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The material below consists of a more elaborate analysis of
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APPENDIX A

REMARKS ON SIMILARITY

1. Analytical Principles

The Similarity Principle described in Sec. 5 of LA-1862 has
various obvious extensions. Thus, it applies to liquids in which sur-
face tension is non-negligible, provided the Weber number (Eq. 7 of
LA-1862) is the same; it applies to viscous liquids if the Reynolds
nunber (Eq. 8 of LA-1862) is the same, and so on. In the preceding
statement, it is, of course, assumed that all non-inertial variables
except the one specified are negligible.

To prove the Similarity Principle of Sec. 5, LA-1862, one
must also assume that the initial data uniquely determine the solution
of Eqs. 3, 4, 6, and 6'. This assumption, though highly plausible, is
not trivial; see the discussion at the end of Sec. 22 of LA-1862.

The Impulsive Motion Principle of Sec. 6 of LA-1862 is also
hard to prove rigorously, but it can be made plausible as follows.
Since the "impulsive velocity" V =./? a(t) At is assumed bounded, it
seems reasonable to suppose that theoassociated intermediate velocity
fields VU(;c); t) and VU'(X; t) are also uniformly bounded. Hence
the interface displacement should be O(T). Consequently, the acceler-
ation field A(xX; t) = Ww(3U/3t) should differ by O(T) a(t) from

that a(t)VA(X) due to an initial acceleration field of strength a(t).



Integrating over the interval 0 €t £ T, we conclude
> > 1<
[wu(x; T) - vwa(x)| £ o(T) [ a(t) at = vo(T).

Passing to the limit as T -—» 0, we get the Impulsive Motion Principle.
A third principle, valid for the infinitesimal perturbations
discussed in Part II of [A-1862, is the following:

Affine Similarity Principle. Iet two initial fluid con-

figurations 2., J.' depart initially from horizontal stratification

by infinitesimal perturbations %(x, z; 0) and ¢ %(x, z; 0). Further,

let the Atwood ratio (Eq. 1 of LA-1862) be the same. Then, for all

t > 0, the interface defining X' satisfies 7n'(x, z; t) = ¢ M (x,z; t).
This follows simply from the fact that the perturbation

equations of Part II are linear. Combined with the Similarity Principle

of See. 5, it gives a general principle of Froude modeling.

2. Wiping and Penetration Coefficients.

Very interesting applications of dimensional analysis can be
made to the case of an infinite interface, if it is assumed that per-
turbations on all scales are equally likely*. The Similarity Principle
has important implications, as regards the depth Y(t) of penetration
at time t. We use the notation of Sec. 8 of LA-1826.

(1) In the case g = a = 0 of pure Helmholtz instability, we

¥*

A rigorous treatment of this idea requires statistical methods, and
will be deferred to the later report mentioned in the Abstract of
LA-1862. .



should have
(A1) Y=7(u-u)t,
where the "wiping coefficient" 7 depends only on the density ratio
P'/P =and the degree of initial irregularity.
(ii) In the case u = u' of pure Taylor instability with

effective gravity a - g = ng, we should have

(A2) Y=ng gte,

where the "penetration coefficient” 3 also depends only on ‘p'/p
and the initial irregularity.

The prediction (i) has been made by R. Ingraham and J. A.
Wheeler in LA-1593, and by E. Frieman in LA-1608, and empirical values
0.1< ¥ < 0.4 assigned for the case P= p'. To the empirical evi-
dence given there, may be added the fact* that the turbulent mixing
zone of a "half-jet" is well-known to be wedge-shaped, with a vertex
angle 26 of about 300, corresponding to ¥ = 0.25.

The prediction (ii) corresponds to formula (25) of LA-1862,
where @B = 0.06 is deduced for the case p' = 0. It also corresponds
to Taylor's formula Y, = (ng/2)t2 for the case of free fall of the
"spike into a vacuum.

It should be emphasized that Eqs. Al and A2 were derived on

the assumption that there was inertial modeling and no characteristic

*
A brief review of the literature will be given in Ch. XIV of "Jets,
wakes and cavities"”, by G. Birkhoff and E. Zarantonello, to appear
in 1956.



wave-length. Thus, they do not apply to the case of a periodic inter-

face of wave-length A
It should also be noted that, for large t (specifically, v

when at >3 | u - u'l), Taylor instability will ultimately dominate

Helmholtz instability. This follows since Eq. Al is linear in t, while

A2 is quadratic.



APPENDIX B

INITIAL ACCELERATION

l. Introduction.

In Sec. 6 of LA-1862, the concepts of initial and impulsive
acceleration were introduced, and reduced to the following boundary
value problem of potential theory, relative to the interface S.

To find functions U and U', harmonic in the regions R and R'

separated by S, and satisfying on S
(B1) PU - P'U' = g(p), a known function
(B1') 9U/3n = 9U'/9n.

Further, U and U' are regular at infinity (for a suitable reference
frame).

The present appendix gives a theoretical discussion of the
preceding boundary value problem. It is intended to supplement O. D.
Kellogg's "Potential Theory" (Ref. 10 of LA-1862), and the 1955 Harvard

*
Doctoral Thesis "Induced Potentials", by James L. Howland .

*
This will be referred to as (JH) in this Appendix. Mr. Howland has
also helped in the preparation of the present Appendix.




2. Single layer Potentials.,

We first show how to express any solution of the preceding
problem in terms of a single layer potential. -
In the two-dimensional case of plane flows, this aim is
easily accomplished by representing the flow by a vortex layer on S.
Such a layer is mathematically equivalent to a single layer for the
stream function V(x,y) conjugate to U. Since Eq. Bl' is equivalent

to ?V/9s = 9V'/d s, we can make V

V' on S if S is connected.

