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If @ <1 we have two real reots, + k such that o = k/tanh .k' s If e>1 we
have twe imaginary roots, + 1 k_, such that e = ka/tan°1koo in either case

1% oan be shown thet the cheracteristic eguation has only two roots, In the
lattor case the asymptotic solution is & sinuscidal funetion of kox:, in the
former a hyperbolic function. We will represent the phase of the asymptotic
solutiom by the "oxtrapolated end-point”, x,, such that the asymptotic solution
is the sine or hyperbolie sine of k, {x + x,). We now fellow through explicitly

the method of solution outlinmed in Chapter 1.
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P(x) has singularities only at + 1. These singularities are branch points so
that te make the function explicit we introduce cubts lying along the real

axis from -0 0 =1 and from +1 te +o0 . Ve treat first the case o » 1,

The twe roots of P{(k) are then pure lmaginery, -+ ikoc The singularities of
iog P(k) are 1 and + ik, Ve look for a log F(i) analytic to the right of
the lmaginary axis (corresponding to the sinusoidal asymptotic solution, £(x),)
and & log G(k) analytic to the left of +1 (corresponding to a g{x) decaying

somewhat faster than e ) and satisfying




a 2] =

log P{k) = log G(k) - log F(k)

The "sub=strip” i# which all three of these quantities are apalytic is
O<R(k)< 1. We therefore break up leg F(k) by means of & Cauchy integral
along & ccntour running up and down in this strip and encloslng k, and (except
fcr a common constent) identify log G[¥) and -log F{x) with the two parts of

the integral.
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We simplify log PR(lc) by defnrming the right contour to enclose the righte
hend cut,
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the bracketed expressions). Substituting k' = 1/s,
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Here and throughout this treatment we encounter logarithmically infinite
constants, A slight modification of our procedure (to make P{k)->1 as
ik\—A}co) suf fices to avoid this embarressment. The present treatment is

somewhat simpler, though formelly less rigorous.

we simplify log PL(k) by a corresponding deformation of the left

contour,
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Letting r = k'
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Combining these twe expressions, (2.7) and (2.8), with

1 +k
log P (k) = lfng(ek log gz = 1) = log Pe (x) - log B, (x) (2.6
gives
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Taking the 1imit as k—P0 we get
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f(x) = sin k,(x +x5) + h(x) h{x)=30 a5 x—=3+ ®
11' x
‘o*o =ik %,
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This intepgral way be evaluated by allowing k to approach 1k0 in (2,11):
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We can derive an oxpression for h{x) suitable for numerical evalustion as

Ffollows:
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H(k) is not singular at + ik . (The bracketed expression vanishes}, thus

the contour may be deformed Lo lie along the left cut, Only the integral
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Replacing k by <k gives
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(h({x) is negative for all x).

If e<1 the roots of the characteristio equation are + ky, where

¢ = kl/tanh"lklo The contours must now be teken as shown in figure 5.
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Progceeding in the same way as for ¢>1 we get the analogous results:
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Combining these hyperbolic results (¢« 1) with the elliptic results (c.)ri)
proviously obtained shows the character of the solution and its numerically
identifiable features to be continuous {(as a Tunction of @) across the parabolic
{e = 1) boundary case,

We now treat the two-medium cate, distinguishing the twe
materials (e.g. active materinl and tamper) only by thelr different values
of ¢. Here four cases arise as the two ¢ - vnlues are less than or greatexr
then 1, We treat explicitly only the case: e»1, ¢¥< i, The extension te
other cases will then be obvious, Becmuse of the applicabillty of the
solution to the simple tamped sphere we refer to the one region, c¢>1,
x > o, as "the core", and to the other, o< 1, x< o, as "the tamper”, ‘e
find two pertinent solutinns, one belonglng te a growing and the cother to a
decaying exponential asymptotio solution in the tamper. For the problem of the
infinitely tamped sphere only the decaying solutiosn will figure (decaying as
one moves away from the interface inte the tamper). However, the "asymptotie
solutim” for a finite tamper will be & linear combination of the twe solutions.

