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ABSTRACT

In most cases, when one attempts to solve the partial differential
equations describing the flow of a compressible fluid, it is found that
(1) either it is impossible to solve the equations analytically, or
(2) an analytic solution can be found for special cases only. An ap-
proximation to a solution can often be found, however, by the use of
numerical procedures. Of course the questions of uniqueness of a solu-
tion and whether or not the solution obtained by numerical methods ac-
tually approximates & solution of the differential equations always arise,
but in most cases one knows pretty well what general form of the solution
to expect, and if the solution assumes this form it is usually accepted.

The validity of the method of approximating soiutions to differen-
tial equations by numerical procedures can be tested by applying the
method to equations which have known solutions for the boundary and
initial conditions given. For example, the differential equations of com=
pressible fluid motion have a unique solution over a certain region
when there is a single steady shock moving through the region. The
shock can be thought of as a surface of discontinuity in the hydrody-
namic functions across which the values of the functions are connected
by certain shock conditions. Another way to treat shocks is the method
of Von Neumann and Richtmyer, which introduces frictional forces into
the equations by use of pseudo-viscosity term. The latter method is

much the simpler of the two when numerical procedures are used, since







the equations describe the flow in shock regions as well as at other
points in the fluid, so the difficult application of the shock condi-
tions is not necessary.

The actual numerical integration of the equatious is accomplished
by replacing the derivatives with finite differences, then solving the
difference equations resulting from this substitution by step-by-step
methods. Such a numerical calculation would take months if done by
hand, so such a calculation would ordinarily not be attempted unless
one had at his disposal a large scale, automatic digital calculating
machine, which would reduce the problem to one taking only a few min-
utes.

The results of this endeavor verify the fact that numerical inte-
gration of the equations gives quite & good approximetion to the actual
solution; indeed, the agreement between the analytical functions and
the functions obtained by numerical methods is less than one percent.
This gives us confidence in the method when it is applied to more com-

plicated flows for which it is impossible to find an analytic solution.
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CHAPTER I
INTRODUCTION

When the differential equations describing the flow of compress-
ible fluids are derived under the assumptions that (1) forces in the
fluid are due only to variations in pressure and (2) +that the entropy
of any volume element remains counstant, it can be shown mathematically
that these differential equations caunnot have continuous solutions under
all circumstances. If we adopt the notion of "shock discontinuities"
in these solutions, the differential equations describing the flow in
continuous regions together with conditions expressing the laws of con-
servation across the discontinuities suffice to completely determine the
flow. An alternative procedure is to use a method, developed recently
by J. Von Neumann and R. D. Richtmyer [3] , which introduces frictional
forces by way of inclusion of a pseudo-viscosity term in the differen-
tial equations. When the latter method is used, the discontinuities
no longer exist. Instead, we have narrow regions over which each hydro-
dynamic function assumes the form of a continuous curve resembling a
portion of a sine wave. The Von Neumann - Richtmyer method is much
simpler to use when solving the equations by numerical procedures. In
the application of numerical methods, the former method becomes almost
impossible to use for complicated flows with more than one discontinuity,
since actual applications of the conditions across these discontinuities

is quite difficult and lengthy.







In Chapter II, the differential equations of compressible fluid
flow are developed completely, under the assumption that variations in
pressure are the only forces in the fluid and that the entropy of any
element of mass of the fluid remains constant. In addition, the equa-
tion of state of an ideal gas is discussed in some detail, and both
the lagrangian and Eulerian viewpoints of describing the flow, along
with the method of transforming from one system to another, are dis-
cussed.

Chapter III shows the effect of both small disturbances (sound
waves) and large disturbances (which develop into shocks) on the fluid
flow. The jump conditions expressing the conservation laws across
shocks, and many important formulas following directly from these, are
derived. Analytic solutions to the flow problem resulting when a piston
is pushed into a tube containing ideal gas are obtained.

Chapter IV discusses the Von Neumann - Richtmyer method. In this
chapter the procedure involved in "smearing out” the shocks is demon-
strated, and the resulting shape and width of the smeared shocks is
discussed.

In Chapter V, difference equations corresponding to the Von Neumann -
Richtmyer flow are formulated. The solution to these difference equa-
tions, with certain boundary and initial conditions imposed, obtained
by numerical methods, are seen to agree quite well with the analytic
solution to the differential equations with the same conditions imposed.

Interest in obtaining approximate solutions to problems governed by







differential equations by using numerical methods has been increasing
in recent years. The validity of these methods has been discussed many
times and in this paper this validity is demounstrated heuristically by
comparing the solution to the differential equations and the solution
to the difference equations, where both sets of equations have the same
conditions imposed on them.

To obtain the solutions to the difference equations, a large-scale
digital calculating machine, the IBM Type 7Ol EDPM, was used. The
results of this endeavor are shown in Chapter IV in the form of tables

and graphs.







CHAPTER II
MOTION OF IDEAL GAS

Fluids are distinguished from solids by the fact that particles of
fluid are readily displaced. Indeed, if a fluid is in equilibrium, it
offers no resistance whatever to a gradual change of shape. However,
when the equilibrium is disturbed, i.e., a rapid change of shape is at-
tempted, a fluid will offer resistance to this change, but this resist-
ance disappears rapidly once the deforming motion is ceased.

If the fluid is in motion, the equations governing this motion
are the mathematical expressions of the laws of conservation of mass,
momentum, and energy. In addition an expression called the equation of
state which relates the thermodynamic variables is required.

Gases are fluids with the following properties: by a suitable
application of forces they can be compressed into a very small space;
énd if they are given more space than they occupy in their original con-
dition, they will eventually fill the space uniformly with a decrease
in the force per unit area (which from here on will be referred to sim-
ply as "pressure") exerted by the gas. Because of this property gases

are thermodynamically synonymous with compressible fluids, and it is

with this type of fluid that the following discussion is concerned. In-

compressible fluids are those having constant volume under all condi-

tions. Incompressible fluids are called liquids by thermodynamicists.
The equations describing fluid motion are usually written in one

of two coordinate systems; one of these is attributed to Lagrange, the
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other to Euler. Lagrange's system describes the motion in terms of the
paths of individual particles of the fluid. In Euler's representation,
attention is directed to fixed points in space and to what happens at
these points in time. A simple physical example serves best to illus-
trate the difference in the two methods. Suppose one desires to observe
the flow of air on a windy day. A balloon filled with enough lighter-
than-air gas to wmake it weightless could be released in the wind; ob-
servation of the path of this object would give a lagrangian interpre-~
tation of the flow. Another way to observe the flow of air is to place
a device to measure wind velocity at a fixed point. This would give an
Eulerian interpretation of the motion.