From Eq. Bl, we get similarly

(BL*) Pav/an = p2V'/3n=-3¢/as =V,

a known function. Evidently this is a single layer potential (Ref.

10 of LA-1862, p. 287). :
In three-dimensional space, it is obvious (Ref. 10, p. 286)

that the combined potential field (U,U') in RuvR' can be represented as

a double layer potential. Namely, because of the continuity in the

normal derivative of U, Eq. Bl', (U,U') is the potential of a double
layer on 5, consisting of a distribution of dipoles normal to S, whose
moment per unit area is proportional to U-U', the jump in (U,U') across
S.

We now consider the combined field (V,V') = (pU, p'U') -
(U¢,Ua), where (Ud,Ué) is the field due to a known double layer of

>
intensity (})-_p')¢(x). By Eq. Bl, (V,V') is continuous across S;

hence it is the potential of a single layer, and

-10- ‘



(B1**) _ prav/an - pavi/an = ané/ n - P'au¢/an = -V,

a known function of position on S.

3. Integral Equation.

Equations Bl* and Bl¥** can be transformed into Fredholm

integral equations by classical methods. One starts with the Plemelj

formulas
(B2) v/an - 3V'/an =2u
(B2') aVv/an + 3V'/2n = 2]K(p,q)’1(q)dsq

relating the intensity of a single layer p.(q), with the normal deriva-
tives of the associated potential V(p). Here K(p,q) = 2G(p,q)/9d ny

is the Poincaré-Neumann kernel of potential theory, G(p,q) being the

Green's function for the pole p.

Thus, if RVR' fills the infinite plane, G(p,q) =
(1/2m)n r(p,q). In infinite space, G(p,q) = 1/4mr(p,q). For a
periodic interface with period 7T, in plane motion,
G(p,q) =(1/27)lnsin r(p,q), and so on. The case of two liquids with
interface S, enclosed in a rigidly accelerated container C, satisfies
similar formulas for a generalized Green's function* satisfying

aGc/a8 ny, = OonC, and so on.

*
"Green's function of the second kind",Ref. 10 of LA-1862, or "Neumann
function"” in the sense of Bergman-Schiffer, "Kernel functions...".
For a discussion of such more general cases, see Howland's Thesis.



Adding (e + P')/2 times Eq. B2 to (p - p')/2 times Eq. B2',

and substituting in Eq. B1¥%, we get

(83) p®) + o [K(p,a) padda = ¥, (»),

vhere d = (p- p')/(Pp+ p'), as in LA-1862. Substituting in Eq. BL¥¥,

we get

(83') #(p) - de(p,q)M(q)dq =¥, (p).

Finally, Eq. 6 of LA-1862 reduces to another equation of the same form.

Thus, in all cases, we get a Fredholm integral equation, where

-1<¢<d %1 since p and p' are non-negative. We shall now exploit
this fact, giving relevant interpretations of the formulas.
First, we recall Fredholm's basic formula for solving Eg.

B3',
(B4) D(a ) u(p) = fD(p,q;ot) ¥,(a) as, -

o0

Here D(p,q;d) = Z (- a)ncn(p,q) corresponds to the matrix of
o

minors ("adjoint") of I-otK(p,q), and is an entire function of the

complex variable a. The Fredholm determinant D(ol), which corresponds

to |I- K| in the matrix analog, is another entire function. Clearly,
the series Bh'solves B3 except when D(al) = 0. The exceptional
eigenvalues d = di for which D(a ) = 0 should be considered as the
reciprocals o, = ’Yi_l of the eigenvalues 7, of K(p,q). Since D(d)

is an entire function, it has only a finite number of zeros inside any



cirele |a| <R.

Identical formulas, but with - d replaced by d, hold for

Eq. 3. Thus,
(B4) p(- a)m(p) = [Dlp,a5- ) ¥ (a)s, -

Finally, analogous formulas hold for the double layer rep-
resentation, but with K(p,q) replaced by K(q,p), and D(p,q; )
replaced by its transpose D(q,p;d ). The same D(d ) occurs, whence
the integral equation for the intensity of the double layer has the

same eigenvalues.

4, Dirichlet Integral.

By the Dirichlet integral of the combined potential (V,V')

due to a single layer AL on S, is meant the scalar
(85) fvv . VVaR +/ vU' . VU'AR’ .
R R’

By Green's theorem¥*, this is also equal to

2V CAN
(BS') /V——dS’F/V"———dS-—/V—a—H-—aT)dS.
S ]

(Slnce < - (p,q) 0 on C, this formula also holds for the case of a
dn

finite container.) Hence, by Eqs. B2 and B2', the integral equals

*
In the plane, the integral (5) will not converge unless SﬂdS = Q.

-13-




(B5") k/}b(p)G(p,q),u(q)d Spd S, = 2lu, p1,
S

where k = 7 % in the plane, and k = (2'n0'l in space. Finally,
since G(p,q) is bilinear, symmetric, and positive definite, the "norm"

[s; po] defines a Hilbert space A of single layer distributions on S.

In summary, we have constructed a Hilbert space, the square
of whose norm equals the Dirichlet integrals B5 and B5'. It is also a

special case of the inner product

(86) [psY] = (16, %) = (k,V6)

-1 KA A A
_af(uan+u o) @s
S
l l | \J ?
=5 / VU VVaR+35 [ VU'- UV GR'.
R R

This inner product is very useful mathematically.

