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Leotures by J. von Neumann

In this treatment we shall consider the hydrodynamics of com-

pressible fluid6. In the applications in whioh we are most interested, the

motions are so rapid that there is not sufficient time to transfer an a>pre-

‘ciable amount of .;omentumor energy across streamlines. Therefore we aro

justified in neglecting viscosity and heat conductivity.

Neglecting heat conductivity assumes that XJ d2Tidx2 i$ small

compared to (pu2/g) du/’dx. “Here ;{ is the oocd’ficientof heat conductivity

J ia the mechanical equivalent of heat, T is the temperature, g is the

gravitational constant, and u is the veloaity of the fluid. In all of tho

ap@ication8 that we are interested ins this approximation is really satis.

● f’aatory- For example, if iron were acoeleruted from rest to 105 cm/’seo

velooity in 10 cmt3,and if the ~gradientof the temperature gradient were

1000°Ci’om2elinenthe heat conduction term would only be l\500th the Vduo

of tho kinetic term.

However, it is sommha% more difficult to justify the ceglect

of viscosity. This corresponds to neglecting p d2u/dx2 in comparison with

the pressure gradient. Here 1Ais the uwal coefficient of viscosity. If tho

pressure gradient is 105 bars per cmand the grhdient of the velocity gradient

is 104 per sec per Cm$ then for water

neglooting a term of the order of 200

of 10111,e

neglect of viscosity corresponds to

in comparison to a term of the order

1) See Durand, Aerodynamios4 vol. III, p. 219, for a discussion by G.I. Taylor
of tho effeot of v~scosity and heat conduction on the sharpness of a shock wave.

● *e ● e

,,., *

uiii.h ii iii)
● ●

.9*

● 00:0 ● **.
● **● OOO:. : ● *8

● ea.m :** ● ● ● ● .
90

-. -B



● 0 ● 0.
8** ● 9●00 :
● m*. ●am●

●O*: : ●

● O* :0:1 .e :4- .
●

.* 9*. . . . ● . . ● m* . .
●

● : :.
● .**

● 0: :0::● :.
●

4
●*

For solids instead of viscosity the resis’minceto plastic flow appears and

is sometimes important. iioweverthis will not be considered here. (See

W. G. Penney, LA-155.) Radiation is neglected beoause it would introduce a

number of additional complications.

There are twu ways of describing a hydrodynamical ensemble,, In the

Eulerian systemc we consider the conditions of pressure, p; density~ P:

temperature, T: etc. of tho flyid passing a fixed point in spsce. In the

Lagrangian sys%em, we see how these condition of’the fluid..——

when we follow the motion of the individual particle~. Let

one-dimensional equations of motion ,forthe two systemso

(a). Lagrangian Form of Equation of Motion

change with time

us derive the

●
Eaoh partiols i6 designated by a value of the symbol ~ o

Here ! can correspond with the position of the particle at the time zero, or

*
with any

particle

Now*on~s

other“arbitraryconvention~ At any time, t,

is designated by x({ ,t). The motion of a

equation:

M d2x/dt2 =F

the position of this

parkicle must

Here, our particle consists of the fluid elements lying between !

! +-d~. The mase of this parti.ole is M = pod ( . The Force

on it in the X direction is the pressure at t minus the pressure

( +d ~ ~ Or

F =- (3p/~{ ) d~

satisfy

(1)

and

acting

at

(2)
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And Equation [1) b@*dm&: ‘“ “ . . .

a d2x/dt2 = . :/Po) (dP/af ) (Lagrange) (T)

Here we are using the usual hydrodynamical convention of letting the total

derivative with respect to time mean that we are following the motion of

the individual particleaO

(b)O - -~ulerian Form of Kydrodynamical Equations

The Eulerian form of the hydrodynamical equationa i~ oonveniont

when we are concerned with the properties of a fluid passing a fixed point.

