
., .

.2Q.

‘) find.satisfyingsomewhat raster than e--

~zs —— ,...
.



-. ___..-—

tmd enclosing kO and (except

F(k) with the two parts of

---.—



-22.
—.......-...._.
--—-,:. -——-.—. .—

.

Wilert?l

-.---——.



!;eohplf,fy log PL(k) by a corresponding deformation of’the left

R—. -—.— ——.—.”.—. . . . .

——..,—.

-. —

—-. ..—‘I. — 3-,

.



Letting r = -k’

(2.8>

(2.6)

(2.9)

(2!.10)



-25.

.... .—
—- —.. --.-..—. ~ .. . _——,—.-

}“~enow dotermino Xb and the value of B required to give the asympto%io

@ine Wm in f(x) unl% amplituda.

———————..—..———.— —---—.—— ..______.—.
-—–

‘
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This integral may be evaluated by allowing k to approac!~iko in (2.11):

M5dKing use of the ronnl.aa

k-.$ 02

—-.. . —
* —. —

—.
.-—...__————----- ___ ---- __

—-—=



.28.
.

–—

H(k) i5 mot singular at -!-iko. (Tlw bmcketd

..-.-——

“1.



.Z! g-” ..-.

—-



\
.30.

..----—

.

r - —.

~ ___
..-. . .



—.—..———- -.-.—_. ....— .. .... . . ..—_ _

Gombining th.e6ehyperbolic results (c<l) with tho elliptic results (c> 1)

than 10 ~?;etreat exdicitly only the case: 0>1,.

...__——.

_.
~——’—- ____—._—.——————
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-.

-co
(g(k) = dx ~ E(~X~) e-b ~ & log <~

/ ,i-co

1
03 -kx

l?(k) + G(k) = dxn(x)e
.00

J
00

dxe “r.kx m=. dx’ *E (\X- x’~) [0’ g(x’) + Cf(x’)]
--m .m

E’(k) (and we assume al-solog F(k) ) mUSt be analytic for R(k)> Q



For the two cases we choose corltou~sm follo-m;
.

R

ilc
o

k
o

L

-+————4———

‘1 ‘3

“Dece,yiflgSm?.ution”

ikf

.ilco

—.. —..”...—..—----.-.-—-——. .—
—-——- .-.-..——

_-

/J’
R

_..kT++T. . -

. .

\

.

“Growi~g ~al.ution”

,
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We dd’o~-m Mo contours as f’ol lows :

i.ko

L—..—
-——-—-—---=-- ,3-—.

.&

-iko

. .....

R
+

===—=-——

making use of’ bhe previous evaluatiorl of’ the first term,

-.

——. — .. . _.——.. —.. .

—



Fig. 10
.——-— --—-—_—- -- . . ... ..-— .—.__. —.-—



. .=-=—.-.—-----.: ... ..... . ._==-_—..-.:.. _.== _,... .. .,.—.. .....———--—----- - -.——..-..,.:.~.~.
—.———..—. —.—

~rl * -J—--————+-#—————+—-––––––I
. ..~ —.

w. 1 -1<1 ‘1 x
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VUIIM of B required to make ths asymptotic sine



,,,. -.; , .,.....

.
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#

-Y?=’

r“
.-—

1-
in(o)= c/(1 +—k.

2(1 - c~/c) ‘
(2.20)

*



. ... .

2’J!!!!!!!!--

A cheek of this repression is afforded by ove.lusting
_ ..<=-..-—-..--..—-

k

1 log
‘z?

.

(c-l)&/(1+~)..— .—
2Lsa2(l”.c’)(l-c’/c)



:

The f’irst term will be

(2.18)0 the seccmd can

.



- h2 -

J-.Lm

1.
im

-1..

‘G
dk

;C@

—--= ___-—----—:.:: ---.———
—
—~.

—==— –-



= ).pj -
_—.—

— — ..-.--...-—-—--–.-.:... —-—---—-— - . ... .--—.-4!!mm==
!l’hesecond solution differs in having as an asymptotic ~olution

in the ‘~mper a growing exponerkial (growing for inorem.in.g negfitivex)@

Q%*, The core solution i-atigain sinu~oidalo diffsrirlg only in phase from

.iko

Fy=-*.._-....v-

Fig. 13

but the solutions so obtained may be represented as linear cox’binations of

the two solutions obtained ~rom the contours of Fig. 6 and Fig. 7.

!&3forminfjthe cofi’toursof i?ig67 so as to permit simplification of

.



—

-44-
.-.
--4. .

.
-—----. —
—-——___

Fig.>14

=-iilimi



- 1!.5 -

therefore write lag l?(k)immediately

I
I __.w.!i2Q -_c ‘ )log F(k) = .: & (Tc- Tc,) + %Og — --—=--—
o I+ks ICI*(JC2+ koz)(c - ))

BV is again to bo evaluated to give the asymptotic sine solution unit

4.

[2.25)

~ -—
---.--——-— ——. .—._- ...____.-._ —,, ___



- Lp5*

(Iko + e) + log F(.iko+6) + 2 log

_—— ——.. —— .——-–—————--—.— ----- . ._,,._.___——_.------
_____ . . -

‘c< Tc, for O< s< I) (2.26)

1c = -2 log 2,

log lf12(c-1)o - o/’(HKo21 (k12-1-I& )
,— —.— .—

‘22ko (~ - c’)(1 - O’/C)



---- .. ._, ..,.._- .. .. - ..--., ____

~=s

.zmkzx
g(x) = he +13eklx + j(x), j(x) = O(ex) as %+-03 .

—-.. .. .. .. - --—-————.-—-—-————. —._.-=-—--—-——.—._ _-—-—. . ~—.—____— ,___——.