Mathematically, if we consider the motion in one dimension only,
in the Lagrangian system the coordinate X of the particle is a function
of the time t and the parameter which characterizes the particle; this
parameter will be chosen, in our work, as the co-ordinate of the parti-
cle at t = 0. In the Eulerian scheme the mathematical representation
is effected by giving as a function of position x and time t the veloc-
ity u of the particle that happens to be at x at time t.

Suppose it becomes desirable to shift from one system to another,
say from the Lagrangian system to the Eulerian. Equating the Lagrangian
and Eulerian co-ordinates gives

(see Fig. 1.1) x{0) x(t)

Fig. 1.1
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x(0) = X,

x(t) = x

X (x,,0) (1.1)

X (x_,t). (1.2)

Then differentiating (1.2) with respect to time to get the velocity

U(xo,t) of the particle, we have

BX(xo,t) (1.3)
——— = U(x_,t) 3
To transform from the Lagrangian to the Eulerian system, solve for X,
in terms of x and t and substitute the fuaction obtained into U(xo,t)

in (1.3). This results in the equation

S = 5% = wx,t). (1.4)
Solving the differential equation (1.4) and choosing X, as the counstant
of integration effects the reverse transition from the Eulerian scheme
to the lagrangian.
A brief example serves very well to illustrate these transformations

more explicitly. Let the lagrangian representation be

2
X = X(xo, t) = ex  t° +x; (1.5)

then X(xo, Q) = x_ as indicated in (1.1). Taking the time derivative

corresponds to (l.3); thus

g% = 2ax_t. (1.6)
From (1.5), though, X, = -—§£—_—; so that (1.6) can be written as
at™ + 1
12







X 2axt
gg == u(x, t)-.
at + 1

Suppose we are given the Eulerian representation

2axt
u(x’ t) = 2 2
at™+ 1

and it is desired to find the lagrangian representation from this.

Equating fluid velocities of the two systems gives

oX _ 2axt
=TT A
3 21
and since X = x,
oX 2aXt
== (1.7)
CL

Integrating (1.7) yields
2
log X = log (at® + 1) + log C

hence

X = c(at® + 1). (1.8)

We recall that X(xo, 0) = X, hence (1.8) becomes
X = xo(at2 +1),

which is the same as (1.5).

For motion involving only one space dimension it is generally
preferable to write the equations in Lagrangian form, hence in
most of the following discussion we will use Lagrange's method. Also,

throughout this chapter, the continuity of all the functions and their

13







derivatives will be assumed.

Suppose the motion we are to be concerned with is that of a com-
pressible fluid in a long pipe with unit cross-sectional area. In order
for the motion to be one dimensional, friction between the fluid and the
walls of the pipe must be ignored, as must the effect of gravity on the
fluid. In addition we shall assume that no other body forces or heat
sources are present.

Let us isolate a small, moving cylindrical element of the fluid
whose cross-section is equal to that of the pipe. If at ¥ = O the
length of the cylindrical element is ‘Axo, and the left-hand and right-

hand ends are at X and x. respectively, then at time t >0, the co-

1
ordinates of the ends will be x(xo, t) and X(xl, t),and the length of

the cylinder will be (gee Fig. 1.2) att =0
-Q—Axo o
AXo = X(xl, t) - X(xo, t) x X

_ai‘:t >0
or Péxo,t)-—|<-AXQ - P(xl,a

X( ,t' x( )t)
x?igz l.éxl

AXO = X(xo-rdxo, t) - X(xo, t) (1.9)

Let the density function be denoted by R(x, t). Take ﬁg to be the
initial average deunsity in the cylindrical element and R the correspond-
ing quantity at a later time t.*

Now that the preliminary remarks have been made, we can pass on to

the actual development of the equations. Conservation of mass is ex-

* —
The functional dependence of R is not noted, but it will be seen to be
unimportant.
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pressed by equating the mass of the cylinder in its original configura-

tion to its mass at a later time. Hence

R Ax
= =2 (1.10)
R %o

If we let Xy approach x,as a limit, AXO and ‘Axo approach zero, ﬁé

approaches R(xo, 0), and R approaches R(xo, t). DNoting the definition

of AX° given by (1.9), (1.10) becomes

R(xo, 0) aX(XO, t)

= . 1.1l
R(x_; ) 3%, (1.11)
We define the specific volume as
V(ix_, t) = 1 ;
o’ Rixo, t) °’
then (1.11) can be written as
1 aX(xo’t) . .
V(xo,t) = ﬁ(xo,o) on » The Equation of Continuity. (1.12)

Conservation of momentum for the small cylindrical element men-
tioned above requires that the rate of change of momentum of the cylin-
der equals the total external force applied. The momentum of the element
at time t is given by

X(x,,t)

l’
Q’—{élgii)- R(x,t) dX. (1.13)

X(xo,t)

Since t is to be held constant during the integration, (1.11) can be

used to obtain the differential relationship

15







R(x_,0)dx = R(x_,t)aX,
and this in turn can be used to transform (1.13) into

X
1
'.Xo -—gb-z—— * *

The rate of change of momentum then is

s Lg%
I T e L COR
t
X

X
[o) o

by the first mean-value theorem for definite integrals this becomes
2
R(a,0) Ax §_X_(§;_'°l,
o ata

where xo‘< a < xl. The forces present in the gas are assumed to be due

only to the pressure; so the total external force applied to the cylin-
drical element is P(xo,t) - P(xl,t), where P(x,t) is the pressure
function. Hence the result

2
R(2,0) Ax, b—-igﬁ—) = B(x,,8) - P(xy,t),

or

R(a,0) a%a(gg,tz _ _ Plxgt Ax:;t) - P(xq,t) . (1.14)
t

In the same limiting process as above, a approaches x, so that (1.1k4)

becomes
3%K(x,t) L 3(xy,t) (1.15)
—_— - , The Equation of Motion. (1.15
bt2 R(xo,07' Aaxo

16







At this point it should be noted that (1.12) and (1.15) are Lagran-
gian in form, since their development was made from the viewpoint of
moving along with the fluid, i.e., a small element of moving fluid was
considered. It is of interest to see how these equations can be put
into Eulerian form by applying the methods demonstrated in the early
part of this chapter.