Let u(x~t) be the velooity of’the fluid relative to the fixed point. Then

u = dx/dt and

d2x/dt2 =du/d% = dU/dt +(dx/dt)(6@x) = ih/tk + U@f’&x) (4)

In order to derive the equation of motion, we oonsider as.our partiole those

fluid elements which lie between x and x + dx at the time tc This partic~

● h,@ the mas68 M =p dx. ‘l!hoforce aoting on this particle in the x
.

direction is the pressure at x minus the pressure at x + dx or

F = .a@p/@ d%. Substituting these relations into Newton’s equation:

ou/& +-u (bu/bx) = - (l/p) (ap/bx) (Euler) (5)

The equation of continuity can be derived in the following manner,

Consider the fluid entering and leaving a little oloment of’volume lying

between x and x + dx, In a length of time, dt~ the mass of material entering

from the left is pu dt and the muterial leaving from the right is

~ PU + [i@J)/&c] dx] dt. Thus the net loorease of material in this element~

(ti/bt) d.xdt, is - pPu)\ox] (ix(it and the equation of continuity is

up/&t = - 6(pu)/ax (6)

—.—

9!!!!E@
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A third e~,&t’~o~tha”t~e ~?~uire

The workwhi~h is dono in unit tine on the

x + dx is equal to the pressure times the

is the conservation of energy.

fluid flowing between x and

volooity at x minus the preasuro

times the velocity at x + dx or .(d/b#(up) dxo Therefore the work done

on a unit volumo of gas in unit time is @@(up) o However a unit mass of

material occupies a specific volumoo V = I/po ‘1’husthe work done on a unit

~ss of yterial in unit time ia = V (b/&)(up). By the conservation of

wusrgyo this vmrk must be eqqal to the rate o.fcl~ang@of l~ineti~PIUa in-

ternal energy of a unit mass of material.~ The energy of the system.

E (per unit ~S6) is

E

‘J’husthe equation of

given by the relation:

=(1/2)U2 + Eint

conservation of’

Eint~ z ~/ti +

=-v (a/ax) (up)

energy i~ expressed by

)
u(b/ax) ((1/2)u2+ l&J

.

(7)

20 BMAVIOUR OF ENTROPY. MLATION ‘?iITHMECHANICS, THERMODYNAMICSO
Mm IRHEvERsIBILri’Y

In addition to the equstion of motion and equation of continuity

we have the equation of state and the equation of conservation of energy.

These four equations should be sufficient to determine the four varinbles

PS ~v ‘D and u as functions of position and titneO Howevers there was

oonaiderable confusion up to a very few ysara ago as to whether the fourth

equation should be the conservation of energy or the aonstancy of entropy.

As we shall show, a8 long as the fluid motion involves no abrupt changes in
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prcmaure or velocityi:k~e %on&&t&~ of energy implies the constanoy

● entropy and vioe versa. But whoneve~ an abrupt change, or shock wave,

the conservation of energy Ieada to a &finite change in the entropy,

Oi’

occurs

(a)● Constanoy of Entropy with Time for a Fluid Elemerh (Assumfi.ng
No Shock Waveel.

Iu fluids whose elements remain in thermodynamical equ~.librium

during the motion, changes in state aro reversible and the entropy of a

fluid element will remain oonstant with time. The fluid elements do not

remain in equilibrium during the motian in which the fluid passes through

a shock or when the motion is too rapid to maintain either chemiaal equilibrium

or to maintain equilibrium in the rotational and vibrational degrees of

freedom of the molecules (see Lewie and Von Elbo, Combustion, ~e~, ~

Exploe.ioneof Gasea, Cambridge, 1933 ). The faok that onkropy i.sconserved——

whenever the changee in state me reversible may be verified in the following

● manner. The interasd energy oan be expressed

and the entropy$ S (per

energy (7) becomes:

unit mas$). Thus the

)
u(b/bx) {*U2 ‘+Eint)

in term of the Spescifiovolume

equation of conservation of

t.ndaoarryingout the indhxited operations%

u [(?m.ht)+U(W%X] + (b Ein~\av)t, ~w’dt) +u(W/bx)l

a

\

I
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u [i.?)uhh)+ u(buhxj =-v u (a,/’ax)

