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S i UNCLASSIFIED

I. RIsMANN &#ETHOD

Lectures by J. von Neumann

In this treatment we shall consider the hydrodynamics of come
pressible fluids. In the applications in which we are wost inﬁerested, the
motions are so rapid that there is not sufficient time to transfer an aopre-
"ciabls amount of ijomentum or energy across streamlines. Therefore we are
justified in neglecting viscosity und heat conductivityo

Neglecting heat conductivity assumes that X J dzT/clx2 is small
conmpared to (pu?/g) du/dx. Here .{ is the coofficient of heat conductivity,
J is the mechanical equivalent of heat, T 13 the temperature, g is the
gravitational constant, and u 3is the velocity of the fluid. 1In all of the
applications that we ere interested in, this approximation is really satis-
factory. For example, if iron were acceleruted from rest to 107 cm/sec
vejooity in 1% ems, and if the gradient of the temperature gradient were
1000°C/6m?, then the heat conduction term would only be 1/500th the value
of the kinetic term.

However, it is someswhat more difficult to justify the reglect
of viscosity. This corresponds to neglecting u deu/'dx2 in comparison with
the pressure gradient. Here p iz the usual coefficient of viscosity. If the
pressure gradient is 102 bars per cm and the grudient of the velocity gradient
is 10h per sec per cm, then for water noeglect of viscosity corresponds to

neglecting & term of the order of 200 in comparison to a term of the order
of 1011 1),

1) See Durand, Aerodynamics, vol. III, p. 219, for a discussion by G.I. Taylor
of the effect of viscosity and heat conduoction on the sharpness of a shock wave.

UkCidsh f)




[3 °
4 [}
° 0o o e’e o o« o
222 . ° e s
22 . vee %
- elj~
e o
®e o
° :' ®00 000 o000 o0 ————— —_
. e oo e o o e =
® o o e 3¢ e — T 2
o o o : o @

For solids instead of viscosity the resistunce to plastic flow appears and
is sometimes important. However this will not be oconsidered here. (See
W. G. Penney, LA=-155.) Radiatiorn is neglected because it would introduce a
number of additional complications.

1. KULERIAN AND LAGRANGIAN FORM OF I'HE EQUATIORS

There are two ways of describing a hydrodynamical ensemble., In the
Eulerian system, we consider the conditions of pressure, p; demsity, p;
temperature, T; etc. of the fluid passing a fixed point in space. In the
lLagrangian system, we see how these conditions of the fluid change with time
when we follow the motion of the individual particles. Let us derive the
one-dimensional equations of motion for the two systems.

(). Lagrangian Form of Equation of Notion

Bach particle is designated by a value of the symbol { o
Here { can correspond with the position of the particle at the time zere, or
with any other arbitrary convention. A%t any time, t, the position of this
particle is designated by =x( { o) o The motion of a particle must satisfy

Hewton's eguation:

M d°x/dt° = F (1)
Here, our particle consists of the fluid elements lying between { and
( +d § o The mass of this particle is M = p d { o The force acting
on it in the X direction is the pressure at f minus the pressure at
[ +a { , 0or

F=a (Bp/af ) at (2)
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2 AT S S
And Equation (1) boodmesioT  § & §¢
a%x/at? = o (1/p,) (3p/2%)  (Lagrange) (%

Hére we are using the usuval hydrodynamical convention of letting the total
derivative with respect to time mean that we are following the motion of
the individual particles.

(b)o Fulerian Form of Hydrodynamical Equations

The Euleriap form of the hydrodynamical equations is convenient

when we are concerned with the properties of a fluid passing a fixed point.
Let u{x,t) be the velooity of the fluld relative to the fixed point. Then
u = dx/at and

a®x/at® = au/at = ou/ot +(dx/dt) (6w/ox) = du/Et + u(eu/ex) (L)
In order to derive the egquation of motion, we consider as . our particle those
£luid elements which lie between x apnd x + dx at the ‘cimé t< This particle
ki« the mess, M = p dxo The force acting on this particle in the x

direction is the pressure at x minus the pressure at x + dx or

F = o(dp/éx) dx. Substituting these relations into Newton's equation:
ou/dt + u (du/dx) = - (1/p) (6p/6x) (Buler) (s)

The equation of continuity can be derived in the following manner-
Consider the fluid entering and leaving a little oclement of wvolume lying
betwesn x and x + dx> In a length of time, dt, the mass of material entering
from the laft is pu dt and the muterial leaving from the right is
ipu + [&(pu)/bx] dx} dto Thus the net increase of material in this element,
(ep/ot) dx dt, is o [o(pu)/bx dx dt and the oguation of continuity is

op/3t = = ofpu)/ox (6)




M

A third eguntlon that we reuire is the conservation of energy.

