(k) and G(k) satisfying (1.12) and which havs a
common strip of enalyticity and are amalytic left and right of this strip res-
peotively. Two such functions aro readily found by the following device:

Denote by P(k) the function cK(k) = 1. Then equation (1.12)

reads

Flk) = .9(1»,)

..c;..
o A,

o0
e

¥

(XX X171}
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(IX XX 1)
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hence
In (k) = Inm P(k) = ImG(k) . (1.13)

Thus Yn P(k) is exprossed as the sum of two perte which ere enalytic left
and right respectively of the common strip except for the roots, if any, of
#(k) end G(kx). *The roots of the characteristic equation are here reprevsented
a8 singularities in I P(k). If now a vertioal strip containing no singularity
of %n P(k) is chosen, this decomposition can be effected by expressing r P(k)

48 o Cauvchy integral.

I P(k) = (1/27) = o P(") {1.14)
e
3 K 0
= (3/2mi) S +S k,dk - bnp(x?)
L L R
NpRE
:’\lf € = L4+R
- N
N
N, @ ._.k
. Y
e oo o see oee :o. SR
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If the point k is wjvhiyeigee gbriye dhe conbours L and R are alse within
0:--..'

the strip and encloae’éhaspéintdokzn $5° & is outside Lhe strip ona or the
cther contour will be so deformed as to onclose k bubt no singularity of

L P(k'). The integral over the contour R will therefore be analytio‘for
21l %X within or to tho loft of the atrié, snd the integral over I within

or to the right. If now the integral over R 1is identified with 8 F(x) and
the integral over 1 with -€mG(k) the conditions required in the decomposition
aro satisfied. This docomposition is unique onoe the strip is chosen. This

is appropriate since another decomposition alsc satisfying the conditions im-
posed muat differ from this only in the a&dition to ¥ G and subtraction from
P of a funotion of X which is analytic throughout the entire X plane,
i.ss 8 constant. This change will not‘arfeet the character of the solution,
g{x), btubt may be convenient in the eveluation of the integrals. Fregquently
the constant added end subtracted will be logaritbmically infinite. The
mathemnticai trénsgrossion required in this process can be avoided if it is so
desired by feotoring out of P(k) en aeppropriate polynomial in k so as to

neke the integrals over L and R separately convergeont (cf. F. Smithiosl))o

The solution of (1.2) is then given by

dlc S |
boclx) = ﬂ(J/zm)L e fm,[ca(k ) - 1] (1.15)
joo + 9
g{x) dic o g(x) (1.16)
=ig4 O

tho latter integration being carried up the strip of convergence.
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Extrapolated End-Point

In most of the problems of interest these two integrations can not
bs performed analytically. In order to find the complete form of g(x) it
i therefore necessery to carry out a double nmumerical integrel. As this
prrocess is oxceedingly leborious, it has not beon done. However, a number of
important properties of the solutisn can ba found with only a single numorieal

integral. For a sinusoidal solution g(z) will have the form
g{x) = A{sin[ko(x ¢ xo)] + h(x)} ' (1,27)

whero h(x) approaches zero for large x. Here . iky is o root of the charw-
pcteristic oquation. 7This must be true sinco far from the boundary the ohar-
acter of the solution is just that of the sine solution of tho full-~space
problem. It is to bo oxpectsd that the deviation frowm the asymptotic solution,
h{x), will fell off with increasing = about as rapidly as the kernel. The
most interesting property of the solution g(x) is the phase of the asymptotic

solution, which may be expressed by the extrapolated end-point, =xgs

a(x) = g ax a k% g(x)

(~d

= \ dx &% (n/21) |eiko%0 Gikox  gmikoXo g-ikex 2ih(x).}
s g!./%%) ﬁ oo- o/[!,..o“ lko) = 0 lkoxo/(k + iko) 4+ 2m(k)]
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This expansion hes poles at xik,. In the neighborhood of these poles HB(k)
is bounded, hence the logarithm of G(k)} ias primerily determinecd by the term

which bocomes infinite.

bwoliky +6) = W(a/2i) + ikoxo = Ine +0(e)
bnvgleikg + e) = In(-8/21) = dkgxg = Ime + 0(e) (1.18)

The difference between these two exprossions in the limit of vanishing € is
2ikoxe » In(sl). In evaluating this limit of the difference from the integral
{1.18) giving bna(k), we oxpress Iw G(k), the negative L- integral, as the
R inbegral minus WUwP(k). The R integral is finite in the neighborhood of the
two poles, %ik,, &s its contour may be taken So as to remain a finlte distance
from thom. P(k) is the laplace transform of an aven function and is therefore
itoelf even. Its derivative is odd, l;xence i Pikg +6) =« WnP(~ik <+ g) is
L. (=1) +0f¢)~ The two terms Im (-1) combine to give some multiple of 2mi.
Ths various multiples give extrapolated end-points differing by a half wnve~
length. It is convenient alweys 4o define the extrapolatoed end-~point as the

distance bayond the boundary of the first root of the aasymptotic solution.