AKAdfrom the equation of continuity (6)

i%v/ut+ u(W/bx) == I/p*
[
15p/i3t 1-+U(w’i)x)

= l/p (dU/ax) =V (?MA)

Then remembering %ha~ for a reversible ohange the internal energy is the

usual energy, E* of thermod~mic System

‘!oGmw-Hill. 192?, SCM pg~ 164), it must

(32)

and

‘NIWSEq. (9) becomesa

or

,~+uq=,~=o (15)

From Equation (15) it in apparent that the entropy of each partiole

change with time. If!the entropy had the same value throughout thedoes not

t inmaowhole fluid at any time, it must maintain this ~lue for all subsequent
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● q. ktWQAliN$S METHODOF INTKGRATION●~ONE DIMENSIONAL AND IWTROPIC) ...—

Riemann developed a very useful method of integrating the equations

of motion for one-dimensional isentropic flow problems (see Riomann8s Colleoted

Papers, Durandes Aerodynamic, Vol. 111., or the first odltj.onof Rimmn~Weber) ~

Let us euppose that initially, the speaifio entropy throughout the

fluid is a constant, So, Then~ from the thoorea of the last section, we know

f%~t for all subsequent timo the specific entropy of the systcunremains SOO

(This is not true after a shock wave has developed, but WQ nhall oonsider suoh

ca8e0 lalxmc) Sinoe tho entropy is constant. we can write the equation of

state in the form of the adiabat:

P = P(VJ30)

The equation of motion (5) beco”nes:

And the equation of continuity (6) i8:

.v&%’+*E cm (18)

If we consider any function ~ [&so)8 then by virtue of Eq. (18) and.the

constanoy of entropy throughout the sy8tem0
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Adding tioge~herEqs. (17} and (19j: “S-

(k+uL’)(, ++ ‘- (%),0g +,(*)SO *

2)
RiemannOs trick was to choose a so that

For in this case the right-hand side of the equation beoome8 simply

This is accomplished by letting
.

Here c(V, So) ia the local velocity of sound.

The value of a itself is obtained by integrating dq. (2%)

(25)

From the equation of skake of the adiabatO both c ando may

as functions of v.

be determined

2) See (?.1. TaylorQs article in Durandce Aerodynamics, Volume 1110 PO 215.
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Restrictin&‘ou~s~lve;& t!}% definition of as KqO {~) become8:

Or transposing ‘

Similarly if we had subtracted Eq. (19) from (17) we would have obtained

the relation:

[
k 1

J, (U- a (U-a)=oC)-&

(26)

{27)

(28)

Theee equations have

change our framg of referenoe.

a simple interpretation provided that we

Instead of observing the coriditionfaof the

fluid at a fixed point as in the Eulorian system. or following khe mot~on

of the individual particle8 ae in the Lagrangian aystemo we now observe the

ohanges which take place in the fluid tien our frume of reference moves with

the local

move with

reference

velooity of sound with respeot to the moving fluid. In order to

the velooity of sound in the minus .-.direction, our frame of

must have the vel~city u - co In order to move with the velooity

of sound in the X direction,

u + cc,

Equation (27) statee

our frame of refer~ue must have the volooity

that if we start at

and move with a velooity u + C9 we will find that

remains .oonstantn
.