The work‘whioh is done in unit time on the fluid flowing between x and

* + dx is equal to the pressure times the velocity at x minus the pressuro
times the velocity at x + dx or o{0/d0x)(up) dx. Therefore the work done
on a unit volume of gas in unit time is c(p/béxup)a Héwaver a unit mess of
material occupies a specific volums, V = I/bo Thus the work done on e unit
mass of material in unit time is - V (6/5x)(up)o By the conservation of
energy, this work must be equal te the rate of change of kinetic plus in-
ternal energy of a unit mass of material.. The energy of the system,

E (per unit mass) is given by the relation:
E =(1/2u? + By
Thus the equation of conservation of energy is expressed by

@/d@((é/?.’) w? 4+ Eint) = é/&b + u(b/&x)) (§1/2)u2 + Eint)

(7
=-V (3/0x) (up)

2. BEHAZ;QUR OF ENTROVPY, RELATION WITH MECHANICS, THERMODYNAMICS,
AND IRREVERSIBILITY

In addition to the equetior of motion and equation of continuity,
vie have the equation of state und the equation of comservation of energy.
These four equations should be sufficient to determine the four varinbles
P, Po Tpb and u as functions of position and time., However, there vas
oonsiderable confusion up to a very fow yeara age as to whether the fourth
ecuation should be the conservation of energy or the constancy of entropyo

As we shall show, as long &s the fluld motion involves no abrupt changes in

o0 o

e o o ° e o [
e o o e o [ ]
o o oo e eo o o —
s

L} [ ] ° * [} LI ]

o0 000 €00 0600 000 (X )
[ e o o
o o [ I ¢ o 0o o
o o o (3 [ (XX} e
e o 00 © ° o e o
e o o o o o e o ®
ee eoo0e o o o (X




(4 ° °
pressurs or velocity:: LRe 3’0115232"@1*615»5 of energy implies the constency of

entropy and vice versa. But whonever an abrupt change, or shock wave, occurs
the conservation of energy leads to a definite change in the entropy-

(a)+ Constuncy of Entropy with Time for a Fluld Element (Assuming
No Shock Waves).

In fluids whose elements remain in thermodynamical equilibrium
during the motion, changes in state are reversible and the entropy of a
fluid element will remain constunt with time. The fluid elements do nog
remain in egquilibrium during the motion in which the fluld passes through
a shock or when the motion is too rapid to maintein either chemiscal equilibrium
or to maintain equilibrivm in the rotational and vibrational degrees of

frecdom of the molecules (see Lewis and Von Elbs, Combustion, Flumes, and

Explosiong of Gases, Cambridge, 19%3 o The fact that ontropy is conserved

whenever the changee in state are reversible may be verified in the following
manper. The internal energy cum be expressed in terms of the spscific volume
and the entropy, S (per unit mass). Thus the equation of conservation of

ensrgy (7) becomes:
((6/61:) + u(b/bx)) (3o + By) = -v(3/ox) (up) (8)

ind, carrying out the indicated operations:

u [(bu/bt) + u(bu/bx)] + (3 Bypy/oV) [(bv/o’t) + u(bV/bx)]

+ (> B/ Dy [(28/66 u(as/ox)] = -Vulop/ox) (9

- — Vp(du/ox) | _
\ :o oEo Eu vee Seo o0




But from the oquatigws ag.m.n;lgipa (_5 .:
. [(ém/bt) + u(du/ox) =~ Vu (dp/oax) (10)

And from the equation of ocontinuity (6)

aW/6t  + u(ov/ox) = - 1/p2 [op/at + u(ép/éx)]

(11)
=1/p (w/fox) =V (du/dx)

Then remembering that for a reversible change the internal eunergy is the

usual energy, B, of thermedynamic systems (Thermodynemiocs, Lewis and Randall,

“cGraw-Hill, 192%, seoc page 16k), it must have the properties:

(-gn-v_qm) S ZT o p . (22)
and ‘
QQ_E&.OE 9 v = T (13)

Thus Eq. (9) becomes i

) ou 23S ¥ _ +3 ou
or
&8 03 45
T ﬁ-&»ug;]:: Ty =0 (15)

From Equation (15) it is apparent that the entropy of each particle
does not change with time. If the sntropy had the same value throughout the

whole fluid at any time, it must maintain this value for all subssquent timas.
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3o KIKMANN?S MBTHOD OF IRTEGRATION.IONE DIMENSIONAL AND ISERTROPIC) .

