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ABSTRACT

This report presents Monte Carlo calculations of the equation of
state of two systems of hard circles (two-dimensional hard spheres), one
consisting of 12 molecules, the other of 48. Periodic boundary condi-
tions are used in both cases.

The two-dimensional systems were considered in order to reduce
"surface" effects for a given number of molecules, compared to three-
dimensional systems, and in order to ascertain if certain phenomena ap-
pearing in previous calculations for three-dimensional systems (possibly
indicative of the existence of a solid-fluid phase transition) would
appear in the simpler two-dimensional systems. It seemed likely that
such might be the case, the negative results of the pioneer Monte Carlo
investigation of Metropolis et al., being somewhat suspect on the same
grounds as those of Rosenbluth and Rosenbluth for three-dimensional hard
spheres, where the behavior in question was not detected, presumsbly
owing mostly to the rather slow computing machinery available at the time.

No such phenomena were found for the 12-molecule system. Exceept for
certain trivial regions of configuration space, the Markov chains seemed

to estimate adequately the over-all petit canonical ensemble pressure




throughout the entire density range. The calculated pressure was &
monotonically decreasing function of the area, and agreed aspproximately
with the free-volume pressure at high densities, and with the virial
expansion at low densities, when account was taken of the theoretical
N-dependence at both extremes,

The 48-molecule system gave qualitatively different results, except
at the high and low density extremes where the behavior was as described
for the smaller system., In the all-important mid-density region the
Markov chains were unable to estimate the ensemble average owing to a severe
compartmentalization of configuration space into two crystallographically
distinct types of configurations. The first, or L, type 1s related to the
familiar regular hexagonal configurations.

In the second, or H, type, two sub-classes could be distinguished. One
consisted of configurations best described as irregular, with a stochastic
behavior more or less like that expected for a fluid. The other sub-class
of H-type configurations was derived from a defect-lattice of 49 mole-
cules in the rectangular cell, one molecule being replaced by a hole.
Within the latter configurations, diffusion occurred over a considerable
range of densities by the hole-diffusion mechanism. At reduced areas
T in the interval 1.3 to 1.35 (v = 1 in the close-packed regular hexagonal
configuration), the system only infrequently changed back and forth be-
tween configurations of L and H type; transitions between the two H sub-
types were rather frequent. At 7 < 1.3, L-H transitions were not observed.

However, the system could be stabllized in H-type configurations of the




defect type by means of "compression'" from Tt > 1.3, the apparent pres-
sure then considerably exceeding that of L-type configurations at the
same reduced area. At T > 1.4 the L configurations and the defect type
of H confilgurations progressively disappeared, as would be expected.

We conclude that while these phenomena, which are simllar to those
observed for three-dimensional hard spheres, may perhaps be the finite-
system menifestation of the existence of a first-order phase transition
in macroscopic systems, the present calculations certainly do not estab-
lish that such i1s the case. Calculations for considerably larger sys-
tems are necessary if the question is to be further investigated, as for
example in the recent dynamical calculations of Alder and Wainwright for
a system of 870 hard circles, in which they obtained a van der Waals loop
in the equatlion of state.

Finally there is presented an extensive statistical analysis of the
data reduction procedures required by the present petit canonical en-
semble Monte Carlo method, in which the equation of state must be obtained
by numerically differentiating the directly estimable "cumilative pair-
distribution function." It is concluded that use of Markov chains conver-
gent to isothermal-isobaric ensemble averages might be advantageous., This
has been found to be feasible in some unpublished caleulations for three-

dimensional hard spheres.







PREFACE

This long-overdue report describes the calculations made at the
Los Alemos Scientific Laboratory from 1958 up to the present on systems
of twelve and forty-eight hard circles (i.e., two-dimensional hard
spheres). The previously published results for three-dimensional hard
spheres are briefly summarized, as well as some unpublished results.

It is a pleasure to express my appreciation to Dr. Berni J. Alder
and Dr. Thomas E. Wainwright of the University of Califormnia Radiation
Laboratory, Livermore, for many discussions in which ideas and calcula-
tional results were exchanged. I am also grateful to Professor
Robert D. Richtmyer of New York University, for pointing out the utility
of the Markov chain central limit theorem as a basis for the empirical
statistical analysis. Above all I am indebted to Mr, Jack D. Jacocbson
for nearly all the calculator programs used in this investigation, as

well as for the over-all supervision of the calculations.
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GLOSSARY OF SYMBOLS

We list here the more important symbols used in this report, along

with the number of the section in which each is defined.

Symbol
A(x)
b (N)

b,
1

a(¢, T

Description
Regular hexagonal lattice spacing.
Unit step function.
Unknown coefficient in Salsburg-Wood theory.
Estimate of Bi’ d.Ve.

Coordination number of a close-packed configura-
tion.

Determinant of matrix (CaB)°
th

i virial coefficient for a system of N molecules.

Spatial correlation matrix of a sampled set of
shell populations.

Diffusion parameter.

Theoretical standard deviation of a stochastic
variable x,

Expected (mean) value of a stochastic variable x.
(1)
Degrees of freedom of s .
(2)°
Degrees of freedom of s °
2
Degrees of freedom of S(12) .

Ensemble average of G((, r); i.e., the familiar
cumulative pair-distribution function.

Cumilative pair-distribution function in con-
figuration space.
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Section
2e343
2.1
10.1
9.1

Je3elel

8.3

10.2

8.3

2.3.5
8.2.1

8.2.1

9.2,2,1
9.2.2,1
9.2.2.1

2.1

2.1




s

(p;,)
Pygr(V)

P(x)

GLOSSARY OF SYMBOLS
(Continued)

Description

G(C, T) at time step t of Markov chain realization.