Equation (28) states that if we skrt at

move with the velocity u . c, we will”find that ‘ho
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any point in the fluid

tho quantity u + a

any point in the fluid and

quantity u . a remztin6
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Thus it we know the velooity and density at all points in the fluid

at some time, these two equations serve to define the valuea of u =.& and

ui-4 at any ~ubsequeat time. And knowing the values of u o 0 ati u + a,

we alse know the values of u and u separately From u and the adiabatio

equatiionof 8tate, we can determine the density and the pressure. This in

pri.nuipleforms a complete solution to the problems of one-dimensional
0

iaen%ropio flow.

It should be emphasized that the Riemann method is only applice.ble

to one-dimensional problems and cannot be generalized to tvm or three dimension?.

(a). Method of Phame~.on in General Case—.

The Riemann metliod oan be used in tho following manner to

Integrate numerically the equations of motion. Suppose that at the time

k = O we are given *he velooi%y, UO and the specific volumeO V, at a set

of points xl, x2, 000 ~0 ‘;!eare also given the equation of the adiabat. We

prooead as followe:

First.we use the equation for the adiabtatto calculate

J(TC(v,so)= g~
o

and then oalaulate

FI’0111V(Xi9t = O) and the above relationships, we determine
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In the Riemann method we try to construct the Iinea along WhiCh

n+u-f~ and n - & = gi. Figure 1 shcws what such a mesh might look like

when we integrate numerically. It is easy to find the points of intersection

. graphically. F=Q~ =Ch Poi~~# x~o we draw two lines ono with the slope

u(xi~ t =0) -t’O(xi$ ~ = O) and the other line with the slope U(xi,t =O]-e(xiOt=O).

Along the first line fi remains constantP alon~ the aeoond gi remains constant.

The plaoes where these lines intersect forma the points X12, X2T0 .O.O At

these intereections~we know the value of f and g.
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Xnowing the valuea of a at the intersection points. we cm determine the

corresponding values of V and of

C and u WO oan again draw two line8.

determine a new set of intersection
#

carry out the whole integration.

C. Then using these new~alues of

through each intcwseotion point and

pointsp etoo And in tiie way we can

It is interesting to notice that by this method we omno% obtain

any information about the fluid motion outside of the rough triangle bounded

by the line f =fl and by the line g = ~. The conditions of ths fluid

motion within this triangle are completely unaffected by the conditions of

the fluid outside of the triangle.

(b). A~emmn’s Method to Ideal One.dimensional Gas,

The

satisfiea the ideal

Riemann B!ethodis Particularly useful when the fluid

)gas form of adiabat~ z

P = Bc(so)py

T) For many appl~cations it is useful to take the adiabat

This does
equations

. P =k*(so)py + Po(so)

not change the resultant fluid motions since the
only involve pressure differences.

For other purposes$
“ptv= b)y = kn{So)

(29)

in the formt

hydrodynmioa 1
“

ia a useful forzw .:. ●O .,.
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And

Since V. ~e arbitrary, it is convenient to set V. = ~~ The value choBon

for V. cannot affeot any physical properties of the fluid. Then

2
u =

()‘yTc

~f y should equal 70 there are many s!mplifieakionswhich

appear. In this case, tho velocity of sound is proportional to the density.

2_ =3. and o==+C. Most substanoe8 under very high pressure
Y-1

approximately follow the ideal-gas adiabat4) with Y-. Ihdor the8e con.

ditions f = u + c is coustant along the ourve whose slope i8 u + c~ and

g= u - c is constant along the ourve whose slope ie u - co Thus f iS

constant along the line:

x =a[f) + ft (%4)

~ This value of 7 iB not to be cm.fused with the tr~ ratio of spooific
heats, y?. whioh varies betwoea $2 and 1. For mplo any substanoe satis.
.fyingthe equation of state pV q~Yv= aT q(Y’-l)%’has the adiabat,

P = (conSt) 0%.. . .
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And g i8 constant along the line .“: : : :

; ;0 ●

x =b(g)+gt

Solving these equations simultaneously:

.=-’
u=~(g+f)

;0
● *.*
99

The8e four equat~one form a complete Parametric solution to the equations

of motion. If we know

oan determine a(g) and

(?7) simultaneouslyte

of x and t. Knowing

the velocities and denait%ee at the time t = 00 we

b(f). Knowing a(g) and b(f)$ ws can solve (x6) and

determine tho value of g and f for any desired value

g and f we oan u8e Eqs.

u and 02 Then substituting c into Eq. (?1) we get

propertie8 of the fluid motion.