The Integral equation ia;
o] 1 o 1 '
a(x) = ¢* g dx'n{x') §-E(Sx - x") + e g dx”n(x‘)ﬁ.E(‘x - x'}{) (2.1h)
= Q0 o

RKe use the same notation as bvelore:
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g{x) =0, x 20
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The singuiarities of log P(k) now lie at:

+ 1 (branch points)

. o
+ ik_ (roots of P(k) mgjm =c
- ¢ ( * tan-l k )

"0

+ ky (poles of P(k) “’“’Q“I"‘“’ =c’ )

tanh” k?_i

F(k)} (and we assume also log F(k) ) must be amalytic for R(k)>o

G{k) (end we assume 2lss log G(k) ) must be analytic for

k’
R{(k}) <+ 1%1 for "decaying solution®, i.e. g{x) = (e ‘,__x)
ot R(K) < - k, for "growing solution", 1,0, g(x) = 0{c™"%)
log P(k) is analytic for -1<R(k) <+ except at + ik , +lky




For the two cases we choose contours as follows:
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"Decaying Solution”

"Growing Solution”

We treat first tﬁe decaying soiution. As before we identify leg F(k) and

log G(k) with the left and right integrals (again excepting a constant) o

1
log Fy(k) = »3p SR

log Py (k) == - 5; dk

k'dk"k log P(k?') = log G(k) + const.

? . ’
2ny —r 1og P(k') = log F(k) + const,
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We deform the contours as follows:
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The last Integral is now equivalent to that ovaluated in (201 5) (anxd is
identical with th right=contour iitegral occcurring in the one-medium

problem for ¢ <1).-
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We again determine X, and the value of B required

solution of unit amplitude.

to make ths asymptotic sine

£(x) = sin k, (x + x,) + h(x), x>0, h(x)—o0 as X—> + o0 (2.17)
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Replecing k by <k pives
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’Fhe first term will be called 1‘1’22 by exnalogy with the Xy introduced in

{2,18), the seccnd can be evaluated by the use of (2.11) and {(2:13).

k 3 d —
ﬁ‘fa e L AN L "(c/c D0:e) (2.21)
(kyt e kM) (e ) (/Gky -1 :
se that
- eQocfaek) oy
S TS T TR S I
Ky Jc(l c/u H'.,, )) ekl(uiul) fj(*) (2'22}

(x) = s
8 T kgt Jeerain-y)

J 3 = Gl ~ m*

1
Sl oG [ 5 s (e .
T ko(ky- k) 2 (- -efe) §°F B
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Y |
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T Ky /o 2{e-) (3 -etfe) PERE . o1
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The second solution differs in having as an asymptotic solution
in the tamper a growing exponential {growing for increasing negptive x),
eaklxo The core solution is mgain sinusoldal, differing only in phase from
the first solution. Thus, the left contour must still 1le to the right of
the rgots of P(k) at + ik o The tamper solutien, g{x}, 18 to grow as

kX '
e 1, Thus G(k) must have a pole at mklo {It may also have a pole at -k

1’
k

the corresponding ssymptotie gl{x), e 1x, will be dominated by the growing

exponential.) To glve G(k) a pole a% <ky the right contour must pess te the

left of the pole of P(k) at =k o Since the left-contour must alweys be to

the i1eft of the right contour, the two conbours must be taken a8 in Pig. 7.

{Other contour arrpagemonts are possible, e.g.

.
——
-ik, ]
Pig. 13

but the solutions so obtained may be represented as linear conbinations of
the two solutions obtained from the contours of Fige 6 and Fige 7.

Deforming the contours of Fig. 7 so as To permit simplification of
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the interrals gives this form:

) ik
4 o]
L ,/j:jj::;: R
G
N\

N

oy

Taking as before:

. 1 dk! a
log Pi(k) = jL e 108 P(kx*) = log F(k) + constant

log 2, (k) = 1 g dk* 1~ P(k') = log G(k) + constant
RV T2 Jg k- k og = log d onstant

The integral, log Pk(k), may be broken up into pleces which have been evaluated

previously.

il

1 dk* 14k c! 14
log Fy (k) =i o '(R kiok log@k, & i ) ‘.’x’j' ka'mk logyl "2k' Yog T2y

N (o)

= 1 ds i j 3

= T,  w o =21
s o 511-?:..3) c \é,l'\i ki 1’"-#1; ( 21 l)