If both sides of (1.11) are differentiated with respect to time,

we have

1 3R 1 3 x 1 U %

"2 3% T R(L,0) JxJt - R(x,00 Ox (1.16)

Using lower case letters to represent Eulerian quantities corresponding
to Lagrangian quantitieé already defined, we have at the point x (See

(1.2))

r(x,t) (1.17)

R(xo,t)

u(x,t). (L.18)

L}

U(x,,t)
Since x = x(t), we have from (1.17)

-';%[&za <5

Q-'IQ
et

oR
5

mIH
Hwh‘

vwhich after application of (1.4) becomes

1%

L - -1 [u§§+§§]. (1.19)
r

* From this point on, the argument of the functions will be omitted,
i.e., for Lagrangian functions F = F(x »t) will be assumed, for Euler-
ian, £ = f(x,t) will be assumed.
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Now, from (1.11)

1 U 1 oU 9X _ 1 U
R(xo,oj 5:?0 = RZxo,oi X 3, ~ R &’
and from (1.17), (1.18), and (1.2),
1 dU _ 1 du
S5 = : 5 (1.20)
It then follows that
1 U _ 1 du
R(x_,0) o, - r ox (1.21)

Hence from (1.19) and (1.21), (1.16) becomes

1 or ., or | _ 1l9u,
N a3 3t | rox'’

r

after multiplying through by r2 and simplifying this is

§§§El + g% =0, (1.22)

the Bulerian equation of continuity.
The transformation of the equation of motion is somewhat simpler.

Application of (1.3), (1.18), (1.2), and (1.4) in that order yields

2
0°X _ U _ du _ du du
a___ta = ?-t = _d‘b = ua—x + S—t . (1°23)
By the same reasoning used to obtain (1.21)
1 OP _ 1 OP
T ORx,00) &, T T T ox’ (1.24)

18







So (1.23) and (1.2h4) substituted into (1.15) give us the Eulerian equa-
tion of motion

1 dp _ du du
-;&—u&*ﬁ-ﬁ. (1.25)

Let us carry through the development of the equation of energy con-
servation in the opposite sense to that above; i.e., derive it in the
Eulerian system, then transform it to the Lagrangian. Consider a right
cylindrical volume fixed in the pipe whose cross-section equals that of
the pipe. The law of conservation of energy can be stated as follows:
the rate at which the total energy of the fluid inside this small ele-
ment of volume changes in time is equal to the sum of the total energy
flowing into the element per unit time wminus the rate at which the work
being done by the volume element changes in time. The total energy in-
side the cylinder, if we let Xq and x. be the co-ordinates of the left

1

and right faces of the cylinder, respectively, is

bl

2
S r(x',t) {l/?[u(x',t)_[ + e(x',t)} dax' ,

X
o

where e is the internal energy per unit mass. The rate of change of
the total energy is (above terms are abbreviated)

Xy

g%— S r uz/b + o) dx' ,

X
0

19







which can be rewritten as

X

1

| Wam? s B« o aen? e ol e,
X

o

since X, and x, are independent of t. The total energy flowing into

the element per unit time is given by
2
2(xgrt) u(xy,t) {exy,t) + 1/2 [ulx,0)] }
2
- r(xl,t) u(xl,t) {e(xl,t) + 1/2 [u(xl,t)] }
and the rate of change of the work done by the element is
P(xl,t) U.(Xl,t) - P(xo)t) u(xo,t) b

Making use of the above mathematical expressions, the law of conser-

vation of energy can be written as

: u2 or ) u
S [(—2—-+e)-a—t + r&-(-g+e)]dx'

2
r(xo,t) u(xo,t) {e(xo,t) + 1/2 [u(xo,t)] }

2
r(xl,t) u(xl,t) {e(xl,t) + 1/2 [u(xl,t)] }

+

p(x,,t) u(x_,) - p(x;,t) ulx,b). (1.26)

The right-hand side of (1.26) can be rewritten as

X
1 P e
- &—,-[ru(e +?) +pu] ax*

X
o

20






so that (1.26) becomes

xO
*

. {S;B(T[ru(e +“_;)] , %fl;lf_)}axv =0 (1.27)
(o]

X
F(x) S f(x) dx = 0 ; (1.28)
%
then, if f(x) is continuous,
F'(x) = f(x) =0 . (1.29)

Equation (1.27) is similar to (1.28) in the respect that the limits of
integration are independent of the fact that the integral vanishes.
Hence by the same reasoning as was used to obtain (1.29), we can set the

integrand of (1.27) equal to zero. Carrying out the differentiations,

we have
2
EE' %% + e St + ru g% + r %% + ru g— + re g%
or 3 2 9du 3 or du op

From (1.25)

_5;-=ru5;+rgz' (1'51)
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Substituting (1.31) into (1.30) and factoring out the total energy,
yields

u2 or du or de de du
(—2—+e)[5—,€+ rg)-c- + u&]+ rS—E + rué; =-p&.
From (1.22) it is seen that the term in square brackets vanishes, so

that we have

0 . (1.32)

de de . _ du
I‘a rugi pg;

Solving for g% in (1.22) and substituting for r vwherever it

<ir

occurs glves

ou _ r[ug—}% + g{- . (1.33)

< -
Substituting the value obtained for g% from (1.33) into (1.32) gives
after dividing through by r, our final result:

g_:_+ug§+p[§%+ug§]=0- (1.34)

