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this paper i~ divided into two p~.rim,M-53 and LA-53 A. L4053

treats in groat ciotailthe various methcd~ whioh have bon used in the treat-

ment of the physical problsms

torwm of integral equations.

the,determination of critical

of this project which are roprenontable in

These problems are primarily those involving

sizes and multiplication

coni’j.guratj.onaof active and tamping materials. A few

alu.dingage aelculationsn pred~tona%ion probabilities,

prc~ble.mare aleo diocussed.

A number of graphs havo boon prepared giving

kwkh6 for various

related problemc in-

and a simple albodo

tho mathematical data

involved in the solutions of’~ne8e problemG and many of the solutions them-

1se ,veae A brief recapitulation of the methods of solutions of the more standard

problems has been prepared. Tnis may be ucod aither ~eprately or in aon~unc-

tian with the main part of tho paper. This recapitulation or ‘recipe book’$

~t,r~dthe full oolkotion cd’ graphs oompo8e LA-53 A.

INCIASSIFIED
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METHODS OF TREATMENT OF DISPLACW%WT INTEGRAL EQU5TIONS

INTRODUCX’K)N

In many problems involving the multiplication and diffuciionof

neutrons in fissionable and scattering material, integral @quation6 of the

+,ype

am mot+ Xt is proposed to discuss here tho properti.eaof equationa of this

type, the methods of solution whioh havo so far been ueed, and tho results

obtained. Equation~ of’this type have been used to describe the physioal

?xa.sisof the determination of the critical sizes and multiplication rates of

masses of fissionable material, with or with.outtampers, and such related

problems aa the determination of dbados and detonation probabilities of

hypercritical gadgets.

Soma of the methods of treatment of the problems di&X$u8aedhare are

considerably older than the pre~ent problems. The differential diffusion

thoozy was taken over i%omgas kinetic theory. The simplest from of the extra-
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similar problems, and more frequently, a= the Ritz method, to diff%u=mti.al

aigenvalue problems. Many of the mathomaticsl techniques employed here are

borrovwd from olmsical probability thsory.

In 2hapter I the existing body of mathematical theory of displace-

ment integral equations is examined. A largo part of this treatment is taken

1)from the review of tho sub@ct written by F. Smithies . His treatment if3

preoonted in a simplified and less rigorous manner and for the most part lnnans-

ctribodinto the notation customary in this project.

Zn (3haptarU the reduction of Elab and sphere problems to one-

dil~OnS~.Ondform is discussed.

Xn Chapter III thsse method8 are a~pliad to four speoi.aloases of

displacement integral equations. The first of those ie the int6gral equation

with the kernel K=e -IX-X* I, ~hich posses E simple exaot eolution and is

thoreforo a convenient example for displaying the properties coimnonto eque-

%ions of this typa. Tho Second kernel treated is the exponential integral,

‘#h:Lshis the one-dimensional form of tho MiIne kernel, whioh oocurs in the .

noIstfamiliar problems of’th$s work. This equation is treated in oonoiderable

detail. The rez!!iningtwo example8 are th08e of the Gaus8 kerne~ and the

kernel describing the water boiler problem.

M Chwpter IV other methods of treatment of these probkxm and

as,~ooiatedproblemo are diwxssed. Among these are the variation and numrtcal

. - s-—- ------- > .- —..—.-..—C
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is stu:Lied. In the simplo form of the integral equation a numbar of

simplificationsare used. All scattering prooossos are aosumed iso-

tropic and tdastic, and the inhomogen~ity in energy of the fis#ion spootrum

if;negleated. The effect of the ixvo”npproximationsis s-tudicxlto determine

nppropi-iat’.~waluea to uao for the cr~m mctions and energy.
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ClU4FTJJR1. THE GENERAL THEORY OF DISPLACEMENT

S.fi

where the variablo

The integration is

IMWGRAL WUATIO1?S

type of integral equation which we tioat wy bo written

(l.l)

is in ono or more dimensions, usually one or three-

be carried out over all epace or over that part of spaeo

fcwwhioh F(E)#O. In most of the problems ‘treated F(r~ ie piomwiae con-

stant and of one ~ign, usually having a value different from zero in only ono

cr two regions. In general there will exist a denumerable (except whore

F#O over an infinite volume) infinity of oigenvalues, o, one of which is

the least. Frequently this least oigenvalue and the corresponding eigen-

funotion are of primary interest.