The Dirichlet integral 2[u,u] has well-known physical in-
terpretations. If p= P', then clearly f/;,};j]expresses the kinetic
energy assoclated with the flow with velocity potential (U,U'). 1In the
case of plane flow with stream function (V,V'), [xt, ] also expresses
the kinetic energy of the flow associated with the vortex layer /4(p).
Again, in the electrostatic interpretation (see Sec. 8 of LA-1862), con-
sideration of Eq. B5' or B5" shows that [ U, ;] is proportional to the

potential energy of the given charge distribution. (In the case of a

~1h4-



"container” C, [/L,;b] is the potential energy in the presence of the
grounded conductor). Similarly [}L,v] represents the interaction
energy of two charge distributions.

The Dirichlet integral corresponds to two variational prin-
ciples for fluid motion. The first is due in principle to Kelvin¥*,

It asserts that, in the case of fluid of variable density filling an
accelerated container C, the actual fluid motion minimizes the total
kinetic energy, relative to all other volume-conserving flows. Un-
fortunately, in the most interesting case of an infinite fluid, it
seems difficult to formulate an analogous Minimum Principle.

However, one can formulete a dual Maximum Principle by re-
ferring the motion to moving axes, making the mean interfacial acceler-
ation zero. (This corresponds to replacing acceleration by a virtual
gravity field.) Namely, one can show that the actual fluid motion
maximizes the conversion of potential into kinetic energy, relative to
all other flows which conserve both volume and energy. This result can
be considered as an extension of Bertrand's Theorem** to the case of

lagrangian systems with infinitely many degrees of freedom.

5. The Operator K.

The Hilbert space J; defined in Sec. 3 greatly simplifies the

analysis of the linear operator K: w(p) — /K(p,q),u(q) dSy defined in

*see G. Birkhoff, Quar. Appl. Math. 10 (1952),81-6 and 11 (1953), 109-10.

>
E. T. Whittaker, "Analytical Dynamics", Cambridge University Press,
hth ed., 1937, Sec. 108.




Sec. 2. Thus, if V and W are the potentials G ., and G defined by
the single layers au and V , then, since 3/3n' =- 3/dn, Egs.

B2 and B2' imply

_a_g(p) + E-X—: ()| c(p,q)¥ (q)ds as
2 2 P q

A CA'M

(BT) [a,V]

) (w01 = [f [Lle) - S50)]6te,0)v (adas gs,

A 2V
—I[Tﬁ- ——ran ]stq.

Now applying Green's identity to Eq. BT', wve get

(88) [uK, V] = f(vv-vw) dR - f (Vv'. YW') QR
R R
= [}‘,,]j](],

which is also directly related to the Dirichlet integral.
Hence, we can regard K as a symmetric operator on q .
Moreover, Eq. BT can be similarly rewritten
(B8') [a,v] = f (VV.VW)R + f (VV'.UW')dR'.
R R*
Comparing with Eq. B8, and noting that both terms are positive if

V=W, we get

-16-



(89) [k, 4] & [as po ]

From this it follows that¥*

(B9*) [MK, K] & [, 0] 5

K 1s a contraction of f{ s, 1n the usual sense.
Theorem 1. The bounded symmetric operator K has a discrete
spectrum. Hence (X contains an orthonormal basis of eigenfunctions

/Li, such that

(B10) MK o= AL My (-1 < /\i < 1).

Proof. For a suitable "resolution of the identity" into

permutable projections E

A’
1
K = ‘[1 AQE, ,

by the basic theory of bounded symmetric operators. Again, the mth

pover (iterate) K» of K is
1
xm=f7\de .
A
-1

From this it follows that K has a discrete spectrum if and only if -

*

M. H. Stone, "Linear transformations in Hilbert space"”, New York, The
American Mathematical Society, 1932, Thm. 2.21. The proof of Thm. 1
relies on results in this book.

-17-




has a discrete spectrum.

Again, if any K" is completely continuous, then K® necessarily
has a discrete spectrum; hence so does K. But it is classic that if the
point-function K" (p,q) is continuous on a compact set, then the associ-
ated operator is completely continuous. Further, in two dimensions,
K(p,q) is itself continuous, while in space, K3 (p,q) is continuous

(Ref. 10 of LA-1862).

6. Eigenfunctions of K.

The eigenfunctions My of K, defined by Eq. B1l0, have various
interesting properties. As usual for symmetric operators, eigenfunctions

having distinct eigenvalues are orthogonal.

Again, by Eqs. B2 and B2', rewritten as
(B11) aV/an = m+XKu, aV'/on'= mw-Ku ,

we see that, 1f Vi is the potential of the eigenfunction My with

eigenvalue Rif then
(B12) avi/an =L+ AN and av'i/a n' = (1- a)pu

are linearly dependent. Using Egs. B2 and B2', one can show that, con-
P ? T ] -
versely ﬁi avi/a n = p N oV 1/an implies that /Li is an eigen
function of K.
The preceding formulas refer to a vortex layer; in the case

of an induced acceleration potential in space, the signs of the cti

-18-




are reversed., In either case, the V., are just the so-called Poincaré

i
fundamental functions. Moreover, if any two of the four functions

My Kp, ?V/2n, 2V'/2n'

are proportional, then éll four are proportional.

This is clearly one property of spherical harmonics, if S is
a sphere; thus the Poincaré fundamental functions for a sphere are the
spherical harmonics. The fact that V is proportional to 23V/9 n in
this case 1s clearly atypical. If S is a sphere, since there are
2n+l harmonics of order n, there are (n+l)2 of order £ n; moreover
A = 1/(2n+l). This shows that Ay = 0(Y1/K), in this case; this may
be typical for surfaces of general shape. .

It follows by Thm. 1 that the fundamental functions Vi(p) on
S are a complete orthonormal set relative to the inner product [m,v]
of Eq. B7Y.