To transform (1.34) into lLagrangian form, we recall from previous
discussions that, since E(xo,t) = e(x,t) and V(xo,t) = v(x,t) at a

certain point,

OB(xos®)  _ ge _ deax , de _ _de , de
Jt T dt - d9x dt 3t T T x 3t
and
BV(xo,t) _ dv _ ovadx N v _ a ov + ov
3t at dx dt 3t ox 3t
It then follows, from the above two relationships and (1.34) that
OE _ Pav The E i £ .
St T - St ’ e Equation of Energy Conservation. (1.35)
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As was noted on page 10, in addition to equations (1.12), (1.15)
and (1.35), an equation of state relating the thermodynami¢ quantities
is necessary to adequately describe the gas motion in mathematical terums.
Suppose the fluid we are councerned with is an EQSEL gas; i.e., a gas in
which the thermodynamic functions are related by the equation
PV = KT, (1.36)
where T is the absolute temperature and X is a constant depending on the

molecular weight of the gas. If in addition the gas is polytropic,

_ K
E = 7.1 T (1.37)

where y is a positive constant greater than unity. Substitution of

(1.37) into (1.36) gives us

P = (y-1) % » The Eguation of State of the Gas. (1.38)

For later use we note at this point the general thermodynamic relation-
ship

dE = - PAV + Tds, (1.39)
where S is a thermodynamic function called the entropy. The euntropy
function expresses the availability of heat energy, and is formally
defined by the relation

. 49
AS = T (1.40)

where AS is the variation in entropy during a change of state and AQ
is the amount of heat absorbed in the same change of state. Comparison

of (1.39) and (1.35) verifies & tacit assumption made in the development
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of the equations; that the entropy of a specific element of mass re-
mains constant [ 2, pp 46 to 75 ].
Considering E as a function of S and V for the general case,

i.e., entropy not necessarily constant, we have

dE = %ds + %E, av ; (1.41)
which, when compared with (1.39), gives
P = - 85, T = ?rg . (1-1‘-2)

Since T = %¥ from (1.36), we can combine the two equations of (1.42)

as
K gg + vV g% = 0. (1.43)

Solving (1.43) by the method of separation of variables yields the

solution

2 =[ven (I (1h1)

where o is a constant to be determined. From (1.42) then

P = - a[v exp (- %)] exp (— iSE) (1.45)

and

T=- %‘(y-[v exp (— %Ii-l exp (— I%) = - % [V exp (— %)]a (1.46)

Substitution of (1.46) and (1.hk4) into (1.37) gives
[0 x
S o )
[VexP (K)] = “;:T[Ve"P (K)] y

ok







It then follows that !

a=-(y - 1), and (1.45 becomes

P=A(S) vV , The Entropic Equation of State, (1.47)

(y-1)
where A(S) = (y - 1) [exp - ﬁ]- . This formula has been developed

here for later use,

25







CHAPTER III
SHOCKS

Consider now the propagation of disturbances through ideal
gas in a pipe. The same assumptions as were made in Chapter II are made
here. These are: (1) that friction and gravity have no effect on the
motion of the gas, (2) that there are no other body forces or heat
sources present, and (3) that the entropy remeins constant for any spe-
ific moving element of mass of the gas.

Of particular interest in later discussions will be the
sound speed ¢ in the gas [h, pp 200 to 202]. As sound consists of very
slight and gradual (spacewise) compressions and expansions, assume in
the following discussion of sound speed that the changes of density and
velocity, which occur as a result of the sonic disturbance and the space
derivatives of these changes, are so small that products of these quanti-
ties may be neglected. Hence, when a sonic disturbance moves into a
region of ideal gas at rest, even if the term u g% is neglected in the
Eulerian equation of motion (1.2%), this equation will still accurately
describe the resulting movement of the gas in the region. Then (1.25)
becomes simply

%‘; = -%ag . (2.1)

Let the density be represented by

r = r[1 +s(x,t)], (2.2)
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vhere r is the average density of the gas over the region being con-

sidered and s(x,t) is a measure of the departures from this average
with continuous

value (since r(x,t) is continuougnderivatives, s(x,t) is also). Put-

ting this expression into the equation of continuity (1.22) yields

;U. g% + ; g% + ;S g% + ;g% = Oo (2'3)

The first and third terms in (2.3) are second order quantities and may
be ignored because of the assumption made above. After dividing through

by r, (2.3) becomes

g; + g% = 0. (2.4)

Since constant entropy is being assumed, by use of (1.47), p = p(r).
Application of the chain rule gives

op _ dpor
dx  dr ox

If (2.2) is differentiated with respect to x and the results are sub-

stituted into the above equation, we have

op _ 4 [— ds ] _ dp[ 0s —_ 08 ]
& = a% r E-i = 'd—r- r 5; - Trs 5‘;{' (2'5)
(The latter term in (2.5) is the result of another application of (2.2)).

However, if second order terms are again neglected, (2.5) simplifies to

dp _ _ dp Os

L =r 3% = . (2.6)
Substitution of (2.6) into (2.1) gives

u o i

ot dr ox (2.7)

From (1.47) and (2.2)
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dp

3 s’ t = A 7L+ e)t. (2.8)

Expanding [1 + s]y-l by the binomial formula, (2.8) becomes ]
ap e (7-1)(y-2) 2
£ = 9yAr [1 + (y-1)s + - s+ - ] (2.9)
d-r 2 .