1
nj

The last term hes been evaluated in getting log R (k) for the decaying

dk? c’ Ik
R TS 102;, l = §E"_ 10,_._, >
decaying




- L5 -

sglution, i—
' /
-1/k s
R ), s(A=ks) © ) s(1-ks8) Jo & (1-ks)
v
- L s __ o
Ay B(i-ks) ‘ot
=k ' s g gy 4l | as o " as 2 1.2
v, Teks e ¢! W o‘E(Tc"Tc’)+h 0«;-‘10g(kek1)a
k{' ds 2 2
1@8 G’(k) = T{\g T:E? (Tcach) - 10g (kjl - Xk ) -+ 10g B! (202)4)
o >

Jt may be observed that the G(k) here obtained differs by & factor of
. .
meTﬁ’Tﬂ from the G(k) previously obtained. Sirce the ratic of F(k)
1 :

to G(k) is the same, the twoe F(k)'s must differ by the seme factor. Vie may

therefore write log F(k) immediately

' 2
log F(k) = ‘;k’i’ g 1(-11-;3 (Tc» Tc') + log 23”2{0 (1 ; ‘3“')
0 K S(kE + kB (e - 1)

B' is again to he evaluated to give the asymptotic sine solution unit
amplitude.
£(x) = sin ko(x + xl) + h(x), x>0, h{(x)~» 0 a8 x—pw (2.25)

ikox -k :
1 (o ©1 P

rlk o= o 1 @9 BN

() "E”Y(}\ - ik k7 ik + k)

1im [log P ik + g) - log Feik + ‘a)} = log{-1) + 2ik,x,
g -0 '
eix, {*  ae .
== Jo T, 252 (Tg=Tg+) +log (-1)




1 {' as .
T4 TH_ %2 (T,-T,,). (x}( o since T < T , for o< s<1) (2.26)

1im {§og F (Lk, +e) + log Fl-ik +e) + 2 log €] = -2 log 2,
g-»0 .
B, (1=c")

2 ' ‘ .
2k .g sds
T el (T T ) + 2 log 2 10 (ml,. )
?0&1 ¢4 v TS - E; [ 4 ©
it Q 1+k0 S c I 2(0"1) 0

k 2(0 1) k e [ as
t = v gt - o9 5
log B lcg PR ey 2 SO T 1.’.q‘.;_,..g.._ﬁ?('1’ - T4,

2
k -1 - -
= log 1® ) -3 hgew;”q(é m?ﬂ . (ef. 2.19)
k,(1ec') (1ec/Q+ %) (,5+ k%) (1ec")

2

kle(c-l)(l - c/(1+k02)(k12 + k%)

26,20 - ¢} (1 = o7/e)

2
ko (1 = c¢')
iy @ (54, 2) (0=1)

1 .
w = . ds o
lag + (k) il So m (TG‘”TC’) + 10{; B + 100

g' T?EE (T,=T,,) +1 q0g koz(l-c')(lcc/(1+k02) (k$+ koz)
o

-3

2&12(0 - 1)(k2+ koe)e(lecﬁ/h)
2 2 !
e iyt T, /w) o/ L5 L i

k}(k2+ k) 2(c=1) (1+c*/o0)

k! ds
i ﬁ lcforkl) o RO i ke by

PRCrrC WaToe 1 2w LS

F(k) =

H(ky:

toosd

B = 5on AR ke = rp | akFR & (ef. g 1),

e -k
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since H(k) is regular at + ik, and F(k) - H(k) is single-valued acrossc the

= O % <1 cut.

e peng R [ gl ) gl
hix =577 dk @ Kot (kyl -kl)(l ) 1’2&(‘°3%ft -m) Zk(cﬁLH..ﬂ) -1

kKot fa-¢) (1‘ cfQs kox))

where p ky 2¢c-1)(3 - ¢’/fc)
® k g5
H - skt ek -/ ) -1)e-efe) W g7 om, (Te- %) N
%)= * .t PEN Iy 3 T T c e
o 2 (3-¢) | 1 (1 log 4 .Y -k) « (1)
1

L]
k d 2 2
log G(k) = = So T:;'s” (Tq = To1) - log (kl - k) + log B,

G{x) = o X f o (ToTer)

lik12+ koa \/(c“l) (1“0/(£+l;02)

k (12 - ¥°) V2(1c?) (2oc'/e)
Tood

% Io' T:lsé'é' (Tc"‘Tc')