Riemann developed a very useful method of integrating the equations
of motion for one.dimensional isentropic flow problems (see Rlemann®s Collected

Papers, Durand's Aerodynamics, Vol. III., or the first edition of Riemann-Weber) -

Let ue suppose that initislly, the specific entropy throughout the
fluid is a comstant, $,. Then, from the thecreom of the lasi section, we know
that for all subsequent tims the specific entropy of the system remains S,o
(This is not true after a shock wave has developed, but we shall oonsider such
cases later:) Since the entropy is constant, we can write the equation of
state in the form of the adiebat:

p = P(V,S,) (16)

. The equation of motion (5} becomes:
du ou & OP v
T Sy =V 'g%govcﬁz 5 (17)
o .
And the equation of continuity (6) is:

b3'4 ov 0
R =V & : (18)

If we consider any function o (V,So), then by virtue of Eq. (18) and the

constancy of entropy throughout the system,

> 3 1. 3\ [ov > % ) du
[g; w30 = (S-V)So ["bnt- +u 'é’;] = V(ﬁ)s > (29)
[+

)
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Adding together Eqs. (17) and {19} :

S S oP ov P ou
(S-E +u 3;) (‘u + 0} = - V(W 5 ST -+ V(-b-v-)so 5% (20)

\

Riemann's tricka%as to choose o so that
- (bP) ov z(&c - ¥a (23)
3V /5o 0x “\OV/S, &x
For in this case the rightohand side of the eguation becomes simply
v (g%)se %; (u + o) ‘ (22)
This is accomplished by letting

2 eE 1 (@) _ ©
s, TV -\8s, T° VZldp/s,~ " ¥ (23)

Here ¢(V, S,) is the locel velocity of sound

c = (%g')so (224)

The value of o itself is obtained by integrating ig. (2%)

Vo ¢ e Yar\ a
g = v §v = 5;.3 *%' {25)
o

From the equation of state of the adiabat, both ¢ and o may be determined

as functions of V.

2) See G. I. Taylor's article in Durand‘®s Aerodynamics, Volume III, p. 215.
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Restricting ‘outselves

(%’5+u%>(U+a)=+V(§%>So%Z (u‘*‘-‘)=°°%i? (u + 0) (26)

Or tranaposing *

{g§'+ (u + ¢) g;;} (u+0) =0 (27

Similarly if we had subtracted Eq. (19) from (17) we would have obtained

the relation:

[%ﬁ. + {u - c)%;} (ueo) =0 (28)

These equations have a simple interpretation provided that we
change our frame of reference. Instead of observing tho conditions of the
fluid at & fixed point as in the Eulerian system, or following the motion
of the individual particles as in the lagrangian system, we now observe the
changes which take place in the fluid when our frume of reference moves with
the local velocity of sound with respect to the moving fluid. In order to
move with the velocity of sound in the minus .. direction, our frame of
reference must have the velocity u - ¢» In order to move with the velocity
of sound in the 2z dirsction, our frame of reference must have the velocity
u + Cc

Equation (27) states that if we sturt at any point in the fluid
and move with a velooity u + ¢, we will find that the quantity w + 0o
remains constant-

Equation (28) states that if we start at eny point in the fluid and

move with the velocity u = C, we will find that the quantity u = ¢ remains

l




. Ny

constant. .
Thus if we know the velooity and density at all points in the fluid

at some time, these two equations serve to define the values of u - ¢ and

u + ¢ &t any subsequent time. And knowing the values of u = ¢ ard u + g,

we als® know the values of u and o separately. From o and the adiabatic

equation of state, we can determine the denslty and the pressure. This in

principle forms a complete solution to the problems of one-dimensional

e

isentropic flow.