It has been agreed to neglect second and higher order terms, so (2.9) !

can be rewritten as

N A F R CBIE B (2.10)
Substituting the expression obtained for %% from (2.10) into (2.7)
yields
au = - 7A; 7"1 1 + (7-1)8 as
Jt ox
= - 7Ar -1 [g% + (y-1)s g;- ;

it then follows, after discarding (y-1)s g% and noticing that

yAY 7=l —7-3—('1)— , that
r

du yo(r) 3s _ dp ds
g—t_ = - 3; - - d_’r _ &‘ . (2011)
r=r
Now, differentiating (2.4) with respect to t, it is seen that

2 2
du 0%s
= e 5 (2'12)
oxot bt2

and differentiating (2.11) with respect to x gives, since [g_—i—l _ is
=r

independent of x and ¢,
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2 2
du dp 0 s
o ° [a;] <3 (2.13)

r=r ox
Subtracting (2.12) from (2.13) yields the relationship
2 2
i%_[g_g] _5; = 0, (2.14)
ot r=r dx

the differential equation of a wave motion propagated with velocity
a 1/2
{[5%] _ . Since s(x,t) is defined as the variance from the
r=r
mean density caused by a sonic disturbance, it is seen from (2.14) that
a sonic disturbance is propagated in wave form. The velocity of this

disturbance is given by

- {[z] " [=2]"

and is traditionally known as the sound speed. It is convenient, then,

to define the local sound speed

1/2 1/2
c(x,t) = [92 / = [”(x’t) . (2.15)

dr rix,t

A small disturbance moving in a neighborhood of x at time t will travel

at approximately the velocity c. r L—_—___—r\\ﬂ\__h______
The effect of a large disturbance Y f-: :
that causes the density and velocity to ? E ? X
change in such a manner that u : E i
$----- F-
r = r(u)* (2.16) 2 AN —~
will now be studied. Fig. 2.1 x

*The fact that such disturbances do exist is seen from the discussions
in reference 1 on pages 45 to 48 and 80 to 92.
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Figure 2.1 shows, at a specific time t, the shape of the velocity and
density curves resulting from such a disturbance. Since the disturbance
is large, tne resulting changes are considerable and occur rapidly;
therefore, the assumption that second order terms are negligible, made
in the development of the sound speed, is not valid here. So, in order
to describe the propagation of large disturbances, it is necessary to
treat the equations (1.22) and (1.25) in a somewhat different menner.
Since from (2.16) r does not depend on t explicitly, we can re-

write (1.22), by use of the chain rule, as

dr| du oul| _ ou
ﬁ[gf+u3§] =-r5 - (2.17)
A . . dp _ dp dr du
lso, after looking at (1.47), one notices that Sx = ar as ox
Hence multiplying both sides of (1.25) by %E yields
dr| du + u oul| _ _1lldr 2 dp du (2.18)
du | 5t 3% r {du] dr &x ° )

Subtracting (2.17) from (2.18) gives

du 1 [dr]2 dp du

T “rld] arsx T 0
-1
then, after multiplying through by r %% g—] and noticing from (2.15)
dp _ 2
that z- = c%,
dr 2 r2
[E&] -% = 0. (2.19)
c
Equation (2.19) is a quadratic equation in %E with solutions
dr _ r
& = to- (2.20)
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Substituting (2.20) into (2.17) and multiplying through by + % yields

g% + (u +c) g% = 0. (2.21)
Equation (2.18) can be rewritten as
or , ,or _ 9_ or dr
ot % r ox du ’
which becomes, after substitution of + 5 for E by use of (2.20),
g——i + (u +c) ?rz = O. (2.22)

Consider the case when the plus sign is chosen in (2.21) and (2.22).
It can be shown by direct differentiation, after noting from (2.15) and
(2.16) that ¢ = c(u), that

u

F[x - (u + c)t] (2.23)

and

T GLx - (u + ¢)t), (2.24)
where F and G are arbitrary functions, are solutions of (2.21) and
(2.22) respectively. These solutions

resemble wave motion to the right, in u

that it is necessary for an observer to

[u, +cqu)tss
\
]

move at a constant speed 1if he desires q
]
[}

to follow a point at which u = constant. ul"“"'%"“""l

The solutions (2.23) and (2.24) actually
describe nonlinear wave motion, which, Fig. 2,2
as will be seen below, exhibits quite different properties from the

linear wave motion mentioned earlier (see equation (2.14)).
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Suppose one follows two points at which u = constant on the curve
representing the velocity resulting from the disturbance propagation
(see Figure 2.2). Let the point where u = u; be denoted by xl(t); then

from (2.23),
u, = F{xl(t) - [ul + c(ul)] t}.
In other words, xl(t) moves with constant speed u, + c(ul), as was

stated above. Similarly, for some constant velocity u.,>u

u, = F{xz(t) - [u2 + c(ug)]t};

so that xe(t) moves at velocity u, + c(ug).

2”7V

Consider now the velocity function at some time t. It is impor-

tant to investigate the possibility that the velocities u.+ c(ul) and

1
u + c(ue) of xl(t), and xz(t), respectively, may not be equal. If it

can be shown that

de

o > 9 (2.25)
then it will follow easily that u, + c(ul) and u, + c(u2) are not equal.

Consider the derivative %% - It is seen by use of (2.15) that

1/2
dc _ 4 (Ayry-l) Ay(y-l)r7-2

dr dr

)-1/2

1/2(A7r7-1

c
B [7-1]>o. (2.26)
Since the plus sign was chosen in (2.21) and (2.22), equation (2.20)

yields the fact that

dr
o > 0. (2.27)
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Hence from (2.26) and (2.27),

de dec dr
il a(-13)0‘, (2.28)

as was to be shown. Relation (2.28) further shows that sound speed in-
creases with velocity; heunce, since u2>\1l R

c(u2)>c(ul)
and

u, + c(u2)>ul + c(ul).
The wave form will change, due to its non-linearity, in the manner indi-
cated in Figure 2.2. As the disturbance proceeds, at time t = ts, a

portion of the wave front will become verticel. From this point on the
solution discussed above breaks down, as it shall no longer be possible
to obtain a unique velocity at a given point (x, t). However, it is

possible to continue using the equations developed in Chapter II to des-

cribe the fluid motion by assuming that

at time t = ts the velocity function

u
takes the form indicated in Figure 2.3. 2
-——>Us
This is a finite or ordinary discontin- ui“ -------- N

uity moving at & velocity Us across

which the velocity function suffers =
Fig. 2.3
sudden jump from uy to u,. To continue,

2
after the assumption mentioned above is made, certain boundary conditions
can be imposed to connect the values of the velocity, density, pressure,

and energy functions across the discontinuity; then, the equations
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already developed can be used to describe the gas motion in continuous
regions of flow (the discontinuity discussed here will often be referred
to as a shock in later discussions), The plausibility of the above
assumption has been demonstrated by the proof that the wave form pro-
duced by a large disturbance steepens as it moves through the gas. 1t
can be shown mathematically [1, pp 108 to IOQ] that the flow must be-
come discontinuous. This is accomplished by demonstrating that any
contihuous flow adjacent to a constant state is one satisfying the re-
lationship (2.16), then combining this with the results obtained on
page‘§3. The proof of this, however, is beyond the scope of this paper
and hence will be omitted. The interesting historical developments in
this work should also be referred to at this point [1, pp 118 to 119] .