The Amociated Differential Equation

. The simplest probloms of this type are those for whioh p[~) is

oonstant throughout all space. Although these problems are in tk.mselves of

litt~.ephysical interest their study ia of value in that it throws light on

the character of tke solutions n(~) in tho more interestin~ problems

rogiona far removed
[
ioe. beyond tho reach of the kernel K(\c- K*\)

1
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Z?.?the following it vAII bo asmmed that this io the case. Equation {2.2)

mny bo rewritten ao

;n(r_-$~t) may now * expanded as a Taylor series in ~;. Only the even term

of tho series will contribute to tho integral. For a threo-dimensional spaco

Izheequation than takes the form

w.hwo Mn is tha nth moment of the didxibution K(~a}. Xf c !JQ in cloee

to one, the seoond and later terms of the expansion may be small compared with

t;~efirst. In this caae it may be a useful approximation to nc~lect all term
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diffu8ion equation

[Om’!@ow-,10 CMo)mlojnb, = o (1.4)

A.s the approxi.mation

0$!()ia close to one,

leading to this diffusion equation ia valid only if

equation (1.4) my just as wall be written

‘.!!D,sapproximation leading to (2.4) and (1.4’) 3.salmost novor satisfied in

the present work- It is thereforo necessary to look for solutions of (1.3).

Sinco n(g) is analytic (exoept, perhaps, at infinity) it oan be

6xpreOsed e8 a Ewparpoaition of “v;nve-functi,ons”, nk(~), sati8fy3.n~the

equetiona

This forp of repremmtation of n(~) is just the Laplace or Fourier %rau3-

formatl.onwhich plays a central roh in all this theory. Xt oan be aeon by
.

6Ub6titutim that nk(~) will satie~ equation (1.3) if and only if

o(% +k2M/S! +k%@ +.....) = 1 (1.6)

‘I%isin kncnvnco the.tt~~~~ot?.~i?$.i$.aquationtaof (1.3). The general solu.
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all of tho values of k satisfying the chmactoristic equation, For mo6t

This rasult ia more clearly derived by the u80 of a L@EGo or

JMurior tran8form. such a transformation is noti.vtitodby the fcot that

the kernel of the integral equation i8 a displaoemmnt opcxrator,a function of

g’=~’ alone, suggesting an expansion ‘inthe eigenfunotions of displaaament

oporators,
$.z,

Forming the Fourier transform of equation (1.2), one haa

= on~K~

‘Wh@~O Kk 3.sthe Fourier traneform of the lcor’nel.
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Ii is clear from (1.8) that the above i8 the only condition imposed by the

integral squation~ i.e,, that the integral equation io satisfied by an

arbitrary solution of

for any k satisfying the charaoteriatic equation. ~~ is evident from tht8

solution thwt in the interior of a finite roedizxntho solution of (1.1) ha~

the clmraater of the wa.vofunc%ion~ nk[~), of the symmetry appropriate to

‘Gheahapo of tho medium. Near tho boundaries the aotual solution will doviato

from this wave function. Tho n~tu~o of this deviation and tho boundary condi-

tion thereby imposed on the aqanptotio solution nk(g) is the subjeot of the

nwnair.derof thi~ ohapter.

~-l.O ution for Half-Infinite Medium

The simpleet case in whichto study the bounda~*yeffeots is that

of a “half-infinite” medium, one extendinq indefinitely on one 8ida of a plauo

lxnwkry. In this ohaptor we will treat only the spscial ease in which the

f302ution, n(g), ie a function only of tha distance, x, fl?OiR tho bOIAnda~.

Where there is only one non-zero value of F(g), the %antampod ease, x wi33.

h kalmn positivo in that direction. Whero F ia grcwder %hsm zero on both

aides, -the“tamped” ease, x will bg taken positive on tha side on which 1?
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@~s ini’inity,it ie not immodiate~y olear tksl.W.z mms hxhlqu us

thm.tof the full opon space iaanbe applied. If, however~ the fiumtion

which i8 defined by (1.9) for all positive and negative x, is brokon

into two patia such that

n(x) = f(x) =$g(x)

M:) =0 for %>0

‘-)gi.- =0 for x <0
,

n(x),

up

(1.10)

t.lwmthe integml equation (1.03)oan M written in terms of an integral ovor

fidw full.range of x so that under Laplace trnnuformstion it boooma~ f?actor-

[?.tiie.
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iWW becomes

((

m

F(k) + G(k) = o ‘U O-M (ixRg(x~) K($c= Xv})

-@ “-00

1

m

~

w

= G d(x-x@)e -k(x-xt) K(1x ~ ~el) &~U o-kc g(Xf)

-m -w

= a ii(k)G(k) (lOM!)