We next show that, if Aj'¥ 1 is an eigenvalue of K in the
plane case, then so is - Aif Namely, from Eq. Bl12, if (V,V') is a
Poincaré fundamental function, then the conjugate functions (U,U')

satisfy

au  av YAy Sy 1+A,

28 = an=1-7«i an' - 1< 3

U
2s

i

by Eq. Bl2. Hence, U and U' can be made proportional to each other.

Moreover, since V = V' on S, the combined field (U,U') satisfies

-19-




U/2n = 9V/3as = V' /s = 2IU'/5 n, and so can be obteined from
a double layer potential on S. But the eigenvalues for the latter are
those of K(q,p), and hence are the same as those of K(p,q). The result

nov follows.

T. Eigenvalues of K.

We now show that every eigenvalue of K satisfies -1 < 7\1 <1,
except for a single degenerate eigenva.lge 7\0 = 1 of multiplicity one,
which does not correspond to a solution of the impulsive acceleration
problem,

The degenerate eigenvalue 7\0 = 1 corresponds to the solution
of the conductor problem Uo = 1 in R, whence an/an = 0 an/an' ).

In the case of a vortex distribution, it corresponds similarly to pure
circulation around R. In either case, if Mq is the density of the

corresponding single layer, then [ Mg /u,] = 0 is equivalent to

au 2u
(B13) 0= Ju 2las,or 0= [21as, or O:f,u,dS.

Because of the invariance of circulation, this condition is always

satisfied in the case of Taylor instability with zero initial circula-~

tion. (This is also true in the case of a periodic plane motion.)
Since -1 < Ai < 1 if Eq. Bl3 holds, it is clear that Egs.

B3 and B3' can be solved by simple iteration in this case, even if

d = 1 in Eq. B3. In general, the convergence factor will be | A ld[ ,

where A 1 is the eigenvalue A 1 ;l Ao of K having the largest magnitude,

«20-~




and d = (p- p')/(pP+p').

Estimates of 7\1 can be made in the plane case, using quasi-
conformal mapping*. Extensions of this technique to the case of a
periodic boundary would probably be fruitful; in the case of a plane
interface, Al_= 0.

Ir | Al[ =1 - € 1is known, then one can speed up convergence
by using polynomials giving a "best possible" approximation to
1+ dK)-l on - Al $ k¢ )\l. A discussion of this has been given
recently by Stiefel¥**,

Iteration of Chebycheff polynomials seems to provide a satis-
factory compromise.

(Since writing Appendix B, I have discovered a relevant
article by A. Hammerstein, Math. Zeits. 27 (1928), 269-311, in which

the completeness of the eigenfunctions of potential theory is also

proved by a different methodj

*
See L. V. Ahlfors, Pac. J. Math. 2 (1952), 271-80.

%%
E. Stiefel, "On solving Fredholm integral equations”, unpublished MS.
submitted to the Journal of S.I.A.M.

-21-




APPENDIX C

STABILITY OF HETEROGENEOUS FLUIDS

Much of the analysis originally intended for Appendix C

has appeared elsewhere:

S. Chandrasekhar, "The character of the equilibrium of an incompres-
sible heavy viscous fluid of variable density",

Proc. Camb. Phil. Soe. 51 (1955), 162-78.

S. Chandrasekhar, "The character of the equilibrium of an incompres-
sible fluid sphere of variable density and viscosity,
subject to radial acceleration"”, Quar. J. Mech. Appl.
Math. 8 (1955), 1-21.

Therefore, Appendix C will be omitted.

.7




APPENDIX D

*
STEADY STATE BUBBLE RISE

1. ‘The Problen.

In Sec. 15 of LA-1862, we reviewed the extensive literature

treating the rise of a bubble in a cylindrical tube. The present ap-

pendix deals with the analogous problem of plane bubble rise in a ver-

tical channel (Fig. la). We first treat the question theoretically.
(00}

0
’
%
%
V]
4
A NP
ecveoves ..--’
j; Y
/
1
Oqz i X2
X
Fig. la Fig. 1b

We assume steady state motion, relative to axes moving with
constant velocity u, (the bubble rise velocity). Further, we assume
that the vector velocity is parallel to a fixed Qertical (x,y)-plane,
and independent of the third coordinate. We also assume the fluid to

be non-viscous. Consequently, we can assume that there is a complex

*Written Jointly with David Carter of Los Alamos Scientific Laboratory.
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potential W = U + iV, depending analytically on complex position

Zz = X + 1y, such that
(p1) dW/dz =u - v = £ (z)

*
is the conjugate complex of the velocity vector £ = u + iv.

We also assume constant pressure in the bubble. This implies

that

(02) |2%(z)] = £% = 2ex,

where x 1is the vertical distance below the assumed unique stagnation
point, and g 1is the acceleration of gravity.

It is not obvious that this problem has a solution. Without
the extra assumption that the bubble is connected, it is clear that
the solution will not be unique: we could have a double bubble rising
instead, as in Fig. lb.

Assuming a single symmetric bubble, however, it may be hoped
on physical grounds that the problem just stated has a unique solution.
If R is the radius of curvature at the bubble vertex (stagnation
point) z = O, and D the diameter of the channel (tube), it will follow

by similarity considerations that the two dimensionless ratios
(p3) uo/ ) and R/D

will be unique dimensionless constants. Their predicted values can

then be compared with experiment.

) .



Fig. 2

2. 'The Function W(t).