C
s S8Y, ;;—"é’:mi:e €

fl

G(x) bas simple poles at + kl and & branch point et 1. ‘e will therefore be

able to writs g(x) as
ek—:x klx X
g{x) = Ae 3" +Be + 3(x), j(x) =0(e) 88 x~pam

i B
G(k)_ = okokl + _k.,.kl +J(k)9
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() = {c-e) C k: (3-¢) N kde o B® J: .&s—ﬁ (Te - %)
Jha= 3 klx((')-) (k"* koz) [(k . L 'og k+1 )i—e (f%v)z} )
! )
o ke /TR 1) (1- /) (- e ‘)) kdke ° A * (xed
J(:) - Zkl 4 / 2 (C l) (k1+kal {(k k#l) (F_f_.) }

1

We now have two solutions whose agymptotlo forms are:

1:1/ (1~c/(1+k ) k1 (xx5)
9 fe Bk 2\/ (cv/u %) -1)

(Ofo 20179 20189 2022)

(’ _l @11{
sinko‘z‘+xl-i-§: tan )

sim k (x + = ) /(luc/(l el ) sinh kl(x + xe)
pre/a-x-y T

{ef, 2,25, 2.26, 2.27)

¥Wis introduce the notation,

fgi \!c(l - /(1 +k02))
/5':-._,_ \ic”(c‘/(l - k12) - 1)

L2, 2 k. (x4x5)
no(x)(mm-; e sin ko(x + X +«§}- tnnﬂl E;’. &> 8 ’ A §
kl,‘g o ky /5'

sin ko{x + xy) sinh X (x + %)
>

By (=) <> /3 ) /6’




eso::

2 2
k + k
no(x) is uic-;a 2 times the "decaying solution” first obtained (2.1l to
) .

2.23) . nl(x) is }5- times the "growing solution” next obtained (2.2} to

2,27) s Subtracting klnl(x) from klno(x) Fives

na(x) = klno(x) - kln1 (x)

k
+ cos kO (K“"Xl)'sw?'gz:sﬂ.ﬁé:>
1 + ko

/3" sin k (x + xl)

k

o -k
= ?‘1 ces ky(x + xl) H;‘J" cosh kl(x + x2)

Bo (x)
1

If we now subtract n; (x) from we get

1

,/k2+k2
- 1 d sin ko é: +’ﬁ - %.,_ tan'l ig)

kg /B ) kl

nB(x) = %:), - nl(x) é»—)% (cos lc'o(x +X) e l%’. - sin ko(x +;x1))

“kq {x + x,) .
6—9%, ® 1 2
Ve now have two simple pairs of linearly independent solutions, n(x) and
n?(x) 3 B, (x) and na(x) o Por any one of these four solutions, hence also

for any other solution made from them as 1linear combinations, the asymptotic

solutions on the two sides and the derlvatives of the asymptotic solutions




have a constant ratio when evaluated at x = °x1 and x = =x2 for the core

and tamper solutions respectively.

derivative of asymptotic
—kold' core solution (x = -xq)
asymptotle tamper solution {x = °x2) ky derivative of asymptotic
tamper solution (x = -x5)

asymptotic core solution {x = “xl) kP

The points, =X, and =X, 8T© both on the core=slde of the interface, =Xg
being the farther from the interface, This property leads to the following

recipe:

In each medium the asymptotic solution is one of the family of

solutions of the equation: (A + ke) n(x) =04 % = ¢ (k may be either
: tan™ 1k
real or imaginary). Each of the two asymptotic solutions 4o be joined at

an interface is examined at its "fiducial point"”, distant A4x from the intera

face an the side of greater 6.

1
= 3 a8 \
= 1 B -

(The Ax for seach solution uses its own k which may be either resl or imaginary,)
The two asymptotic solutions, each at its own fiducial point, have egual
jogerithmic derivatives. The magnitudes of the two solutions, evaluated

at their fiducial polnts, have the same ratio as thelr valuos of the

quantity,

k / ka - © 2 )
;B. \/0(1 - c¢/(1 + k°) \/{-‘-(0/(1 -9 -1 (for K = ik)

—,.