This equation has a unique moaning only if thero oxiato a utrip parallel to

tho :bna~inaryaxis in whioh all of the integ&d8 defining these Laplnco trans-

form] oxiat. If’this ic the caae then ~%notions G(k) and l?(k) which aatis-

i’y(1.12) and are consistent with the restriotiona of’(1.10) defino a unique

Colu<;ionto equation (3.9). It will be aamumd

the omwl.

The restrictions imposed on the forms

a:5surIptioriare quite wcwk. If the value of c

in the following that this iG

of n(x) and K(x) by this

is suoh that the asymptotic

i3i.tN;ionfor g(x) is Sinusoidal, i~eo ii’the charccteriatic equation has

rootw only on the imaginary axio, then the integral defining G(k) must exist

for all values of k in the ri~ht opon half plane. ‘fhisintegral extends
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[

o

r!’(k) = dxf(x) a-k

-lx

to cxmrerge in a mrti.od strip in Lho riqht half k-plane it 5.s

that f(x), hence abo X(lz\), deoay exponentially for large

%ke inte~rals defidn; F(k) and

k Mm between zero and b, end

b>O

only neoeaeary

mgative %0

~(k) are oonvergonti’lftlw real part of

equatim (1.12) Mic a unique winning.

If the value of o is buoh as to give a hyperbolic asymptotic

e:zponadiiallyfor large x. This exponential increase cannot, however, be more

rapid than the deoa.yof the kernel or tbe iutogral in equation [1.9) will not

converge. In this oaae tho integral defining G(k) will not converge through-

out the right half lc-pkum but only for values of k of whioh the rod. part

is gr~ator than the real part of the root of the characteristic equc~tiondeterm-

ining the asymptotic behavior of g(x). Since, hci’~e~er~ the kernel must have
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an asymptotic decay re~e greater khan the real part of this raot

defining ~(k) and F(k) will convorge in a strip in tho riRht

whioh overlaps tho region of convorgonoe of G(k).

The restriction~ imposed to make (1.12) meaningfid are

eatisfied for any kernel which admits a solution of the integral

Since in the problems of interest the existenoe of a solution is

tho integrals

half k-plane

thereforo

equation.

guartantoedby

the nature ofkhe physical problem, the restriction imposed above will be mtio-

f’iedin all euch problems.

Sinoe the integrand~ of the integrals definin~ F(k) and G(k) fail

.to vanish on~y for negative and pooitive values of x respectively, them

integrals wA1l correspondingly oonvargo everywhere to the

pectively of the common strip of convergence. G(k) will

everywhere to the right of the left hand boundary of this

let% and right res=

therefore be analytic

strip, and F(k)

everywhere to the left of tie right boundary. The analytic extension of F(k),

Q(k), and ~(k) may be cmrried out 60 as to make equation (1.I.2)valid for

all ke The aolu+iionOf equa%ion (1.9) ie now reduced to the problem of

finding two funotions E’(k) and (1(k) satis$ing (1032) and which have a

c;omon strip of analyticity and are ardytio left and right of this strip res-

~xmtively. Two sud funotions aro readily found ‘bythe following device:

Mnote by P(k) the funotion c~(k) - 1. Then equation (1.12)

~:eade
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Thus kP(lf) is expraeaed 6i8 the mm of two pwtR which era analytic left

and right respectively of the comon wbrip except for the roots? “ifany, of

!?(k) and G(k). Yhe roots of the cilxmmteristic oquatlon are hare reprusentac?

as singularities in &P(k). If now a vertioal etrip c.ontaininRno 6inEu2arity

of &P(k) ~8 cho8en, this decomposition can be effeotod by expressing .??.P(k

us a Cau~@ $ntogral.

% P(k) = (1/2ni)
[
- !@(k8)

●
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Li’the point Is is Wjssl” ‘i#wq+p ‘.k Cwntou?% L and R are alm within
● 99*... ::.

● ●: ●.
the strip and encloae”%*h&~mt.~&~.. ~g: k ie outsido We strip one or the

othor oontour will be so deforrr!edm to anclose k butino si.ngu~arityof

h P(kf).

.