Thon we heve

ak' b P(K") [1/(!:' - ik) - /(" + no‘j

25k x, = (1/2m)

Cmr™"y
2

zo =l \§dediio furae) (1.19)
o0 o000 oo0 oo e C X 0
R
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This integral usually &35 cebs Zor¥ovfed: numericslly.
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If tho sane derivation is followed through for the sase of a
hyperbolic interior solution, the same result is found for the zer§ of the
asymptotic selution, sinh ko(x + x,).

The technique hore desoribed for finding the asymptotie form of
the solution, n(x), in the interior of the right hand rogion may then bo
sumparized as follows: The propagation veotor, ko, of the asynptotie simus-
oicdal or hyperbolic smolution is given by the root of the characteristic cqua-
tion, o K(k)=1. The phase of the asyrptotic solution is spacified by the

extrapolated endepoint distence, Xxo, which is caloulated by the use of (1.19).

Vaiue at tho Surface

The order of magnitude of the doviation of the true solution from
the asymptotic solution in the neighborhood of the boundary can be determined
by evrluating h(0), or what is eguivalent -~ n(O)/ A, where A 1is the
agymptotic amélitude. The quantity n(0) cen be determined by making use

of the frot that the limit ms k goes to infinity of k G(k) is n(0):

e}
1in  k 6(k) = 2im Skdx o”X% n(x)
koo k =00
(S
"
= 1lim idy oY n(y/k) = n(0) (1.20)
k—oa

The normelization constant, A, ocan bs gotten by adding the two limiting

forms, (1.18). Thus the determination of h(0) ecan be performed with two

numerical integrations.
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o denernining b e} o0e:Sugnds fwifehs fw G(k) as the R integral

minus Yy P(X). The sum of the two R integrals is now finite and can be
evaluated numerically. Yo P{k), ovaluated at =xik, + ¢, contributes z finite
term and the =2 Une. The finite term is just twice the derivative of P(k)
at ik,, hence can be evaluated without an integration,

The limiting value of the logarithm of k G(k) for large k can

be seen by the transformetion

k" = k&

Inalk) = {=l/2m)j-}£51- o p(x k)
+6 depond only on the limiting character of P for large argument. This
will, in general, be considerab}y simpler than P itself. _Thus the svaluoa~
tion of n{0) cin usually be offscted Ly the evsluantion of an snalytic integral or
& simple numerical integral, orliy somo enclytic device (ef. Chapter III),

By similar mothods further details of the charncter of the devia~
tion, h{x), can be obtained. An example of this techniqua s given in

Chapter III, section 2.

Tamped flalf~-Infinite Yedium

In tho preceding soctions we have treated the problem of the solu~
tion of equation (1.1) with the assumption that F(x') is zero on one side
of a plane boundary and has a constant value grester then zero on the other
gide. The furthor restriction has been used that the solution. n(r), depends

only o¢n the distance from the bounderv. We now consider the cnse in which
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P(r) has different positive vmlues on the two sides of the boundary. We
here «eep the restriction that the solution ie a function of x alone.

Integrating out y and 2z as bofore, the integral equation takes the form

n(x) = °1S ax' n(x') K(|x~-="}) < cZ% ax' n(x') K(ix-x*}) (1.21)

-0 °

where for definiteness it will be assumed that 02>-01.

Ve again brask up n{x) into a left and right part as in (1.10).

(1.21) now bacomes

£(x) + glx) =& dx* K(’xax'“{cli‘(x) + czg(x)] (1.22)

-0e

Again performing a Laplace transformation, we have

F() +000) = ROOferP) + opa()]

sekl) ~ 3

B = o)

P(k) G(x) (1.23)
The eguation is now of oxactly tho same form as 1.13. The resi of the treat~

mont proceeds in exactly the eame way. The solution of the problem is usually

somevwhat more complicated in this case, oving to the greater complexity of

P(k).
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2olution with Transverse Wave

In the abovn.we have found an exact solution to tre integral
squation (1.1) for a geometry characterized by a single plare boundsry. Tnis
solubion has teen obtained subject to the restriction that the "demsity
fanction™, n{r), depends cnly on the coordinate x. Thus we have found

the family of solutions whoss asymptotic bshavior is thet of é plane wave
with 2 propagation vector normal to the boundary. To complete the general
selution it remains only to trest the cauge in which Shere moy bo a transversc
component of the propagation vector. To do this it is, of course, only
nocapsary to consider ono transverse component, say in the y direction. Sinco
the medium is infinite in both directions nlong the y exis, the y depondence
w311 be factormble. o therefore assume a deofinite sinusoidal (or hyperbolic)
v deopendence characterized by a propagation vector, ky, and then reduce

the three-dimsnsional integral equation to one in one dimension as befors.