Tt should be emphasized that the Riemann method is only appliceble
to one-dimensional problems and canpot bs generalized te two or three dimensione.

Lo DISCUSSION OF SOME EXAMPLES WITH RIEMANN'S MBTHQD

(a). Method of Numerical Integration in Goneral Case

The Riemann method can be used in the following menner to
integrate numerically the equations of motions Suppose that at the time
+ = 0 we are given the veloscity, u, and the specific volume, V, at a set

of points x3, Xp, oo Xjo Vo are also given the equation of the adiabat. We

proceed as follows:

Pirst, we use the equation for the adiubat to calculate

o)
e(V,S,) = /( aﬁ) S

o
ocC
a(V,8,) = fv VeSo) 4y

and then caloulate

From V(z;, ¢t = 0) and the above re¢lationships, we determine

e(xy, t = 0)
1 =1° 29 ecoaon
a(xio t = 0)
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oo Soe 000 000 o0 :.
From u(xj, t = 0) and the shove waedeferysing “ho two sets of numbers
I T
fi = u(xio t = 0) + O(Ki’ t = O)
i = 10 29 0e0y n

gy = ulxy, t =0) = o(x;, €t = 0)

t—

Fig. 1

In the Riemann method we try to construct ths lines along which

n<d-£4 and ne O x gy Figure 1 shows what such a mesh might look 1like
when we integrate numerically. It is easy to find the points of intersection

graphically. From each polnt, Xy, Wo draw twe lines one with the slope
u(xy, t =0) + o(xy, t =0) and the other line with the slope u(x,t =0) =& (X1,t=0) .

Along the first line £y remains constant, along the sccond g; remains constant.

The placee where these lines intersect forms the points X35, Xz, eeeo At

these intersections, we know the value of f and go
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At x,.: ulxyo, o) = 5 ( *f.f IR S
*12° 1 V12l T B Mz Fiud o3 i
1
. - 1
At x,.: u(x2%° taz) = 2 (g5 + f2)
_ 1
o(xegptag) - % ( g’g + fa)

Xnowing the valuea of ¢ at the interseotion points, we can determine the
corresponding values of V and of C. Then using these new values of

C and u wo oan ag?in draw two lines through each intersection point and
determine & new set of interseotion points, etoc, And in taie way we can
carry out the whole integration.

It is interesting to notice that by thia method we canno®% obtain
any information about the fluid motion outside of the rough triangle bounded
by the line .f = f1 and by the line g = g,o The conditions of the fluid
motion within this triangle are completely unaffected by the comditions of

the fluid outside of the trianglec

(b) . Applicetion of Riemann’s Method to Idsal One-dimensional Gas-

The Riemann Method is particularly useful whem the fluid

satisfies the idenl gas form of adiabatg)z

P= k(so)pY | (29)

%) Por many applications it 3s useful to take the adiabat in the form:
. p = k'(so)pY + po(so)

This does not change the resultant fluld motions since the hydrodynamical
equations only involve pressvrae differences.

For other purposes,
p(V - b)Y

= k"(S,)
is a useful form, e 2 ot e
o : 3 . :o C
0 000 cee o8 S, I -
: (2 ) L ] °
R T T LT
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Then, sinoce
(:O-B’) s = Y k(so)D =2 . (30)
o ,

(31)

e =VGE p&r1/2 o Ak
v Yol 2

And

-

)} v
_l°e v _ ol av =/L-~(2\+1 A |
° J T VY A /e TV /[v(Y-l)/E' vo(Tel)/E} (*2)

v v

Since Vo is arbitrary, it is convenient te set V, = Co. The value chosen

for Vo canpnot affect any physical properties of the fluid. Then

2 ) c (3%)

¢ = F (?ZT’

If ¥ should equal %, there are many s*mplifications which
appear. In this case, the velocity of sound is proportional to the density,

1F~g—i—- =1 and o =€, Most substances under very high pressure
approximately follow the ideal-gas adiabath) with y=3. Under these con-

f =u + ¢ is constant along the curve whose slope is u + C3 and

ditions
€ =u - ¢ is constant along the curve whoee slope i8 U = ¢o Thus f 1is
constant along the line:

(=)