The iotegral ovez’*M oontour 1? will thoreforo be anmlytio for

s13 k within or

or to the right.

tho integral over

to

If

L

the loft of tho strip, and the integx%l over L within

now tha integral over u is irlontifiadwith %I?(k) and

with -$vd3(k) the conditions required in the decomposition

decomposition is uniqw owe the Rtrip is ohomn. Thio

another decomposition alse eatisfyinR tho conditions im-

post~dmust differ frouithicionly in the addition to kG and subtraction Sron

&wlp of a funation of k which is analytic throughout the entire k plane,

ioe[ta oonatumt. This change will not affwt tho chraoter of the Solvtion,

g(x), hut may bo convenient in the evaluation of *ho integrals. Frcqmntly

the constant added and subtracted wi~l be logarithmically infinite. ‘l’he

mak?temnkhal tr&nsEresaion required in th~s proaess mn be avoided if it %s 80

desired by faotoring out of P(k) an appropriate polynomial in k so as to

make the integrals ova- L and R separately convorGont (cf. i?.Shuithiea1)).,

‘lhesolutiorIof(l.9) is then given by

tho lwtter integration being carr5al up the strip of convergonoo.

(1.15}

(1.16]
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Efirauokted End-Point

In

ba performal

i8 thgrefore

most of the probl.ensof interest those two integrations cm not

analytically. h order to find the complete formof g(x) it

necessary to eany out a double numerical integral. AS this

~~ocess is oxcoedingly laborious, it

important propertM6 of tho solutian

integral. For a sinusoidal solution

f. *

has not bcon done. However, a number of

can ba found with only a single nuimrhal

~(x) will have the form

●

~L ] qg(x) = A sinko(x *xo) +hx (1*27)

.

whoro h(x) approaches zero for large x. Mere i~ is Q root of ths Ghar-

acteristio equation. This must be true sinco far from the boundary tho ohar-

adxm of the solution is Just that of the sine solution of tho full-spaoe

problem. It is to be oxpefmd that the deviation from the asymptotic solution,

h(x), will fall off with increasing x about as rapid3y as the kernel. ThQ

most interuating property of the

sohtion, whioh may be expressed

solution g(x) is the phraseof the asymptotic

by the extrapolated end-point, ~.
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Xiko. In the neighborhood of theso poles E(k)

The difforenoe between these 4xn3@xprosSion6 in the limit of vanishing ~ in

2%% + M-x). M evaluating this limit of the difference from the integral

{1.25) giving k G(k), we express k G(k),

R integral minus ~P(k). The R integral is

two poles, k%, as its contour may be taken

the negative L“ integral, 6.0the

finite in the neighborhood of the

so as to remain a finito distance

fromthem. P(k) is thp Laplaoe

itself even. Its derivative is

$,.(-1) + 0(<). The two terms

transform of an even function and is therefore

oddb hence L P{ike +6) - kl?{-~k +6) iu

~ (.1) combine to giva some multiple of 2’xi.

The various multiples give cnctrapolatodend-points differing by a half wnve-

Iength. It is convenient always to define tho extrapolated end-point ae the
●

diatanoe beyond tbo boundary of tho first root of tho cwymptokio so2ution.

Then we h~ve
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If the same derivation is followcxlthrough for the case of a

hyperbolic interior solutions tihe same result i~ found for tho zero of’tho

at3ymptio%ic oolution. &Lnh ko(x + Xo).

U!ho techniquo hero dewritwi for finding

ths 80htiOll, n(x) , in the interior of the right

the asyiRptoticform of

hand rogiorimay then bo

mxmmrizod as follms; The propagation v60tor, ~, of the mymptotio sinus-

oida3 or hyperbolic nolution ia given by the root of the characteristic cqua-

%ion, o ??(k)=l. The

extrapolated end-point

Valuo at %ho Surfaoe—.

The order of

pham of the asymptotic solution is 8pscified by the

distimce, xo, which is calculated by

magnitude of the deviation of the true

the use of (1.19).

aohkion from

the lz8ymptotic6ohtion in the neighborhood of the boundary canbo determined

b; Cwduating h(0), or what is equivalent - n(0)/’A, where A is the

asymptotic amp3.i.tude.The quantity n[O) cen be determined by making use

of tho f~ok that the limit as k goes to infinity of k G(k) is n(0):

%

lim k G(k) = lim
\

lcdx e-k n(x)
3C-+6Q k+aa o

The normalization constant, A, can be gotten by adding the two limiting

formfi~,(1oM}. Thus the

numerical integrations.