_—




This recipe paraphrases the conneetion-formulee given above

identifying the two asymptotio solutions on the two-sides of an interface,

It differs from o simple diffusion theoretie boundary conditiocn connecting
the asymptotic solutions only in so far as

1) &x differs from o (very little, a few hundredths)

K : '
2) 2? differs from a constant {doubles between ¢ = ,7 and 1.7)

This recipe connects only the asymptotic solutions, Detalled
features of the solutions may be gotten from Table I,
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Synbole used in Table I,

wl 11/2 ‘
T. = tan . T Q) =10, T, (1) =0
e {tanh"ls - 1/cs:\ e L

In untamped solution

N K, / 2
[s] ”’ ——— T s T2 G = fef{l - C/(jl + k ) C>j{,
o TTREE T ¢ mmhy T fE/leclienn

, _
1 ds k1 v/ 2
Xo ® % Jg mmmeyrm Tg o memmeyt= = =fc(c/(2 ~ ") -1 , ccds
D B A 1 ’

In tamped (two-medium) solutlons tho formulae have been written for the

ease ¢ >1, ¢'L 1. Other cases follow by analybtic extension,

/c(l -o/(1 + kog))

= \/c”(:c'/(l‘ - klz) «:“‘1)

ey
5

Y
i

r = X ds
™ T o T 5B (Tg = Tge)
' (x2< x; < 0)
i as .
*2 T X So 20 (To = ‘Ec“)
1 - kl 5

EBach of tho four solutions is presented as an asymptotic solution in sach

medium {sinusoidal or hyperbolic) to which is added a discrepancy term

@(x) for x$0, j(x) for xt.())g This discrepancy term may be of either sign.
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Appendix I

Accuracy of two=boundary approximation.
To estimate the error introduced by neglecting the intersction of

two boundariee we determine the effect of this neglect in the untamped sphere

problem a# a first order perturbation, The fundamsntal eigesnvalue, ¢, of the

equation,

g(x) =c S& dx? n(x?) %b(‘x - x") e nBl=x) = arxtx), (1)

=,

we write as ¢ = co/(l + e) + 0(52)

n
. where a = e Xg{Cy)
kic@) ) o

The integral operator

o
g dx* % E(}x - xt|)
Jeco

we denote by AN

Trite R = R{x) =o for x< -a

=1 for x> =8

]

L = L(x) o for x > a
=1 forx < a
Equation {i) becomes
(1 + &= ARL) n{x) =0 , valid for =a $x S &
n{x) = ng{x) -+ Iy (=) (11)

n,(x) = ng(x) + nL(x) = sin k x

where nR(x) and nL(x) are the exact one=boundary solutions satlsfying




e 5=
= . ol

(2 mJ\.R)nﬁ = (1 m../\.L)nL = 0

nR(x) =R sin kx + hR(x)
nL(x) = L sin k x + hL(x)

Then

L +¢ =j\RL)nl = (ARL - 1 - 1:7)1:1.0 = {ARL - 1) (nR +n - sin kox) - eng

= [j\_R = 1 -J\_Rgl - L)]nR —k{AL -1 -ALO - R)] ng
A-1 e AE - 1)] sinkgx - en,

= - A {(1 -Lny, +(1-R)n + (RL - 1) sin kox] - en_

= -\ [(i - L)h, + (1 « R)hy + (R = RL + L = RL +RL = 1)sin k%)
- en

=-A[Q- Db, + (- R)n | = e (11%)

Since By must be finite, the right side of (iii) must contain no component, -

n{x), satisfying (1i). Neglecting terms of erder e®

we have

L

S: sma) { Af1 - 1m0 -] s en) =0

¢ ga ax 0 %(x) = - gm ax Kln(x) A t(z - L+ (1 - R)hL}
-8 « Q0

v
u§ dx [(1 - L)hR + {1 = R)hLlj\. Rin (x)
[ee]

i

. gm dx [(1 - Ly, + (1 - R)n ] n(x) (iv)

= (X0
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The left term of (iv) is roughly ea. The right term is minus
twice the integral of the discrepancy term, hR’ (>-0? starting from a point
distant 2o from its boundary, with n{x) beyond x = a. The character of
a{x) in this region may gé determined by taking c¢' = O in the decaying twoe

medium solution. Its value at the surface is

B _[1-c/ * kgo)

AT

J2(c - oi 2

The right term of (iv) will be approximately (-2) x

1 = ¢/(1 + ko)
2

° h(2a)
divided by their combined decay-rate, about 3-l, Using these approximations
Tor o = 1.l gives

26 S 62 X 62"—) X noooogt';
3

€ s asxlo”é

for ¢ = 2,0

LA N

1 2 x .58 x ,00117
1.0 * 7; - - QOOOL{S

For a tamped sphere we procced in a similar way!