Darboux obtained analytical solutions to

(?S) and {?9) to determine

V and henoe all of the

the equations of motion

for all values of y suoh that y = 2m + ~ mere ~ i8 an integer. TL~60
m 0

values lie in the useful rango of yO The aeoad and third are of practioal

interest representing very accurately an ideal monotomio gas and air,

respectively.

t

m %’

1 3
2 1066’7

104CUJ
~ 1.286
5 10222
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In hi~ solutions for x and t& Ihmb”~ .
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derivatives of’ a and b up to tho order m - 1.,

(c) Riemann ?JethodAp~lied to Disturbance Coming From One Direction—. ——...—.—

The Riemann method ia partic~larly ~asy when a di8kurbanoe comes

from one direction. Let us suppose that at time, t = 0, the fluid at points

such that x i6 positive is at rest and the fluid corresponding to negative

values of x is disturbed. In this oaso we shall sk.owthat the lines of

constant u + a are straight lines Md all along these lines t.hovalu~of

u and a separately remain constant. We suppose that the fluid satisfies

the ideal gas adiabat so that

a= 2= (401
y-

Figwo 2 illustrates the problems

● 5) These eq~tions Of D~rboux are given in Hadamard, Lecons sw la
dea Ondes {F%ris, 1902). They amount to the &imultan66~~o~
3533.= parametric eqnations:

z‘($-w-’[“”-:’‘a’”A
t ()dz‘ziTo-

()J-&u
Here aa before a is an arbitrary funotion of u + o and b is an

arbitrary function of u - oO
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Figure 2

DISTURBANCE EMANATING FROM LEFT

~fe ~u~t di8tingui8h three regions” In region 10 the fluid is

undisturbed. In region II, the disturbance is aoming from both directions.

& region 1119 the disturbance is only coming from the negative x direotion>

Region I is bounded by the line dx = CodtO In region 1$ u = 00

c and u = 2= coo 7= coo

At any intersection of points in region I such as (x~,t~):

u-a=- 2
co

(~)
y-

f?~u +Cs = +9———— O@)
y.rr o

e.
2

So that u remains zero and u remains — coa Ths lines of,conytant ~ - u
T-1 *.

and constant u + u in this region~ as constructed in the Rie~wI method, are

thereforestraightlines.
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In region lllP the lines of oonstant

8ince all of the lines of constant u = a which

ohnracteristiovalue, u . a = . ___2 ‘Q . Thus
Yo”~

they interse~t bavo the cane

Iino of’slope u + C characterized by u + a = fi we have:

u-t-a= f’i

w

( 2 CQ
“’~f i-y-l )

The line for whioh u + ci= fi, therefore has the slopes

(46)

(47)

Sinoe this slope CIOOS not change throughout region 1110 it follows that the

lines of conataut u + u are straight lines. St is important to note tha%

the lines for different values of u -t a = r~ have different slopes, If

%WC1of these lines approach or intersect each others the pressure gradients

become large and then infinite and a shock wave occurEG ‘i’hoRiemann method

is no longer a~plicciblewhen those lines interseot.
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In region 111, the Iinee characte~istic of u o u have the Qlope

{48)

Sinoe these 1inea cross linen having dlfferent values of fi, it follow~

that the lines of characteristic u . a mky bo curved in passing through

region 111.>

the shock

(d) Formstion of SftockWavea”(%oblemof a Moving %Zl).-—.. ——

The formation of shook waves oocurs quite generally as the

a~y disturbance in a gas~ E the disturbance is mild$ it takes a

time for the shook wave to develop; if the disturbance i8 violent.

wave form in a short time. The Rionsmn method can be used to

show how they origizm%.