Consider an unknown function t(z) which maps the interior of
the fluid conformally onto the interior of the unit semi-cirecle [, as
in Fig. 2, so that o, goes onto t = O, the channel walls on the real
diameter, and the bubble vertex on t = 1.

let W be the complex potential, so that

(D) g-

is the conjugate velocity in the z-plane. If u, is the fluid velo-
city at oo  in the z-plane ("bubble rise" velocity), then the stream
function V(z) has a jump of uOD across oo counter-clockwise, and

equal jumps of -uoD/2 8Cross ¢o,, oo,. Othervise, V(z) is constant

on the boundary.

-25-




In the t-plane, V is correspondingly plecewise constant on
the boundary of [ , except for Jjumps of -uOD/z at t =1, and a jump
of uoD at t = i. But, apart from a complex additive constant, there is
only one function W(t) whose imaginary part V(t) has these properties

and merely logarithmic singularities. It is

(Dl*) W=AIn - s where A = uoD/ﬂ' > 0.

Indeed, on 0 <t <1, Wis real and so0 V= 0; on -1 <t <0, v = TA,

while on t = eio

io

—<
l_eeio

(D5) W=AIn = -A In(2 sin o) + 1A W/2.

Hence Eq. Di¥ gives W(t).

3. The Function £ (t).

Next we consi&er the function €(t). Clearly it is real on
the real axis, and continuous except at t = + 1, where it becomes
infinite. Hence, by the Schwarz reflection principle, it can be
uniquely extended to an analytic function in the unit circle ( I plus
its mirvor image). In other words, &£(t) can be expanded in a power
series with real coefficients, convergent in the unit cirecle |t]| < 1.

Physically, the extension by reflection corresponds to re-

flecting the configuration in the channel walls, so as to obtain an

-26-




infinite periodic sequence of rising bubbles. The fact that t = 0 is
a branch point for W(t), with period 27TA by Eq. D4, corresponds to
the horizontal bubble spacing.

We have assumed that z = 0, t = 1 is the only stagnation

point. But, in general

2
daw dt A1 + t%) a4t
(p6) P . F ==L = 4n ] .
dt dz (1 - ta) dz
Hence letting z'(1) = -iB # O, we have
(D7) Zf/(1+t2) —_— A/2B as t —> 1.

This describes the behavior of £ near t = 1. By reflection symmetry,
¢ will also have a simple zero at t = -1, and no other zero in

jt] & 1.

k., Asymptotic Jet Behavior.

We now try to determine the asymptotic behavior of £ (t),
as t approaches + 1 along the descending jets, up to a bounded factor.

1 0 aw/dz = & ~y2gz
asymptotically as t —» +1. Hence W ~/ Yogz dz = VB¢ 23/2/3. But

Since the fluid is in free fall near <, and <

again, by Eq. Di¥*, since In 2(1L + t) ~ In (1 + t) as t —> 1, we have

t 1

Substituting back, we get
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(D8a) 2 ~ (3U/BE 23 o [ BB n (1 74)]2/3
/BE
(DBo ) R~ Y282 ~ [-3Ag In (1 3t)] /3

Consequently, if O < C < 0.5, then the ratio
2 2,11
£(t) = £ (t)/(1+%) [ -In C(1-1%)] /3

is bounded away from zero and infinity throughout I’ . Ve have already
discussed the behavior near t = 1l,i; elsewhere, 0 < |C(l—t2)| $2c¢1.

It follows that we can write
(p9) 2= (1 +42) [-In c(1 -42)]3 2 () 3206 cc <o.5,

where £(t) = Q(t,C) is bounded and continuocus in the closure of

I' , and analytic in the interior.
Our solution of the mathematical problem stated in See. 1

will consist in the approximate calculation of Q(t,C).

5. The Function £ (t,C).

Like £ (t), the function £ (t,C) defined by Eq. D9 is, for
any fixed C, real and positive on the real diameter. Moreover it is
analytic in |t| < 1, and continuous on the boundary | tl = 1. There-

fore, £ (t,C) can be expanded in a power series with real coefficients
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(D) Q(£,0) = a_(C) + ay(c)1? + g ()" + ...,

which is certainly convergent for Itl < 1, and almost certainly con-
vergent for |t| £ 1. If we can determine the a2k(c) approximately,
for even one C, then we will have determined the flow by Eqs. D9 and
D4, and the converse z = fﬁ-ldw of Eq. D1.

To illustrate this, and for future reference, we shall now

apply this principle to express Uy, D, g, and B in terms of A, C, and

the a2k'

At t = 0, clearly £ = u ; hence by Eqs. D9 and D9*

a

(p10) (-tn ¢)}/3 e © - u_.

This expresses the rate of bubble rise.
We next consider the asymptotic behavior as t —»> 1 (that

as t —> -1 follows by symmetry). Clearly
In c(1-t2)/1n(1-t) =1+ [m c(1+t)/In (1-1;)] —> 1.

Hence, by Eq. D8b, letting t —~ 1,

[ (1+62)e 2(¢)

8
1l ~
[-3Ag In(l-t)]l/3 [3Ag]l/3 3A8

IO

We therefore get the asymptotic relation
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(p11) a +a, +a +... = % In (3Ag/8). >

Finally, near the bubble vertex, as t —> 1,

—ae"‘ah- L

£/(1442) —s (-In 2¢)}/3 e ©

Comparing with Eqs. D7 and D9, we get the relation

(i) A

(p12) B = 1z'(1) = Lim 2= B 2(-In ac)t/3 ¢ Q1) -

-8.04'82-8.1‘+. LY

= (Ae )/2(-1n 2C )l/3

The dimensionless ratio uoz/gD is especially interesting
(cf. Eq. D3), because it is independent of the choice of units. By

Eqs. D4, D10, and D11, we get

2 3 38,
(D13) u,"/gD = u °/megh = (-In Cle °/mga

3a,.+3a, +...
= 3(-In C)/8me 2 4 .