.

determination of h(0) can M performed with t~o
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SWM3 L’u P(k). The sum of the two R int@gra3s i6 now finite and can tw

be soon by the transformation

to depend only on tho limiting oharactor of P for large argyune.nt.This

will, in general. bo considerabljjsimpler than P itcolf. TIWJ the evaluo.-

By ~imilar methods i’urtbordetails of the character of the devia-

kiq~, h(x), CSU3 be ObtEliIX?d. An example of this teah~%qua is given in

tion of equation (1.1} with the afisumptionthat .E’(xS)is zero on om sick?

of n plane boundar~ and has a constant value grouter than zero on the othor

EMo o ‘i’hefurther rcxdmiction has been used that %hs solution, n(r), depends

fi.q,),ycxj the distjancefrom the boundary. wo now constdor the cnse in which



1’
..

4.. . .
1

● e ● be. ● *

● .*. ● .** ● **

● ● ● 000

:0: : ● 00

:**. :000 O.:
● ● 00000 ● 9*

● * ● *9 ● 00 ● 9* 9** ● 0

● * ● ● 8

● 00:9 .: ●

9** :

● * : :0 :0
●. ●0: .*9 ● ● 00 ●



● e 9**
● 09
● 000

● e@
● *9
● * ● 99

● ☛ ● *O
●

● :
●● :

● ●:8

●.0 : ● m●ge.
● ●

● : :*:●Oe o..:
● ● *999*

● *9 ● ** ● O9 . .
9**
● * ● ● * ::
● .*

::
: ●:0 :00 ● 0

different positire values on the two sides of the boundary. Vie

the restriction that the solution is a funotion of x alone.

Ut’kogmting out y and z as before, the integral equntion takeG the form

where for definiteness it will be assumed that c > 0 ~
21

We again brm.k up n(x) into a left and right part cm in (1.10).

Again performing a JAplace transformation, wo havo

F(k) + G(k) s ~@)~lF(k) + 02G(k)j

[b) (3.23)

.

The equation is now of exactly tho same form as 1.13. The rast of’ thg treat-

ment proceeds

somevdhatmore

P{k).

in exactly the

complicated in
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eanm way. The solutioiaoftho problem is usually

this case, owing to tho greater complexity of
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equation

mlutim

fmGtiodQ, n(r), depends only on tho coordinate x. Thus wo M.ve found

:?0.?m,

(1.24)
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It will be shown in Sect5.orI4 ot this chapter that this kernel and the

aesocintod diffueion equmtion are of use in the treatment of the water-boiler

problem.

&2. THE MILNEXERNEL

Dc&j~tion of Integral Equ@ion.

In the problwns of primwy interest in thiu work tho Ixwnol is

flow of radiation in the outer layers of a alxar.

A. Mi.lnodescribing the

R’ouse this kernel in the

inlmgral equations dosoribing the multiplication s.nddiffu8ion of’ntwtrons

in fiesionabla and soattoring material. WO treat primarily problems in which

tho total mean free path of neutrons is the same in all of the matsriala 3.n-

volvod. We here treat the ncwdmon~ as monochrom@tio and the fi~sion and

ticaek-teringprocmses ae isotropic. We demote by

bability per unit path length. a is the sum of

o,nd&boorption probabilities, ~liP af=p and CSa.

tha quarrtlty (vaf +aa)/a where v is the moan

c tho total collision pL’o-

the scattering, fission

Wo denote by F(r) =l+f(r)

number of ncwatroneemerging
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of 1A “perfoot tamper” as one in whioh f is zero, The density of ne~trOns

R% *M point ~ at time t we denote by n(~,t). Thww ~eutrofit3suffer

Col.liaionsat .5mte oxr per unit time. Wo may consider that 1 + f

nautron~ omorge from each of these colliail.onoand prorseeduniformly in ai2

dire@ions. The density of neutrons at ~ and t is determined by the

number of neutrons emerging from collisions at all po3.nteH Et, at 6hr?it3r

~L-ro~/v whi~h arriveat ~4Ane8 t = : - wit,!xnzt.suffering mother collision.

Tho probability of khsir arrival la given by e~l~”~”i multiplied bythe

irworse square factor, lk~~-~gpo Thus the rate at which neutrons arrive

‘1’hisequatiionwill hava solutions in which the time doperdnce i8 exponential,

henoa

then n(g,t) hence alao n(3j. s~tisfies the intiegralequation
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It is convenient

d“ia-ixuxw, l/(a HIV). With this unit of length tha equation takes the

form
#

where K now

‘l’he

reprosonts the Milno

one-dimcxmional form

kornol.

of this kernel is

= 0./’2) E(lx\)

Sinco we have frequent occasion to use this ftmcttion

notation for the exponential integral instead of the

For the ohm%cteristic equation we have

(3.9)

WO USS this simplif’iod

customary -E(-}x~).
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