{1

= + = -+ v 8in kL x +n
n=a, n1 y nL o 1

AR+Q-R %L]} nRz.{laJ\_[.L+(1==L)§-L}}nL=O

Afe-et 9_2,}.
&['c RL + ] -1

» (ny +1ny = sin kyx) - €10y

-4

€ -aj\_[RL + (1 - RL} %—L]} n(x) = o

H

" lonnuih]
)
]

¢ - ¢! ot
1+e-A|~——RL +?=.'l}n1
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- {A [r+a-ne]. 1} ng + ARQ - L)(g,'.
+{A [t+0a-1n %l]., 1} n, + ALQ - R)(«:-i- ~1) ny)
{ -_[\[c - o’ RL +%-1-]} sin k_x = en,
) (R sin k x + by + gg)

=.=J\.(1-=L)(

a_/\_(I,-R)( : )(L81nkx+h +gL)

s &_-:-—uc - ¢ S
i N ) RL gaAJ»in kx = & oo

i

G - . ]
(1« A) sindgx = 2280 {(1 - L + (L - R)hL} - en

{

Henge as before:

e~ - ;(1 - %L)J(dx n, (x) A {(1 - Dby + Q- R)hL.\j

é’(\ - E.:.) g: dx no(x) h,R(x)

Estimating this integral in the seme way as before gives

c = 2\@0‘° c! = ;‘.;0’

2 x 053! cq717(.0003

The chief factor making these errors smell is the rapid decay of h(x). Taking
the untamped-solution values &s tyoical (they will actually be somewhat too
large) it would appear that & %111 excocd .01 only for cors diameters or

tamper thicknesases considerably less than one mean free path.

]
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Comparison with variation theory results gives about 0.3 az the
1imitir.g thickness for 1 per cent accuracy. ({cf. Compariscn of veriation

theory and end point resulis for tamped spheres, LA-=205.)



Appendix II - Solution ¢f the inhomogencous Wiener-Hopf squation.

The Wiener-Hopf technigus was shown by E. Reisener (Journsl of
Hathematics and Phyéics, Volo. XX (19M3), pp 219-22%) to permit extension to
the inhomogeneous probleme We here treat only the one medium problem wi th
the Inhomogeneous term confined to x 2 0. The extension %o the twoemedium
preblem with an uwarestrictsd inhomogensous term is immediately obvious; The
eqguation we wish to solve is:

a0 :
a{x) x‘g dx' n{x') K(x - x') + £ (x) {e)
o 4
where £ (x) is known and vanishes for x £ Oc The Leplace transform of (a),

with the notation used previously is,

6(k) = F() () - D +F (k) = FRPO) +F k),

7 (k) = Sw ax fl(x) R
[+]

(v)

The selution of the corresponding homegeneous equation will be denoted by a
subscript o.

6,09 =F (k) (k)

P(k) = G4(k)/F, (k)
Wo define F(k) such that

P(k) = F (k). F1)
This introduces no singuiarities in F(k) in the right half-plane sinee F (k)

had no roots in the right halfeplens. Then (b) becomes,
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[ Qo (k) \
olkl/

P(e) B(k) =P P (0| 5wgy, = B 800 = 0(k) - F, (k)

Thus ~F, (k) is the right=enalytic component of F(k) G,(k), which wo may write

a.8

N - 1 ’
' {;(k)%(k) R 2 55 &L “ﬁ%’“}“‘c‘ F (k') G (k)

vhers the contour L lies to the left of k and of the singularities of
G,(k} (which are entirely in the right half-plene) and to the right of the

singulerities of F(k) (in the left half-plane) .
[F0 6,00] 5= - 7@ ()