I then

e
af{r) = n(=x) o 33,

osguation (1l.1) becomos
\J ik 'G \
n{x) = &g& dx‘dy‘dz® n(x) e yl'=y) i(q;_agj]; F{x®). (2.24)

if F{x) hse two poaitive values as before, we have for the Laplace trans~

Yorm,
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It will be shown in Section 4 of this chapter that this kernel and the
agsociated diffuaien equation are of use in the treatment of the water-boiler

problen.

»”

© 2. THE MILNE KERNEL

Depivation of Integral Equation

In the problems of primary interest in this work the koernol Is
- \{
3{(]?- - 1_'_“]) = o ‘?. E\/érﬂ(g - !_9)2

This is the kernel in the integral equation of E. A. Milne dsscribing the
Plox of radiation in the outer layers of a star. We use this kernel in the
integral equations descoribing the multiplication snd diffusion of neutrons

in fissionable and soattering material. We treat primerily problems in which
the total mean free path of noutrons is the same in all of the materials in-
volved. We here treat the noutrons as monochromatic and the fission and
soattering processes as lisotropic. We donote by o the total collision pro-
bability per unit path length. o is the sum of {he scattering, fission

snd ebsorption probabilities, o5z, og, and Gg. We donote by P(r)=1+f(r)
the quantity (vop + og)/c where v is the meen number of neutrons emerging

from & fission process. J .='$' % ¥ "'ss' m%?*. the mean number of nsutrons

gmovging per colla.s:.ov i‘rdxﬁ ctﬂns:omrm'&ll types. In the fisaionzble
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matayinl £ is positive. e ?:%oghb.n..:zg :ﬁﬁ!ﬂ?f.s ¥ 18 negative. Ve szenk

of » "perfect tamper"™ as one in whioh £ is zere. The densityv of neutrons
at the point r et time t we denote by n(r,t). These neutrons suffer
collisions at & r&té ov per unit time. Weo may consider that 1 «+ f
neutrons omerge from each of these collisions and proceed uniformly in ail
directions. The density of neutrons at r and +t is determined by the
nunber of neutrons emsrging from ccllisions et all pointe, r', at earlier
times t < |p- g‘_"!/v which arrive at r without suflering another collision.
The probability of their arrivel is given by e~ole-r'l maltiplied by the

inverse square factor, 1/4-1Lig= | 2, Thus the rate at which neutrong arrive

ia & unit volume at r, va(r,t), is

9
wm(r,t) = j ac’ ov F(z') n(z’,t = {r~r'/v) ol El/‘*ﬁﬁf_" rf|?
{3.7)

This equation will have solutions in which the timo dependence is exponential,

n{r,t) = n(r) o¥"
hence

~¥le- i} /v

n{rt,t = ’x:_ - {"/v) = n(r',t) e

taen n(r,t) hence alse n(r)., setisfies the intesral equation

n{r) = as dér’ F(z') n(r®) o ___"‘z (3.8)
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It is convenient now to measure distances in terms of the mean attenuation

distance, 1/(a + ’a’/v). With this unit of length the equation takes the

form

() = (V@ *‘Mrv]g ar' Flz') o(’) K(Jz = £°)) (3.9)

where K now repreosents the Milno kernel.

Phe one~dimensional form of this kernel is

K, (\x = x"l) = (1/ax) 21{&;&5: eb\sz *‘Pz/(zz +},2)

(o}
oo

(Va)g %ﬁ e~? (3-10)

Ix}

(v/2) B(|x})

Sinc2 we have frequent occasion to use this function wo use this simplificd
notation for the exponential integrel instead of the customary ~E(~|x}).

For ‘the characteristic equation we have

o0 co
o&dxe“kx%-E(lx\) = cgde(x) cosh kx
.00 o
T e® 1 1 +k
= (c/k)& dx == pinh kx = -é*(c/k)Qﬂ‘vl -z =
x
o
& = k/tankl k (3.21)