We shall now normalize to the case a, = 0, A = 1 by choice
of space and veloeity units. For each choice of C, 0<C<O0.5, ve

will then have

(D1ka ) u_ = (-In c)t/3 vy (D10),
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(D14v) D = 7rA/uo = w/(-1n c)l/3 vy (D&¥),
3(a2+ah+...)

(Dlhc) g = (8/3)e by (D11),

(D144 ) B - eaa_a"+°”/2(-m 2c)t/3 vy (D12).

Note that gA and a, cannot both be specified in advance for given C,
as they would deterﬁine u, by Eq. D10, hence D by Eq. D4, and so the
dimensionless ratio uoa/gD, of Eq. D13.

With the preceding normalization, we thus have to compute
the constants 8,5,8) s8gy00s - To do this, we must invoke the exact
"free boundary" condition, which has not been invoked up to now except

in asymptotic form.

6. Digression: The Parameter C.

A more careful study of the asymptotic behavior of the "free
jet" near t = i1, indicates that C should not be taken arbitrarily in
the interval 0 < C < 0.5. C corresponds asymptotically to a constant

addend W, (ef. Eg. DS) in the formula
(D15) £ kw3, wa o m 2(14?)

We shall now show that there is just one value of Wl which gives a
highest order of approximation in Eq. D9--i.e., makes 7 as smooth as

possible.
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Reflecting in the fixed wall, and translating the origin so
as to make one branch of the jet fall along the real axis, we try the

expansion

b P
(p16) 7 = Y2z (L + =+ — + ...), a, real,
. zacx i

noting the "free boundary" condition

(D16=.) |Z|2=ng on z= x + 1imA/ yBgx .
Substituting from Eq. D16 into Dl6a, we get

(D16b) 2g|z]| - |(1 + 20, /2% + ...)| = 2ex

on z = x(1 + 1WA/ Vng§ .
But, on z = x(1 #* 1kx_3/2), l2] = x| (1 + 112/2x3 + ...)

Hence |1 +2b, /2% + ... = (1 +k2/2x3 + ...)'l, and

1
(D16%) £ = V282 (L+b /25 + ...).
Integrating

(D17) W= f £ az = @z3/2 +H o+ o(z-3/2),

for some constant Wl. This Jjustifies Eq. D15.

If the right C is used, then
(D18) #/-w 33wk x0(z3) ~ K+ 0(w2)

~K + [1a(1-t2)] 2.
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Otherwise, since (w-wl)l/ 3/w1/ 3.1 o(w‘l), it would appear that the
asymptotic approximation has a lower order of accuracy.

It would seem that, with care, condition (D18) could be con-
verted into an asymptotic equation at ¢ = 0,71 (one equation by
symmetry) involving C, which could be used to determine C. Our numer-
ical experience suggests that 2C = l/e is not far from the correct
value. However, considerable formal analysis would be requiréd to ob-
tain such a condition in its most elegant form.

It is not clear whether or not such a condition on C is
necessary or sufficient to make equally spaced interpolation converge¥*,
as n —» o0, using the method of Sec. 9. However, it would seem to

help substantially in obtaining accurate approximations for small n,

7. Free Boundary Condition.

To interpret the free boundary condition, we write
Z = vei¢, go that v = |£| 1is the velocity magnitude, and
-4 = -arc £ its direction. On the free streamline t = e’ , the
free boundary condition is v2 = 2gX.
Since v = O when t = i, by Eq. D9, this is equivalent to
viv/ds = +g cos d on t = e’ Again, since dW/ds = v, clearly

d0/ds = vd 0 /dW, and so the free streamline condition may be taken as

3%
Cf. Dunham Jackson, "Theory of approximation", New York, The American
Mathematical Society, 1930, p. 123, Cor. 2.




2 dv 40
35 aF =gecos ¢ .

But again, on t = e , by Eq. D5, dW/d0 = -A cot 0 . Substituting in

the preceding equation, we get (normalizing to A = 1),

(D19) %tan o d(v3)/d0 = -g cos g, B = veid ,

where the sign is determined by inspection.
We will now express Eq. D19 in terms of our basic unknown

function £(t,C). Writing
(p20) 2(t,c) = T(t,¢) + ie(t,C),

or Q= T+ 10, and comparing with Eq. D9, we get the following

identities on t = e>? in the quadrant 0 < & < 7/2. (Note that, by

symmetry, it suffices to satisfy Eq. D19 on this interval.)
(1 + t2) =2cos 0 eio, (cos 0 »0),

(1 - 42) = 2 sin 0 (% “7/2) (440 4 50).
Hence, introducing the convenient abbreviation
(p21a) L(o) = -In (2C sing), O <2C <1,

we get by complex trigonometry
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In C(1-t3) - JW(GT el oreten [(7r/2- 0’)/L(a')]’

where
is
(p21v) Mo) = 2(0) + (F -0
Since e‘Q = eT ej'g and Z: veid, equating absolute values and argu-

ments in Eq. D9, we get

(D22a ) v = 2|cos 5| . \G/Ml o) eT, and
(D22v ) ¢ =06 + P(o), where
(p2lc) P(0) = o+ 3arctan [(F- 0)/i(0)] .

We are now ready to rewrite Eq. D19. On 0 < ¢ ¢ g,

v3 = 2(cos3a‘) YM( o) e3T . Hence the left-hand side of Eq. D19 is

(D23a) Q(a)e3T {-sina+[N(0‘)+ T'(o‘)] cos o} ,
vhere

(D214) No) = [-L(0) cot o - (F-0)]/34(0), and
(D21e) Qo) =4 YM(o) sin 2 0.