= =a(f) + %

L) This value of ¥ 18 not to be confused with the trug ratio of spesific
heats, v', which varies between 5/3 and 1o gor 7xa
/Y= a1 30F *;) 2 'has the adiabat,

fying the equation of state pV 7
p = (const) p3.

mple any substance asatis-
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And g 1is constant along the line s ¢ & ¢ E.. .E.E
x =b(g) + gt (3%)

Solving these equations simultaneously:
b ) e 8 f)
t = _(5_____;,,_.0 e (%5
£ b( ) - -3 f)
e e

u = % (g + £) (x9)
e g% (g - £) | (29)

Thes’e four equations form a complete parametric solution to the equations
of motion., If we know the velocities and densities at the time t = 0, we
can determine a(g) and b(f). EKnowing a(g) and b(f), we can solve (R6) and
(37) simultaneously te determine the value of g and £ for any desired value
of x and to Knowing g and £ we can use Egs. {%8) and (%9) te determine
u and ¢, Then substituting ¢ into Eq. (31) we get V and hence all of the
properties of the fluid motion.

Darboux obtained analytical solutions to the equations of motion
for all values of ¥ such that « =g%_f_%. where m 1is an integern' ThLaso
values lie in the useful range of ¥o. The second and third are of practical

interest repressnting very accurately an ideal monotomic gase and air,

regpectiv01Y'

n ¥

1 3

2 1,667
3 11.400
L |1-.286
5 1,222

.00 0:0 :.0 .E. E:o 50:
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In his solutions for x and &, Darboyx-* a dBtaﬁne§°e{p%essxona involving
e O

dorivatives of & and b up to the order m ~ 1.

(c) Riemann Mctiod Aoplied to Disturbance Coming From One Dirsction

The Riemann method 18 particularly easy when a disturbance comes

from one direction, Let us suppose that at time, ¢ = O, the fluid at points

such that x is positive is at rest and the fluid corresponding to negative

values of x i3 disturbed, In this cuse we shall stow that the lines of

constant u + o are straight lines and mll along these lines the valuasy of

u and ¢ separately remain constant. We suppose that the fluid satisfies

the ideal gas adiabat so that

o = 7““‘52., ¢ (Lo)

Figure 2 illustrates the problems

5) These equations of Darboux are given in Hadamard, Lecons sur la Prop’gation
des Ondes (Paris, 1902). They amount to the simultan us solutions ol the

following parametric equations:

z _-:(.L, 2_;)“'1 [b(u - :) +au + 0)]

o 00/y

oZ
£~ o eZ
R 7 )

is an arbitrary funotion of u + o and b is an

Here as before a

arbltrary function of u - o,




t—y

Pigure 2

DISTURBANCE EMANATING FROM LEFT

We must distinguish three regions. In region I, the fluid is

undisturbed, In region II, the disturbance ia coming from both direotions-

In region III, the disturbance is only coming from the negative x direction.-

Region I is bounded by the line dx = G, dt. In region i, u=20,

2
c=¢,, and ¢ = C,n
og m °.
At any intersection of points in region I such as (x10t1)=

NMe T o Y_.,_Tf co (341)
I (L2)

So that u remains zero and ¢ remains - 2 I Co: The lines of\conitant u=o

o in this regiony as constructed in the Riemenn method, are

and constant u +

therefore straight lines,
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In region II, the disturbancg rr«:y :'.e casn. 23 gondrals

in region III, the lines of constant u + ¢ must be straight lines
since all of the lines of constant u - ¢ which they interscct bave the sane
characteristic value, ueo 0 = o 2% . Thus at any point (xg,tg) along the

Yo =
line of slope u + 0 characterized by u + 0 = £; we have:

uta=gy (L=)
heo=o ;3:2‘% (b
. 3 < 2 1) (Ls)
;.(f1+ 2%)- 2% e

' The line for whish u + ¢ = f;, therefore has the slope:

- 1 2¢ € -1 2 ¢
u+CS‘2’<finYa%>+ LL (fi"“?”‘“%‘ >

Yy +1

Y -3
T fitagTD %

L7

Sinoe this slope does not change throughout region III, it follows that the
lines of constant uw + ¢ ere straight lines. It is importanﬁ to note that
" the lines for different values of u + o =f; have different slopes. If
two of these linaes approach or intersect each other, the pressure gradients
become Jarge and then infinite and a shock wave occursc The Riemsnn method

is no longer aéplicahle when these lines interseot.
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In region III, the lines characteristic of u o ¢ bhave the slope

- 3 + 1
= -Li g

(L)

Since these lines crosa lines having different values of f3, it follows
that the lines of characteristic u -« o may be curved in passing through

reglon III.