The boundary, or "jump" conditions mentioned above, which will
connect the values of the velocity and thermodynamic functions across
shocks, are derived from the three basic principles of conservation of
mass, momentum, and energy. Consider a moving cylindrical element like
the one used in Chapter IT to develop equations (1.12) and (1.15). 1If
X(xo,t) and X(xl,t) denote the positions of the moving particles that

form the ends of the cylinder, using (1.12) these co-ordinates can be

rewritten as

n
]

X(xo,t)= x°(t)

]
%

X(x,t)= xT(t)

The superscripts, although an apparent change of notation, are wmerely

a means to indicate that the Eulerian co-ordinates xo and x1 are differemt.
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Assuming the flow to be continuous at the ends of the column, the three

basic principles are expressed as follows [}, P 122]:

xt(t)
_g;_s rdx = O (conservation of mass); (2.29)
dt xO(t)

x(t)
d S rudx = p(x°,t) - p(xl,t) (conservation of momentum);

at xo(t) (2.30)

x'(8)
u o (o] 1 1
d r(z +e) dx =p(x ,t) u(x’,t) - p(x7,t) u(x",t)
dt o
x (t)
(conservation of Energy)™ (2.31)
Suppose that a shock exists at some point x = z(t) such that
x°<.x<:xl and whose velocity is Us = %% . Mathematically this shock
will be a discontinuity in the pressure, density, energy, and velocity
functions and will be of the type shown in Figure 2.3, owing to earlier
assumptions. The integrals in (2.29), (2.30), and (2.31) all have the

form
xt ()
I= g(x,t) ax,
x°(t)

where g is discontinuous at x = z in the manner of Figure 2.3. Differ-

entiation and application of Liebnitz' rule lead to

For continuous flow within the interval (xo,xl), the Eulerian equations
of gas flow can be obtained directly from (2.29), (2.30), and (2.31).
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2(t) x1(t)

g_f; = &% j g(x,t) dx + c;it 5 g(x,t) dax
x°(t) z(t)
AUN (x,5)
‘ x,t dz (o} dax 1 ax dz
= -55-1—-dx +g — - g(x%,t) [——] + g(x ,t)[}-] -8, 3% »
gxo(t) ‘ °as L Ayt 71 08

(2.32)
where the quantities 8y and go are the limits of g(x,t) as x approaches
z from the sides x<¢ 2z and x>z respectively. Now, performing the
limiting process by letting x° and xl approach 2, the first integral on
the right-hand side of (2.32) approaches zero, g(xl,t)q.go, g(xo,t)—-gl;

and, because of the nature of the discontinuity, [?#]——~5 uy # Us and
X=X

dt,
X
at -l.v uo # US . Hence,
X=x
4ax
lim = = g u', - g u' (2.33)
‘%L dt 171 o o
XO—O-Z
where
u', = u, - U (i =0,1). (2.34)

The subscripts O and 1 denote the value of the quantities directly in
front of and behind the shock, respectively. Thus the Jump conditions
may be written in the order of conservation of mass, momentum and
energy, as follows (because of the great number of formulas in the

following discussion, the important ones will be underlined):
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] = 1 - .
ru'y rou' (conservation of mass); (2.35)

(rlul) ut, - (rouo)u'° = P, - P (conservation of momentum);(2.36)

or, after substituting for u, the value u's o+ Us(i = 0,1), obtained

from (2.34), and noticing that, from (2.35), rju', U o =r u' U,

o
' 2 - ] 2 .
ry(u'y)” +p; = r(w )" +p; (2.37)
and
V(2 - _ _ )
r,u l(ul/2 + el) - roul (uo/a + eo) = pyu, - Py (conservation
of energy). (2.38)

Substituting u', +U_ for ui(i = 0,1) in (2.38), and rearranging gives

] t 2 L 2 1]
rju'y {(1/2)(u ) +u U + (1/2) U+ el] +pu'y + U

- [(_1/2)(u'0)2 + u'oU8 + (1/2) U32 + eo]rou'o+ pou'o+ pOUs.(2.39)
It is seen from multiplying (2.35) through by (1/2) Us2 and (2.37)

through by U, and the fact that riv, = 1(i = 0,1), that (2.39) is the

same as

rju'y [(1/2)(u'1)2 +te, + plvl] = T, [(1/2) (u'o)2 et Povo] :
(2.40)
From (2.37) and (2.35)
P} - Py, = TU (u'o - u'l)'

Multiplying both sides by v, * v, and again applying (2.35),
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)2

v, + rlu'lvl)(u’o - u'l) = (u'o)2 - (u'l
(2.41)

(P, - p vy +v;) = (rgu'_

Dividing (2.40) through by r,u' , taking note of (2.35), and eliminat-

ing u'_ and u', from the result and (2.41) gives

(1/2) (vy - v )(p, + ;) =e - e . (2.42)

Relation (2.42) was first introduced by Hugoniot, hence bears his name.
It is noteworthy since it refers only to thermodynamical quantities.