Consider a wall or piston which is set into motion at time

t = O amd pru~gntef} a di8tUrban00 in tie gas in front of’it. The position

of tho mill at any time is given by the relation.

.= ‘i?(t) t>o

For the sake of sinpIicityO let @ re~trict the motion of the piston to

subsonio vek;i:iou~ In tlda case only the lines of slope u -kc can come

~
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thewallo Figure3 illustratesthe Pr~~le~~“ Th~ l~f&”~f oonstant u + a

are ahown~

Figure q

Initially the gas ie at rest and has a velocity u = O as well as a constant

veloclty of sound, c= coo We suppose that the gas satisfies the ideal=gas

20adiabat so that a = —
.Y-l 0

the line &x =co dte

On the surface of the

wallsu - a = .
.?%?

TO the

wall u

~ sinoe

Aa in the previous problem we can aonstruct

left of this lines the gas remains undisturbed

= dw
a%

. At any point on the surfaoe of the

the linee of constant u . a arise in the

undisturbed part of the fluidO Thus on the surface of the wall:

(49)
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(9)

Therefore~ whenever

in the neighborhood

~ i8 po8itive@ 2> co and the dens iky of the gaa

of the wall is inoreased~ if ~ is negative. the gas in

the wall is attenuated.

lying to the right of the line dx =co dt and abovo the

the fluid in region 111 of the last problem. We therefore

of constant u + a emnnating from the wall aro 4raight

the neighborhood of

The fluid

wall corresponds to

know that the lines

lines. A line starting from a pointO (x$O to), where ~ is positive

and small will have a slope, u -i-COless than the slope of a line starting

froma point, (x”, t“). where dW f6 largero These two 11.neumust
%Z’-

thereforo meet at some point (XQ?Y9 tgv9)c. Since these two lines have

different velocities of sound, they alsohave different densities. So as

they approaoh each,other a progressively sharper density gradian’tdevelopn.

This gives rise to a shook wave and under such aonditiona the Riomann method

is no longer valid. From the abovee it is clear that the less the piston

or wall ie aoceleratede the swller will be the difference in slopes of the

lines of oonstant u + a and the longer time it will take f’ortho lines

to come together to form large density gradienta and shook waves.

From Figure ? and Eq. (~) it is clear that:

1, Whenever the piston is accelerating the lines of constant u

tend to come together to form shock waves.

2. Whenever the piston is deoeleratin.gthe lines of constant u

● *.*m ● e ● .
●

●
.*

: :
● :0 : .0 ● ●

::● 0 ●:O :000:0 :00 0,

● ☛
✚✚✚

● ☛

● ☛✎✎✚
●☛✎:0●

● a. :
● * ● ** . 9 . ●b.’

● . 9*9 ●

● 8



*

8**
●

9* ca*

tend to go apart and not form shock ~$$s~

Those are special oases of the more general

formod (alwayswill bs, if given sufficient

not when it i6 being rarefied. In order to

theorem that shook waves tend to lm

time) when a gas i~ compressed W%

get shook mves~ it is not

necessary for there to be a discontinuity of the motion of the wall.

shofk wave formod in cormw

Consider the following examples illus-

trated in Figura l+,

(a) {a) Push piston into gas euddenly~ (M

shock wave immediately &t wallo

(b) Push piston into gaa gr~dually. ‘-~
x

shock waveIlater.

(e) Withdram piston suddenly from gaa.

?loshockwave is formed. Pressure and

den$ity gradients ge% 1e88 steep M you
(0)

go into gaa.,

Figure ~
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I~o SHOCK wAVKSAND DISCONTINUL~?:~&!
~ectu.re by J. von Neumanq : : :

*

●0 ●
● 0●:0 :.0..