(d) Formetion of Shock Wavea'(Prpb]am of & Moving Wall)

The formation ¢f shock waves occurs gquite geunerally as the
rasult of any disturbance in a gas- If the disturbance is wild, it takes a
very long time for the shock wave to develop; 1if the disturbance is violent,
the shock wave forms in a short time- The Riomenn wothod cun be used to
show how they originata.
Consider a wall or piston which is set into motion at tiws

t =0 and propegatesn a disturbance in the gas in front of it. The position

of the wall at any time is given by the relation,

Xyl = 0 t<0
= W(t) t >0

For the sake of simplicity, let us restrict the motion of the piston to

subsonic velouizies. In this case only the lines of slaope u 4 ¢ can come from




the wall. Figure 3 illustrates the provlem. = The 18en:
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£ constent u + o

are shown, _e

xfr < dx = codt
III
L .
/// 77777;
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Wall or Piston Wﬂ
Figure 3

Initially the gas ie ut rest and has a velocity u =0 as woll as a constant

velocity of sound, €= C,. We suppose that the gas satisfies the ideal=gas

®

adiabat so that o = o As in the previous problem we can construct

-1

=

the line dx =0C, dt. To the left of thias line, the gas remains undisturbed,

On the surface of the wall u = .3."1':1 o At any point on the surface of the
2¢

wmll, ueo=-o ‘Y—:_% s since the lines of constunt u - o arise in the

undisturbed part of the fluid. Thus on the surface of the wall:

2 an
o = =R (49)
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¢ = e + Yzl.%z R I (50)
u+cz=c+z_at_1-ﬂ {s1)

Therefore, whenever is positive, 3 €, and the density of the gas

oW
t

in the neighborhood of the wall is inoreased, if %g. is negative, the gas in
the neighborhood of the wall is attenuated.

The fluid lying to the right of the line dx =¢, dt and above the
wall corresponds to the fluid in region III of the last problem. We therefore
Enow that the lines of comstant u + ¢ emanating from the wall arc straight
lines. A line starting from a point, (x', t*), where %% is positive

and small will have a slope, u 4+ C, less than the slope of a line starting

from a point, (x", t"), where gz 18 largero These two linea must
therefore meet at some point (x*'', t¢'%), Since these two lines have
different velocities of sound, they also have different densities. So as
they approach each other a progressively sharper density gradiant developso
This zives rise to a shock vave and under such conditions the Riemann method
is no longer valid. From the above, it is clear that the less the plston
or wvall is accelerated, the smaller will be the difference in slopes of the
lines of constant u + o and the longer time it will take for tho lines
to come together to form large density gradients and shosk waves.

From Figure % and Eq. (51) it is clear that:

1> Whenever the piston is accelerating the lines of conatent u

tend to come together to form shock waves.

2. Whenever the piston is decelerating the lines of constant u
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tend to go apart and not form shock wsfvg;s% E. : E.. .E.E

These are specinl cases of the more general theorem that shock waves tend to be

formed {elways will be, if given sufficient time) when a gas is compressod bu®

not when it is being rarefiesd. In order to get shock waves, it is not

necessary for there to be a discontinuity of the motion of the wall.

shock wave formed in cornepr

Consider the following examples illuse

trated in Figurs L.

(a) Push piston into gas suvddenly. Get

shock wave immediately at wallo
(b) Push piston into gas gredually. (ot

shock wave later.

(s) Withdrew piston suddenly from gas-
No shock wave is formed- Pressure and
density gradients gel le¢ss ateep as you

ge into gaso

L ]




[ ]
II. SHOCK WAVES AND DISCONTINUILTREE{Oges Dr@eg.g:nal)

Lecture by J. von Neumanny's s & s s §

‘ (6)o HUGONIOT'S EQUATIONS FOR SHOCKS.