Substitution of (1.38) into (2.42) yields

(1/2)(vy - v )(p, +py) = ;—}-1- (P1V1 = Bo¥o)

then, when pressures are factored out and terms are combined, we have
1 1
(1/2)p, [,; Vo - "1] = (1/2)p, [E vy - vo],
=21,
where m P

From this we easily obtain the Hugoniot relation for polytropic gases,

p. (v - mvl) = Py (vl - mvo). (2.43)

o (o]

Using (2.43) it is easy to obtain the formulas

P Vv - nmv
p—l = ——————v° ~ mvl (2.44)
0 1 o
and
vo Pl + mpo
‘—’— = -——-————p + - (2"“‘5)
1 o mp1

Since r = %, it can quickly be seen from (2.37) and (2.35) that the
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relation

(2.46)

2
t -
(ru'))° =
holds. From (2.46)
v
2 1
! - —] = - M
ro(u o) []‘ v ] Py = Fg s
o
which, by considering (2.45) and multiplying through by Py * WP,

becomes

2
t - - = - . .
r(u' )°[p, +mwp - p, - wp,] (p, - p )(p; +mp ). (2.47)
The term in square brackets in (2.47) is (pl - po)(l - m), so dividing

both sides of (2.47) by Py - P, glves
r (u )2 (m) = (ruw ) (Qm v, = p +m
o' o o o o 1 o

or
pl + mpo

(rou'o)2 - T (2.48)

By the same reasoning,
Po M TPy

(rlu'l)e = my——v-]- . (2oll>9)

Also, a formula that will be needed later on is logically developed at

this point: from (2.35) it is possible to iunterchange rou'o and rlu'l

in (2.37) to obtain
Po =Py

1 ro - rl

(2.50)

The Mach Number Mi is defined as
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M, = 727 (i = 0,1). (2.51)
It is possible to develop a relationship between Mb and the pressure
P
ratio == . Fromr c ° = 7p,. and (2.48),
P, oo o]
P, +mp, = (1-m) r (u')® = y(1m) pm?2
1 (o] o (o} oo
or
Y
Lo (L +m)M 2 m . (2.52)
P, o
From (2.50) the reasoning is similar to obtain
P
=2 = L+mM2-um . (2.53)
P, 1

Looking at (1.38) and (2.35), one notices that (2.40) can be re-

written as

(1/2)(ur)Z + Frev = (1/2)w )+ FT PV

wﬁich, after multiplying both sides by 2m and taking note of (2.15),
becomes

2
)

m(u'l)2 + (1 - m)cl2 = m(u'0 + (1 - m)coa. (2.54)

Both sides of (2.54) can be set equal to some number N to be deter-

mined later. Hence

m(u'l)2 + (1 - m)cl2 =N, m(u'o)2 + (1 - m)co2 = N. (2.55)
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Now, from (2.15) and (2.55),

m [rl(u'l)e + pl] + P, rl[m(u'l)2 + (1 - m) c12] =N (2.56)

and
wlr (u)? +p] +p, =r [ m 2+ (1-m) e ] =rN (2.57)
o' o o o] o o o
Subtracting (2.57) from (2.56) and noticing from (2.37) that the terms
in square brackets are equal, it is seen that
p, -p, = N(r; -z);
thus implying, from (2.50), that N = u' u'y. Hence from (2.55)

a(u )% + (1 - mey? =m )%+ (L -m)e® =u' . (2.58)

This relation is due to Prandtl. Substituting u; - Us for u'i in

(2.58) gives

)2 2

(u1 - US)(uo -U)

m(u -U
8 o 8

+ (1 - m)co

)2

w(u -U )"+ (1 - m)clz. (2.59)

Multiplying (2.59) out, using the extreme left- and right-hand terms,
gives

2 2 2 2
U, + U7 - mu” o+ 2mu,U_ - mU " = (1 - m)c1 .

uu, - uoUs - ul 1 1

ol

Rewriting the term -ulUS as u Us - 2u.1Us and adding and subtracting

1
u12 yields
2 2 2 2 2

-mUs + 2mulUs - mul + Us - 2u1UB + ul - uOUs + ulUs + uoul - u1

= (1 - m)cla.

This can be grouped as
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(1 - m)(v, - ul)2 - (uy - w) (U, - u) - (1 - m)cl2 =0

or
(, - u)® - 2= (- )Y, -u) -e2=0 (2.60)
In a similar manner, the relationship
(U, - u)® - 5= (uy - u )y, - u) e Z =0 (2.61)

can be obtained.

A problem of some importance will next be discussed, namely, the
reflection of a shock from a rigid wall. This discussion will be con-
cerned with the following mathematical problem: to find functions u,

P, r, and e which
1. Are solutions to the differential equations (1.22), (1.25),
and (1.34).

2. Satisfy the equation of state.

3. Satisfy boundary and initial conditions (to be described belay.

k. Satisfy the jump conditions across the shock.

Consider a region of flow O&x%x through which a shock moves

L
(see Figure 2.4). Take as the initial conditions the state of the gas
in the region ahead of the shock. If the gas is at rest in this region,

these conditions are (in this case, P,sr,, and c_ are all constant)

e =e (2.62)

u=u =0 = r=rxr
» P Po: o’ o

o]
at all points x such that z<}c5xL (z is the position of the shock at

time t, as on page 35). The values Py €, and r, are related to each
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other according to the equation of

u
state (1.38). 4
For the left-hand boundary Uy :
condition, let it be required that i —>
|
the gas particles, which at time ) ; b
t = 0 are at the location x = 0, x-ut x-z Zexy,
Fig. 2.4

move toward the right with velocity
ul(this is actually a Lagrangian boundary condition, so it is somewhat
difficult to express in Eulerian form). This can be expressed mathe-~

matically as:

at x = wt, u = u - (2.63)
The right-hand boundary condition is:
at x = ¥, wu = u . (2.64)

Let the time at which the shock reaches the point x = X, be

t = tL. Then, for tn<tL, it is easily verified that the functiouns de-
signated below by (2.65) through (2.69) give a solution to the problem
with initial conditions (2.62) and boundary conditions (2.63) and (2.6L).
Furthermore, this solution satisfies all the requirements on page .42,
The solution depicted above is
ﬂ)mrxsmhﬂmtﬁ}x>z *