Similarly, the right-hand side is

(D23b) -gcos [0 +P(or)] , where == e



The free boundary condition D19 asserts that the functions D23a and
D23b are equal.

In terms of the single unknown function A(¢6) = T'(0), we
can express T(o) = JA(0) and 6(g) = DA(0) by means of singular
linear operators Jd and D. Hence we can rewrite Eq. D19 as the

non-linear integral equation

(D2k4) Q(O')e3g)‘ {-sind‘*- [Mo) + a(a)] cosa'}
= -gcos (DA +P(0), on 0« a‘(%r .

We shall not pursue this further here.

8. Discrete Equations.

Instead, we shall use the series expansions

(D25a) ‘7'(1.1')=a.2 cos 2 0 + & cos hyo + ag cos 60 + ...
(p25b) T' (o) = -2a, sin 20 - l&ah sin hbo - ...
(D25¢) 9(0’)=azsin 20 +a sin 4 O + ag sin 60 + ....

The identity between Eqs. D23a and D23b can also be expressed

in terms of the coefficients 8o for any given C, by direct substitu-

tion. For every &, O < O < /2, this gives an equation in the B
At the bubble vertex O = 0, Eq. D19 becomes singular. Hence

we replace it by the differentiated form of the equivalent equation
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v sino (dv/dT) = -g cos ¢ cos o .

Near t = i, the curvature K = d¢/ds satisfles dv® = ngsQ. Hence, at

t=1

(av/as)?/(as/ae)® = (av/as)® = gad/as = glad/ac)/(as/ao).
Simplifying, we get by Eq. D12,

(D26) (av/ac)® = c(ag/ac)(das/ac) = gB(ag/ao).

But by Eq. D22a, since cos( 7 /2) = 0, we have

(D26a) ;1% ) 2[I‘(1§r)]1/3 T (T/2) 2[-1n(2c)] 1/3 e-ag+a;+-....

Similarly, by Eq. D22b,

(D26b) %é_ =o'(@) +1- 3;71)
3
= ; (- 2pa +1+'T£]i-§—)'-
p=1 2p 3

Substituting from Eqs. D26a and D26b into Eq. D26, we get an equation
on the o corresponding to the "free boundary" condition at the vertex,
6 = 1[/2.

Since R/D = ds/D a¢ = (ds/D do )/(dd/d o), and

ds/do = |dz/dt| = B (ef. Eq. D12), we also get from Eq. D26b the

relation
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R B 1
(D26¢c) ﬁ=ﬁ[l'2a2+hak'“’+-(—)'31nac ],

where

B_ 1 [zIaC 11/3 o2 T
D =27 lTInac

I

by Eqs. Dlhb and Dlhd.

9. Approximate Solution.

We have tried to solve for the aak approximately by truncation

and interpolation. For any n, the free boundary conditions D26, D26a,

and D26b at o, = /2, combined with Eqs. D23a and D23b with Eqgs.

D25a and D25¢c at O= Cpreevs Oy give a system of n transcendental

equations in the n unknowns 8ns8) pe e 2850 which one can try {to solve.
Mr. James Howland, at our suggestion, tried this scheme
first for n = 1. He showed that no solution was possible. That is,

the equation

6a

(p27) 3[-a(2c)]e 2«1+ [31n(20)] " - 2a,

has no real solution a,, for 0 < C < 0.5.

2
The next simplest case n = 2, with o, = m/2 and
c, = /4, gives the two equations

68'2 1

(D28a) 3[-In(2c)] e =1+ zyirsey - 28, + bay ,

and




-3a,-6a),
(p28v) Ke [H + 252] = cos @,

(3/27%) [(-Ia y2) + n2/16]172,

where K =
H=1+ [ -ILn(J2C) + (/%) ]/3[1n2(;/50) + 727161 ,
T o1 w
é = j * 3 arctan [:;—I;ZEEE;] +a,.

Note that Eq. D28a can be easily solved for 8, given a,, and then the

2
error in Eq. D28b quickly estimated. By extrapolation and interpola-
tion, a value of a2 making this error negligible can soon be found, for
any given C, O < C < 0.5.

This procedure was followed, and the following numerical

values were obtained

c 2, 8, uo//gﬁ R/D
0.125 ‘ 0.1891 0.2390 0.260 0.130
0.250 0.0965 0.2098 0.255 0.153
0.375 0.09965 0.2082 0.214 0.452

The values of uo/Véﬁ'so obtained are very consistent, but R/D is much
less so, especially for C = 0.375. This fact may be explained by the
discussion of Sec. 6; it would seem that the choice C = 1/2e is not far
from the "best" value.

Note that the wvalues of 8, are larger than those of a This

>
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explains why the case n = 1 did not work. Furthermore, a study of the

basic equation D23a = D23b, evaluated in terms of the a, , suggests

2k
that the By will generally be larger than the 2140 This suggests

that, if the preceding truncation-interpolation method is to be carried
further, the next case to try might be n = 4, with o, = 90°, o, = 65°,

(o}
g5 = k0", 0, =15, and C = 1/2e.

10. More Accurate Solutions.

When the number n of interpolation points is large, it is
desireble to use an iterative scheme which can be carried out by a
digital computer. Two such methods have been investigated using the
IBM 701 computer at Los Alamos.