There are two different types of discontinuities in a fluid. In the
first kind, there is no tlow across the boundary and there is no pressure
difference on the two sides of the boundary. In this case, the boundary ia just
2 streamline separating two phases of f}uid which may be made up of different
chemical substances or the same substance but having different temperatures and
densities on the two sides of the boundary, etc. However, the kind of dis-
continuity in which we are most interested involves the flow of material ecross
a boundary in which a sharp change in pressure, deigity, and velocity take place,
These are called shock waves or detonations depending on whether the equation of
state of the material remains unchanged or whethor chemical reactions take place.

Let us postulate the existence of & plune shock wave and examina tha

6)°

. conditions of its propagation Pirst we must define the following quantities:

U = velocity of shock wave
Dy + U = velocity of matter before pussing through shock wave
Dy + U = velocity of matter after passing through shock wave
Pl 92= density of fluid before and after passing throuzh shock wave

Vy 5 Vo = specific volume of fluid before and after passing through
shogk wave

P1 o Pz = pressurs before and after passing throuzh shock wuve

Eq 5 By == specific internal enerzy before und after passing through
shock wave,

M = mass of mamterial per unit criss-ssctional area flowing through
the shock wave in unit ¢ime,

€¢) G.I, Taylor's article in Durand's Aerodynamiocs {Springer 1935), Vol. I1I,

. page 216 has an excellent discussion of this topic.
O N N a e
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In order that this discontinuity can exist we must satisfy the follow-

ing egquations:

(1), eonservation of matter

Dypy = Pppp = M (82)

(2). oconservation of momentum

M(Dz - Dl) =P =Py (s3)

This agrises from Newton's equation., Consider the mass of fluid, ¥,

passing through the shock wave per unit area and unit timg as forming a particle,
Here Pl - Py is the force pushinz the particle through the shock wave and
¥(Dy - D) is the rate of.chnnge of momentum of the particle,

(3). oconservation of energy

2 (0 - y
+u (052 + Ey) - L.(Dl/z-!-El) = Dyp, = Dyp, (54)

This equation simply states that the work which is done on the fluid

per unit are and time, i, e. Dlpl - szz, is equal to the rate of change in

its energy. Here MDa/é is the kinetic enerzy and ME is the internal energy
of the fluid passing through the shock wave., Because of the equation of =onser-
vation of momentum, we would zet nothing different if we considered the absolute

velocity of the fluid rather than its velooity relative .to the shock wave,
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Doy 3\! p(¢, - 1)//911, '7;61; - 1) .3 E. §. g.(é:-)g.g
Up = U = % \}P/plb J@b - 7,07, - 1) (84)

Uy = uy =\(Bleyy) (/3) (] - 1) (E, -1 (88)

{(F-1) + (¥ + 1)5, (86)
(¥+1) + (¥ - 1),

Now wa require that the material on both sides of the interface has
the velooity u' and the pressure p', The velooity of the interface is then
also u¥, We shall try ﬁo satisfy the equations with the pressure p? and the
Qelocity u' for all of the material of both gases after the passage of ths

shock waves, Thuss

n' = upg = Vpy (&7)
P' = Py = Py
= pf, = p§, (88)

Wo must then solve the four equetions: (82), (86), (87), (88), for the four

wnknowne £, %ge Gps Ty o From Bqo (88) it is clear that
£= 5, =§ (89)
Substituting this value of £ into Egs. (82) and £86);

('{m l) <+ ('0"3‘ 1)§ (90)
(7+ 1) + (¥-1)%

N -
UPS
fl

7=,
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Aﬁd Bq(87) becomes: T TR T T
¢ e ¥ \[5/:1: \1(1/7) (1-105-1) = uy
- (Gl N7 (- D (8- D) (91)
Rearranging %Eq. (91) and squaring both sides of the eguation:
(-1 (6o 1) =2 = P\ (92)
yP/P1a *\jp/"lb
Or making use of Eg, (90) and letting
B = Up = UYia \ (93)
Jo/p1q + Jp/plb
206 - 1)2 = B&)’ml) +(€+ 1)2], (94)
‘ But Eq‘o (94) is a simple quedratic equation for £ heving the solution:
£ = 1+ (B/a) (¥+1) 3% \lsr-» (8%/16) (¥ + 1)? (986)