(2.65)

u
11 for x such that ult‘x <z

also, trivially,

* The interval (ult, z) will increase in width with time, as will be
shown later.
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(2.66)

lim+u = Uy, lim u = u
s A xoe

1
The value Uy is obtained from the left-hand boundary condition. Equa-
tions (2.65) and (2.66) completely determine the velocity function. To

continue with the writing of the particular solution mentioned above,

P, for x suech that xL?- XDz

‘b=
, for x such that ultéx <z

limp = p,, lmp = p;; (2.67)
Koz Xz
r, for x such that xLé x>z

r =
ry for x such that ulté X<z
lmr=r, Hnr = r.; (2.68)
xozt x»z”

S for x such that xL& x>z

e, for x such that ults.x <z

lime =e , lime = e.; (2.69)

xozt °" xoz- L
where Pl’ rl, and e, are constants whose values we will now consider.
The velocity function is constant behind the shock, so that the shock
velocity U_ can be found by (2.61). Once the shock velocity is deter-
mined, rys Pys and ey, in that order, can be quickly found by use of
equations (2.35), (2.36), and either (2.38) or the equation of state.
An example using actual numerical values for all of the quantities in-
volved will be done in Chapter V. A slightly different method of find-

ing the pressure function (which often is the only quantity of interest
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in problems such as this) utilizing results on page 40 will be emp Loyed
shortly.

At time t = tL the situation changes somewhat, although the mathe-
matical problem remains the same. Because of the boundary condition
specifying that the velocity at x = Xy must be zero, the shock can no
longer move to the right. Otherwise, conservation of mass would be
immediately violated (see equation (2.35)). Hence, at time t = trs the
direction of the shock is abruptly reversed. At this time the initial
conditions are represented as the state of the gas which was for
O<1;<tL behind the incident shock, but which is for t>tL in froat of
the reflected shock. Then, using the same boundary conditions (2.63)
and (2.64), the velocity U_ of the reflected shock and constant values
of u, p, r, and e behind this shock can be obtained by exactly the same
method as above. This mathematical problem arises from the physical case

‘where a piston moves with constant velocity u, into a tube containing

1
ideal gas which is initially at rest, the tube being plugged at some
point ahead of the piston. Hence, it is possible to represent matne-
matically the flow of gas resulting from this physical situation by
piecewise constant functions which are solutions of the differential
equations and which satisfy all the conditions.
The situation can be further clarified by a diagram in the

(x,t)-plane (Figure 2.5). State (0) is a zone of gas at rest charac-

terized by the quantities u, = 0, Pyr Tyr €42 and e Figure 2.5

(o}

shows also a state (1) connected through a shock with the zone of rest (0)
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and through another shock with a zone
t
of rest (2). The fact that (2) is a ?

b

H |
f t b f th : } Gz)

zone of rest can be seen from the Ru%m%dg! P> ' I

XU,

boundary condition imposed on the Particle Peths /
bty P- == S N
@) N

Incident Shock: |
x= Ut

{
|
I

1
rge 7777777777777 7T77777 7777777

velocity function at x = Xp -

The derivation of the formula

| ©
| ‘

which gives us the pressure ratio —>X

Fig. 2.5 Reflection
of a shock

r.-_...__

=
.

across the reflected shock in terms
of the pressure ratio across the incident shock will now be carried out
in detail.

The velocities of the incident and reflected shocks are respective-
ly Uy and U_, hence Uy is positive and U_ is negative. According to

(2.60), since u = = 0, both U, and U_ satisfy the same quadratic

Y2
equation (the subscript "2" will indicate the value of the quantity

behind the reflected shock)

2 1 2 _ 4.
(U - ul) + l__-_m ul(U - ul) - cl = Q; (2-70)
or the two numbers
u, - U u, - U_
M, = - end M_ = —L

1 1
satisfy the quadratic equation

u,(y + 1)

M. " M-1 = o,
2cl

Since the product of the roots of a quadratic equation is the ratio of

the constant term to the coefficient of the square of the unknown,
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MM = -1; (2.71)
so it is seen that M, < 0. This is of interest, since it gives the

relationship u < U,.

1

Moreover, the pressure relations following from (2.53) are

P P
2 (1 +m)ME -, p—2= (1 + m)M® - m; (2.72)
Py 1

multiplying the two equations of (2.72) together and taking (2.71) into

consideration, the relationship

02 = 1 +2m +m> - (m + me)(ME + M?) + m° (2.73)
Py
is obtained.
Since from (2.72)

p p
p—+m p_""‘m

2 _ P e _ R ) (2.74)

M+ T 1+ and M_ = 353

substitution of these values into (2.73) gives

PP b P
o 2 = 1 +2m + m2 - m =2 +m + _2 +m + m2
e Py Py
1
P b
=l+2m--2m--2m
Py Py
so that
b b P,P
2 - 1 (L+2m) -m--£2 o
Pl po popl
or

u7







Py

— (lL+2m) -m
P2 po
< = (2.75)

{
-

the formula for the reflected pressure ratio.

This completes our discussion of shocks. Later on, numerical
results will be compared with the most important formulas obtained in

this chapter.
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CHAPTER IV

THE VON NEUMANN-RICHTMYER METHOD

OF HANDLING SHOCKS

In Chapter III it was shown that a large disturbance, moving into
ideal gas in a tube, quickly develops into a shock when the equations
derived in Chapter II are used to describe the gas motion. As was seen,
a shock manifests itself as a surface across which the fluid velocity,
pressure, density, and energy functions have discontinuities; there-
fore the partial differential equations governing the motion require
boundary cornditions connecting the values of these quantities on the
two sides of the surface. The necessary boundary conditions are sup-
plied by the jump conditions discussed in the latter part of Chapter
III. In certain cases, however, such as solving the equations using
stepwise numerical procedures, imposition of these boundary conditions
is difficult. The Von Neumann-Richtmyer method [3] of handling shocks
removes this difficulty by eliminating the discontinuities in the
functions. When this method is used, the shocks are seen to be
smeared out, so that the mathematicael surface of discontinuity is re-
placed by a thin layer in which pressure, velocity, density, and energy
vary rapidly but continuocusly. This is achieved by introducing an
artificial dissipative term into the equations in a manner to be
described later. 1In this chapter the Von Neumann-Richtmyer method

will be discussed in detsail.
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