/

———.\..—

.



kl(-x2)
sin ko(x + xl + &* o

(d?. 2.17’,2.189 2.22)

.. . ..

.-.-

-~



. . .—----- . . .... .-—. ... .. -- —-—-— —-—
— -

Jk 2+ ko2
no(x) is -J—===— times the “decaying solution’!

% P
first obtained (2.lLLto

2.25). n+) is ~ times the “growing solutionr~next obtained (2.24 tQ

247), Subtracting ~nl(x) from kj-no(x)Rims

n2 (x) =Iclno(x) . klnl(x)

‘1. ‘“- sin ko(x + xl)
P

n~(x)
H’ we now subtract nl(x) from we!get

-q-

.

%% now have two simple pairs of linearly independent solutiona$ n(x) and

for any other solution made from thwn R9 linear conbhati.o@O the asymptotic

—--- —.— -
-—-—.—- – --—



“pl-

.-.—

w-”===
have a constant ratio when evaluated at x = -xl and x = .X9 for the core

and tamper solutions re8pectivoly.

asymptotic core solution (x = -+

asympko33.F%Rip@r

!mlutions of the equation: (A + k2) n(x) =c)J5’_
tan-lk

= c (k

real or i.umginary). Each of the two asymptotic eolutions 4>0

an interfaoe is examined at its “fiducial point”, diwtant &

i%ce m the aide of grea%er o,

(The Ax for each solutioliuseo its own kwhich mybe eithm’

may be either

be joined at

from the inter.

red or imaginary.)



_-.— .-——— -—. 52 . ——-- .. .--.-~—-.—...—.-——,- ..-—----- ...__—
.C

identifying the two asymptotic soli,atioason tho two.~ides of’an interface.

3% di.fferflfrom a simple diffusion thecmeti~”boundary condition connecting

tho asymptotic solutions only in so far as

1) Ax differs from o (very little, a f’ewhundredths)

This recipe connects only the &oymptatia solutions Detailed

___
.—

..—__ ..... —- —
_.._—_.—.———

. . .





“54”

.

——
.—---_.._ .. ..—–

In tamped (two.mediun)SoIutions tho formulae have been written for the

cm~e c:>l, c“<l. Other cases follow by analytic extwmion,

IL.

---=T- “tan k. .f

Jk2 = ko2 +Ic12

.
Each of the four Golutions is presented aS am asymptotic solution in each

medium (sirnmoi.dalor hyperbolic) to which is added a discrepancy term

(()hx forx>O, j(x) forxLOJo This diwmepancy term may be of either 6ign.

——. ....———.—— ..._—_________-—_____
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AccuJ’aGyof two-boundary approximation.

The integral operator

n(x) = no(x) + rkl(x)

we .——..-—----- -–— --



v

(1 .AR)K.yb = (1 ..AL)riL =0

,.,——

Lqic] = L sin kox + hL(x)

(iv)
J -a)

.-



The loft term of (i~) i6 roughly m. The right term is minus

twice th~ integral cJfthe discrepancy term, ~,, (>o)sturting rroma point
L

distant 2a from itiaboundary9 with n(x) beyond x = a. The character of
.

n(x) in this region miy be determined by taking c~ = O in the decaying two-

C/’(l 1-h-f)
The right term of (iv) will be fapp~oxim~ely (==2)x ] -“ ~ -.-.-!“ h(2a)

divided by their combined decay-rate, about 3-40 Using these approximations

“for a = 1.4 gives

for o = 2.0

For a tmped

[

end.=ox

‘-”+77”2 x 058 x .00117——.
—-—--3 =. .Oool$j

.,

n==n ~+n.. =~+nL. f3inkox+nl

-

.— __=—. .
z-- --—-. —“-—

.-



-1- .- R)

.58.

c?
-! 11.lx~c

-+

—------ ,.,.__=_...-. —————,.—.
.

uL) $.. -1 %

these eri-ors mnal”lis the rapid decay of h(x) ~ Takin~

actwilly be somewhat tora

ror core Ciiwnwbewsor

-- .-
. —



—--.,.-.. >--.-,
-—

—“

Co.mpo.risenwith variation theory results gives about (1.~ ac ii-m

.
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A&3paMMx 11 - sQlu-ti,(mix tkirilMhom&hwms “W3m-dlopr equation.

equation we wish to Gol,veis:

The solution of the corresponding Ronogeneous equati.onwill.be chmoted by a

hid n.oroc)t6 in the right h3M9p3w’eL Thea (h) becomes, .-

__—-.-—
—-—- —-——.—
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0,s

[- 1F(k) Go(k) ~ F - Fl(k)

[d)



,...

.

,
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.—...———— —. ——.. .—.-—. .

equation.

TO treat

brAC

up the inhomagenwous term into Eiright and a lef% Gid@ pw”t and treat each

sqyu-a%ely v.fie.boveo

A particularly simple special casa M the untamped inhomogeneous

equation is that of the albedo problem -

fl(x) = e-ax

Fl(k) = .&-

U>().

= ~~.a~ (k + a)
—.————-.—--—---

+ & ~~, (kf . k)(k’ +a)Go(k’)



Thus the k-dependent part of the integral vanishes. The constant park

represents an admixture of the homogeneous solution to Fl(k) and therefore

(’ 1
“–— -f-A )’

Go(-a) (k +a) / *

Thus

and is therefore given ‘directlyby the so3,utionF(k).

UNCMSIFIED
-. .

Y;, ,, .
$c : $’”J., ,.

, , ...



200 \ .49160 I .46306
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.65676

959395
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*49430
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.— —-----— —-..——..——--—.— —-—z.

—“__ . ___
— —-—=

.43763 I ,42378

.@666
I .39412

———
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.58792 .572&
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.49142 .1>7806
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.41210 ,L02Q8

03m50 057437
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