(6). HUGONHYI‘S EQUATIONS FOR SHOCKSo

There are two dii’ferent types of discontinuities in a fluid. In the

firot kinds there is no t’lowacross the boundary and there is no pressure

dii’ferenoeon the two sides of the boundary. In this case. the boundary ia just

a streamline separating two phases of fluid whioh may be made up or different.
.

chemical substances or tine

densities on the two sides

continuity in which we are

uame substance but having different temperatures and

of the boundaryg etc. However~ we kind of dis-

most interested involvee the flow of material across

a boundary in which a sharp change in pre~sure~ dezwityo and velocity take plaoc~

These are ualled shock waves or detonation depending on Whether the equation of

state of the material remains unchanged or whether chemical reactions take place.

Let us postulate the existence of a plane shock wave and examina the

●
6)conditions of its propagation . First we must define the following quantities;

v a Qe].ocj.ty of shock WaVO

Dl$u= velocity of matter before psssing through shock wave

D2 + U == velocity of fintter after passi~ throu~h shook wave

pl??2= density of’ fluid before antiafter p~ssing throu;h shock wave

V1 , V2 = speoific volume of fluid before and after passing through
shook wave

P1 o P2 spressure before and after passin~ throu@ shock wave

Elo% =specific internal energy bGfOr8 and after passing through
shock wnve,,

M= mass of material per unit cr(ms-sectional area flowing throuGh
the shock wave in unit time.

C) G.I. Taylor’s article in tirand’s Aerodynamics (Springer 1935). Vol. 111,
page 216 has an exoollent discussion of this topioo
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wave

In order that this discontinuity oan exist we must satisfy the follow.

ing equations~

(62)

(1). conservation of matter

%91 = D2?2 = M

(2). conservation of momentum

M(D2 . Dl) =P1-P2 (m)

‘fhis ~ises from Newton’s equation. Consider the mass of fluidp MD

● passing through the shook wave per unit area and unit tima as forming a partiole.

Here PI . P2 is the farce pushi~ the partiole through the shook wave and

M(D2 - Dl) is the rate of change of momentum

(3). conservation of ener~y

+M (D;/2 + E2) - @/2

of the Pa.rtioleo

+

This equation simply states that the

per unit art)and time9 i. es D~P~ -=D2p2, is

El) = DlP2 - D2PZ (54)

work which is done on the fluid

equal to the rate of ohange in

its energy. Here h&/2 is the kinetic energy and blIlis the internal energy

of the fluid passing through the shook wave. Beoause of the equation of sonser.

vation of momentum, we would get nothing different if we considered the absolute

velocity of the fluid rather than its velooity relative .tothe shook wave,
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(84)

(86)

Now we require that the material on both sides of the izrterfaoehas

the velooity us and the pressure p’. The velooity oi’the interface is then

also U$c. Ne shall try to s&\tisfythe equations with tha pressure p“ and the

velocityus for all of the material of both gases after the passage of tha

P“

Thus:

= p~a=pfb

(a7)

(88)

We must then sotie the four equations: (82)9 (86)9 (87), (88)9 for the four
.- .

uI&llOwZIS& )aS ~bs Yb “ From Eq. (88) it is ’clc?arthat

substituting this value of ~ixxto ?lqs.{82) and 486);

(89)
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Rearranging !Zq.(91) and squaring both sides of the equation:

Or making use of Eq. (90) and letting

[2(~0 1)2 = B (3’-1) +

● But Eq. (94) is a simple qudratio

~= l+ (B/4) (~+l)t

(92)

1

(~+ 1)3]( (94)

equation for~ having the solution;

~–-
Bti+ (B2/16) (xi- 1)2 (9s)
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Sinae B is always positivo, both of the roots cd’Eq. (95) are real

and therefore mi~ht correspond to solutions of the hydrodynamioal equations.