Since B is always positive, both of the roots of Eq. (95) are real
and the;efore might correspond to solutions of the hydrodynamical equations.
However, if we took the negative sign for the squars root, £ would be less than -
unity and the entropy would decrease when the material passed through the shook
waves. This is obviously impossible so we mnst.uSe the positive sign. All of

the properties of the collision process are then completely determined.
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III, TWO-DIMENSIONAL HYDRODYNAMIGS ege see ooo see oo

Lectures by von Neumann and Peiefls °.
and Report by Fuchs

(9). STATIONARY TWO.AND THREE-DIMENSIONAL FLOWNS., AVORTICITY, BERNOULLI's

EQUATION,

The problem of two-and three-dimensional flows are considerably more .
diffioult than the correspondinz one-dimensional ones. Two~ and thres-
dimensional problems must be treated by special methods which are applicable
bnly to a limited olass of probliamso

In veotor notgtion, the equation of motion is

du/at + u . Vu =~ (1/p)Vp (96)
and the equation of contimuity is

dp/dt = -V.o(pg_) - (97)

Here u is the velocity.

Flow problems naturally divide themselves into two classes: those
involving vortices and those which are irrotational, Only e limited number
of voftex problems can be solved and we will mot .conaider them here, Whenever
e fluid has a vortex, its angular velooity:, ¢, is different from zero in some
region. Since & = (}./z)Vx us the requirement that there be no vortices is
equivalent to requiring the curl of the velocity to be zero. But any vector
whose ourl is zero is the gredient of a scalar, .‘I‘heref‘ore we can set

uo=-¥ § IRROTATIONAL FLOW (98)

Here é is ocalled the velocity potential.

If a flow is initially vortex-free it will remain vortex-free if

the pressure is a function of the density alone. Therefore there will be no

[d 9 ove oo
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vortisity generated as long as the flow remains 1sen%r§;pi:q°= No&pc&;afé;&

shocks will change entropy in a nonuniform manner and vortices can be formed.
A plane shock is essentially & problem in one-dimensional flows and does not
produce vortices, However, Hadamard showed that aﬁy shocks except those
having either plane or spheriocal symmetry produce vortices, For example,
vortices are formed when two plane shocks collide at an angle.

The three scular equations corresponding to the vector equation of
motion can be reduced to one eguation when we make use of the velocity peoten-

K 4

tial for irrotational flows. Eq. (96) becomes:

- (3/3t) (V) + V(u-p /2) = - (1/p)Vp (99)
or inverting the order of differentimtion for the first terms

~w(af/3t) 4L'i;’(:sz"mi P22 =- (1/p)vp (200)
This is equivelent to the egquation

-a(af/at) + a(graa §)°/z + (1/p)ap = 0 (101)
And intezrating along any path

apfp = 8f/ot - (1/2) (gred P)® + (1/2)T (zo2)

Here 11 1s the constant of intezgration., For a steady statef bﬁ/Bt = 0 and we

zet Bernoulli’s theorem:

al

{ap/o + (1/2) (graa ) = (1/2)W (103)
Here }} is & constent which can be determined by knowing .the velocity
and pressure at some point in the fluid, Usuallyl{ is evaluated from the

pressure at a stagnation point where the fluid veloeity is zero.
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For an ideal zes, we can evaluate S\dp/p and obtain an upper limit
to the velocity of the flow:

p = k(s )" (104)

J‘dp/p = [)’k(so)l/x/(fal}] o = 1)y o [xk(so)/(f= 1)] o=l (108)

But the velosity of sound, o, is given by
¢ = \’(ép/dp)so = \jfk(so)p"'l (106)

faeto = o2/(€ - 1) | (107)

So that:

And Bernmoulli's eguation becomes:

(Velooity)? = (grad @)3 = [z/(x.p 1)] [0‘3 - 02] (108)

Hore ¢, 1s the velocity of sound at a point where the flow veloslty is gero.
N .

The equation of contimuity is also important, If we introduce the

velocity potential into Eq. (97): - '
3p/0t =V <(p V §) - pV'OVf +Vp vf | (108)

For a steady state; ap/ot = O and
v . v sV -&np‘eV§ = 0 (110)

Sometimes, the velocity potential may be determined in the following
menner, The density is eliminated from Eq. (110) by making use of the implicit

dependency of Idp/p on density in Eq.(103)., This leads to a single differ-

¥ *eodplituated and
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ential equation involving § alone. The equatibﬁ ig. vg’gr
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