Making use of the fact that ﬁm%§7: as woll as G, (k) is amalytic
o

in the left half-plane we can show that (c) is satisfied by

F(k) = = [Fl(k) ET,‘T%?Y]R‘ {d)
sinse : ’
' [@0(1{) g_(k)]R = w [Go(k) [Fl(k) &;‘]‘i‘ﬁ‘}n]a

-1 g k' S ax®™  Fy (k")
ey i = G (kt 1
{2“1) : L’ Y- _“E' 0( ) Ll! k" - k" G-o (k“)




§

)

g
. i

1 g w Py f y {3
6,{k) F(k)jp == ey, Yop dk"OZLNE J ak’'G_(k*) + 2k
ik L ) -k \k'.%& Kok,

(2n4)° G, (k") ~ L' B \ET R

Displacing the contour LV to the left of L" picks up = residue at k* = k",
The remaining k' integral vanishes as it may boe displaced indefinitely to

the left, in which direction the integrand decays as i .. This leaves:
e

(k") (2:11 \

1 .
Bk G"(k-")>

[, £, =- an)? SL.. a" 21

G, (k")
- [Fl(k)] R 57 F‘l(k)

The particular integrel of (&) has therefore the lLaplace transform

3 = L NIRRT
F(k F, (k) I:Ej@?] %

|



To this may be added any wultiple of the homoganeous solution, Fo(kﬂ.

To extend this mefhod of solutioa to the two~medium problem
requires only the replacement of (a) by the corresponding two-medium equation.
This leaves the form of (b) and the rest of the solution unchanged. To treat
an inhomogeneous term e;iséing for both x> 0 and x 0 it suffices to break
up the iﬁhom@genwous term into & right and a left side part and treat each
soparately as above.

A particularly simple special case'of the untamped inhomogenecus

equation is that of the albedo problem -

- QX
f1(x) = e'a a > 0.
Fo(k) = L
100 = =g .
1 : k
L
?av
4
(V4
/

Then
[mﬁ(k)”] N 1 S dk" 1
Tolk) |, ST JL kT ok & F &G k)

1 +1S ak!
T {-aj(k +a) | 2n L' (k' - k) (k' + a)Gy(k")

In the second term the contour L' may be displaced indefinitely to the
Jeft., Jts integrand may be written as

Const.
—gT




=6L§, o

T N e ot v v—

Thus the kedependent part of the integral vaenishes. The constent part
represents an aduixture of the homogeneous solution to Fl(kj and therefore

may be disregarded. The general solution.is therefore

Py (K '
F(k) = = FD (1) [&3‘%}%-] R + A = = Fg(k) (G (ea)j{ik . + A/\ 3
o o

-

n an albedo problem ¢ will be < i and A should be chosen to meke 1(x)
finite for all x, hence F(k) regular at k = + kl’ despite the pole of P, (k).

Thus

1

A= - Go(”a)(kl + a)

(k - kl) Fo (k)
Pk = T T @6, (o)

The density of emergent neutrone in the albedo problem &s a function of p,

the cosine of the angle of emergence, is

00 -/
o j dxn{x) e

Q
ek (})
B

and is therefore given directly by the solution F(k)o

i

¥{w)
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‘ 1 [} ds
TABLE E: 7 . e Tc
C : A
K 0.4 0.6 0.8 1.0 1.2 | 14 1.6 1.8 2.0
o2 | J79L0B | L73643 | 69159 | 65676 | 62911 | .60660 | .58792 | .5721l | .55862
o5 | ~T1IL2 | 66248 [ .62L06 | 59395 | .56988 | 55016 | .53371 | 51975 | 50774
8 | 64816 | 60551 | 57178 | .5L528 | .52379 | 50618 | .L91h2 | L7886 | .Léso) |
;
1.2 | .58303 | 54650 | 51741 { .Loh3o | L7561 | Léoik | .hh712 | 43599 L2tz ¢
1.6 | 53240 | 50039 | L7L7h | .Lsh2é | L3763 | Lez s | L2210 | LLo2os +39338 |
2,0 | 49160 | L6306 | LLho10o | L2168 | L0666 | .39h12 | 38350 | B3TL3T | 36642 |
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