The first was a gradient method. The equations derived in

Sec. 8 for the coefficients 8,s +ces 8 were written in the form

2n
(Dp29) FJ(ao,..., a2n) = 0 J = 0,.., n

corresponding to the n + 1 points oy = J1t/2n. Setting
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the scheme was to add the increment

Jaj = -A(VJF) F/IVFI‘?, 0< A g1

to each a.J in order to find the succeeding coefficients. Prelimi-
nary calculations with this method using n = 4 and n = 10 did
not seem to converge accurately.

We considered replacing the preceding gradient method by a
more accurate method of steepest descent*, but the rate of conver-
'gence was too slow for the calculation to be practical on the IBM
T01.

Our second method applies directly to the exact problem,
and has an infinite variety of possible approximate discretizations.
Stated for the exact (continuous) case, let ©(0) be a trial value
for the imaginary part of L on the boundary. Then the correspond-
ing real part T(6) is provided by the pressure condition by inte-
.grating Eq. D19 to give

/2
(Dp30) v = 3gf cot 0 cos ¢ do-
a

where ¢ is determined by © through Eq. D22b. Using Eq. D22a, T
is obtained directly from v. Then the iteration is completed by

finding the new function ©(0) by the transformation

*
A. E. Householder, "Principles of numerical analysis," New York,
1953, p. 132.
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/2
2 T(p) 4P
(D31) olo) = 57 sin 20[0 cos 2P - cos 20

which follows from the fact that T(¢) + 16(0) is the boundary
value of an analytic function (1, regular within the unit circle,
and satisfying the required symmetry conditions.

Preliminary calculations using this method were carried
out using a number of approximate forms of these equations. In most
cases the process converged to yield accurate solutions of the ap-
proximate equations. However, the results were quite sensitive to
the form of approximation, and none of the solutions appeared to
converge with decreasing interval size.

To describe these methods, note that EqQ. D24 may be written

as a differential equation for T of the form

T

(p32) d1/dc = A cos (6 + H) e 3Ty

where A, B, and H are known functions of 0 . Solution of this
equation for T, with the initial conditionon T at © = T2
provided by Eq. D26 is equivalent to using Eqs. D30 and D22a. Al-
though ¢ = O is a singular point, it turns out that the solutions
have a node at ¢ = 0, T = T,» vhere T = €0 (1) is given by
the equation preceding Eq. D11.

In the first computation, Eq. D32 was solved for T, using

hoo




the trapezoidal rule difference equations for n + 1 equally spaced

. points. Then the new © was found using the formula
€'j (o) n-1 el (o, )
[¢] k

2
(D33) eﬁxj) = = sin 265

where

J T
AL
2[l+cos 20‘3]

Jm/on

* j -
g -

This transformation corresponds to the interpolation formulae

k
2 [1-gos 20’j] + %' cos ﬁk-cos 20

O wvhen J - k is even
l when §j - k is odd

k=1 J

n

Tde) = Eéi 8, C€OS 2k63

n
O(O'J) = = aek sin 2k°:jo
The results for u /gD vere:
C = .25 C = .125

n =25 .2382 . 2hOl
n = 51 .2463 2485
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The inconsistency of these results seemed to arise chiefly
from the singular behavior of the function ¥ (o) near o = O,

where the solutions of Eq. D32 apparently behave like
(D34) T ~ (o) + const./log &

Even if the numerical Ilntegration of Eq. D32 were accurate, the
transformation (D33) is bound to be a2 poor approximation to (D31).
This is evidenced in the calculation by a marked oscillation in the
successive values of 6 near o = O, which grows worse with in-
creasing n.

To test whether an artificial smoothing of ‘T would give
more reasonable results, the procedure was modified by replacing the
first three values T(o), 't(O'l), and 'I.'(ca) by the values of a
quadratic function w.ith vanishing slope at © = O, which coincides
with T at 0'3 in value and slope. As a result, smooth values of

© were obtained. The values of uo/ng vere

c = 025 C = 0125
n =25 2244 .2269
n =51 .2239 .2261

However the convergence of the iterative procedure was very
slow, especially for larger n. There is evidence of convergence
with increasing n, at least near the bubble tip, but the method of

smoothing seems to make the results depend on the choice of C.

bl




In view of the sensitivity of the solution to the numerical
method used, the internal consistency of the last results may not imply
an equal absolute accuracy. This is borne out by a comparison with
the results of the third calculation, which uses an apparently more
rational treatment of the singularity at ¢ = O <than the ad hoc
smoothing of the second method.

Consider the functions

X = Re {l/L(c)} U = Im {l/L(U)}

¥ = Re {1/1.2(«)} V = Im {1/L2(0')}
Since the behavior of T near ¢ = 0 is expected to have the form
(D34), and since x ~1/logo near O = O, the integration of

Eq. D32 was carried out using the trapezoidal rule with respect to
the variable x rather than o, although the points were kept equally
spaced in o. Then a fit was made to the values of T at o = 0O,

a‘l, Ty in the form of a linear combination

'to = &a + bx + cy.
Thus the function
Tl = T - "[‘o
was smooth at o = O, and its transform ©, by (D33) was also

smooth. Thus © was found from the equation

-45-




where

)
o

bU + ¢V

The results gave better agreement for different values of
C, but were unsatisfactory as regards convergence with increasing

n. For n =25 we found

C = .25 C = .125

uo/ gD = .2238 .2249

But as n increased, the value of uo/VgD decreased until the
procedure failed to converge to a solution for some n bDetween 30
and 50, For C = .25, we found

n =24 n = 30 n = 50

u, feD = .2218 «2151 no solution

To achieve a convincingly eccurate solution in future
calculations it will probably be necessary to have a better knowledge
of the singularity at © = O, not only in the solution of Eq. D30

but also in the transformation (D31). Meanwhile, the results of

these preliminary calculations indicate the value .225 + .005 for

u.o YgD.