However, if we took the negative sign for the square roov,~ would be less than

unity and the entropy would decrease when the material passed through the shook

waves. This is obviously impossible so we must use the positivo sign. All of’

the properties of the oollision process are then completely determined.
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Lectures by von Neumann and Peiefl~ “. : :. :..~o:
and Report by Fhchs

(9). STATIONARY TWO--ANDTHREE-DIM3NSIOIUALIFL(YNS. AV@RTICITY. BERNOULI.J‘S

EQUATION.

The problem of two-and three-dimensional flows are considerably more.

diffioult than the corresponding one-dimensio=l ones. Two- ad three-

dimensional problems must be treated by speoial methods which are applicable

only to a limited olass of problems.

In veotor notation, the equation of motion is

and the equation of continuity is

Here u is

involving

of vortex

(96)

ap/iws. v o (Py) (97)

the velooity.

F1OW problems naturally divide themselves into two olassesz those

vortices and those whioh are irrotatiorial. Only a limited number
.

problems oan be solved and we will not consider them here. Whenever

a fluid has a vortex~ its angular velooity, (~, is different from zero in some

region. Sin.oe~= (1.lz)v%2$ the requirement that there be no vortioes is

equivalent to requiring the curl of the velocity to be zero. But any veotor

whose ourl is zero is the gradient of a scalar. Therefore we can set

u_=-v$ 3XROTAI’IONALFLOTf (98)

Here f is oalled the velooity potential.
.-

If a flow is initially vortex-free it will remain vortex-free if

the pressure is a funotion of the density alone. Therefore there will be nc

1
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vortioity generated as 10W, as the flow remain~ isentr~pfq.” Bo3fi%Q&J%

shoek~ will change entropy in a nonuniform manner and vortioas can be foryed,;

,4plane shock is essentially a problem in one-dimensional flows and does not

produoe vo@icea. Howevex~ Hadamard showed that any shocks exoept those

having either plane or spherioal symmetry produoe-vortices. l%r examp~os

vortioes are formod when two plane shooks oollide.at an angle.

The three ucalar equations corresponding

motion oan be reduced to one equation when we make

tial for irrotational flows. Eq, (96) becomesz

to the vector ~quation of

use of the velooity potezw
.0

- (a/at) @ + w(Yo@l =- (1/P)~P (99)
●

or inverting the order of differentiation for the first term~

-~@/dt) +V(grad ~)2/2=- (1/p)Vp (100)

This is equivalent to the equation

-d(?@3t) +d(grad ~)2/2 + (1/p)dp = O

And integrating along any path

(NM )

J“dp#’p = &$/’& - (1/2) (gred~)z +(1/2)~ (:02)

Herenis the oonstant of integration. For a steady stated b~/dt x O and we

get Bernoulli?s theorem:

fiP/P + (@) (zred ~)z = (1/2)~~ (103)

Here ~~ is a constant whioh canbe determined by knowing,the velooity “

and pressure at some point in the fluid. Usually~f is evaluated from the

pressure at a stagnation point where the fluid velocity is zero.
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For an ideal gas, wa can evaluate ~/dp p and obtain an upper limit

to the velooity of the flow:

$P/P=[tk(so)2/K/(f-li P~~-l)/f=[rk(so)/(f-ljP~O’ (lo’)

But the velooity of 8ound, a, is given by

.= J“-;. = @i@=--- (M)6)

And Bernoullits equation becomes:

Ha-e 00 is the velooi%y of sound at a point where the flow velooity is sero.
\

The equation of continuity is also important. If we introduoe the

velooity potential into EqO (97):
.

(109)

●

For a steady state, ap/& = O and

Sometime6, the welooity potential may be determined in the following

manner. The density is eliminated from Eq. (110) by making use of the implicit

dependency of J’/dp p on density in Eq.(103). ‘l’hisleads to a single differ-

ential equation involving
I

alone. The equatig~i~”~ry~o$pl~j~ted and
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