The s * time-smoothed observation of G(g, t) at
C=¢C, -

(0

Over-all estimate of G({) at time t. We will
frequently abbreviate Gt(ga) as Gt(a) .

Coefficients of skewness and excess of an observed
set of shell populations of shell «.

Molecule provisionally displaced at time t.
Boltzmann's constant,

The number of values gg , o =1(1)K, at which the
c.d.f, is estimated,

The number of 2-molecule rectangular unit cells
whose longer sides compose one edge of V.,

The number of 2-molecule rectangular unit cells
whose shorter sides compose one edge of V.

The number of time-smoothed observations,

The number of molecules in a hard-sphere (or hard-
circle) system.

Thermodynamic pressure in the petit canoniecal en-
semble,

Pressure parameter of the isobaric-isothermsl
ensemble,

Fundamental transition probability matrix for a
Markov chain.

Probability density of the fluctuating volume in
the constant pressure ensenble,

Cumilative probablility function of a stochastic
variable x.
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Section

2.2

2,3.4

2.2

8.5

2.3,2
2'1

2.5.&

5.1.14

3.1l.4

8.2
Eol.h’

2.1

2.3.2

11k



Symbol

GLOSSARY OF SYMBOLS
(Continued)

Description

-
|rijL

Mean-square successive-difference ratio statistic

for a sequence of observed shell populations
for shell .

The set of N vectors ;l’ ;2,0--, Eﬁ .

T at time t.

Two-component position-vector of molecule i.
7 -7,

Observed total number of runs in shell popula-
tion of shell «.

Number of runs of length k observed in shell
population of shell .
. 2
Estimate of o .

Sample variance of observed shell population
for shell c.

Smoothed 82 .
04
Within-shells estimate of 02 .

Estimate of 02 obtained from the variation of
observed average shell populations about
empirical regression curve.

Pooled estimate of 02 .

Markov chain '"time?,

Thermodynamic temperature.
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2.2

9.1
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Symbol

Ko

=
o |

sQ

7 (V)

71

& (x)
Ar

At

GLOSSARY OF SYMBOLS
(Continued)

Description

Standardized normal deviate.

Volume (area) per molecule for hard-sphere (hard-
circle) system.

Volume (area) per molecule for face-centered
cubic (regular hexagonal) close-packed hard
spheres (circles).

Volume (area) of system of N hard spheres (circles).

Weight factors.

Matrix of independent variables in regression
analysis.

Least squares estimate of T .

Colum vector (Y, Y,,«++,Y.) or ¥, YE,'“YK).

2}

Sample mean of a set of observed shell populations
Yla’ Y2a"“Ynoz *

Observed shell population for shell ¢ over the sth
time-smoothing interval,

Gibbs phase integral in configuration space.

Theoretical coefficient of o in approximating
polynomial for ﬂa .

Theoretical coefficient of o} in approximating
polynomial for G(Qa) .

Maximim displacement parameter.

Dirac delta function.
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(Continued)

Description

Argument of cumulative pair distribution function.
Colum vector of components ﬂa .

Theoretical shell population of shell Q.
Compressibillity factor.

Free-volume equation of state with an arbitrarily
appended O(N~+) correction.

Free-volume approximastion for compressibility
factor.

Virial equation of state for a system of N
molecules truncated to a polynomial of degree
i in 7-1,
Degree of regression polynomial approximating na'
Diameter of a hard-sphere or hard-circle molecule,

Unknown scalar factor in o.

Reduced volume (area) per molecule in a system of
hard spheres (circles).

Reduced area per molecule of a close-packed con-
figuration.

Theoretical shell population covariance matrix.
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1.1

Chapter 1

INTRODUCTTION

1.1 Preliminary Description of the Monte Carlo Method

The Monte Carlo method used in the calculations to be discussed in
this report is essentially that orginally described by Metropolis, et al.l
Its theoretical basis has been discussed in a number of pza.pers,z_5 so that
it will suffice to recall here that it is a prescription for defining a
stationary Markov chain with discrete states and discrete time whose time
average converges stochastically to an ensemble average with a given
weight function. In this report we will consider only the classical me-
chanical petit ensemble of Gibbs, whose weight function (unnormalized)
is the usual Boltzmann factor. The desired ensemble averages are then
estimated by the corresponding time averages over a particular realiza-

tion or development of the chain carried out to a large number of time

steps on a high-speed computing machine.
It will be convenient to adopt the following terminology: A system
is specified when a space or class of possible states is defined. A

(Markov) chain for such a system is specified when a stochastic matrix of
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1.1

one-step transition probaebilities between all pairs of these states is
given. A realization (or development) of such a chain is a sequence of
states actually traversed by the s&stem in the course of a stochastic
evolution according to these transition probabilities,

It must be emphasized that the "time" mentioned in the above de-
scription has no relation to any actual physical time (except the machine
time involved in the development of the chain), nor does the motion of
the state point bear any detailed relation to any actual dynamical motion

of the molecular system., The procedure is a numerical method for esti-

nmating classical statistical mechanical ensemble averages, and indeed
since it is a classical method (i.e., not quantum mechanical), the in-
tegrations over momentum variables involved in the ensemble averages can
be performed analytically, so that as actually carried out for a system
of N two-dimensional molecules the method is a random walk in the 2N-

dimensional configuration space of the system,

The original investigationl reported calculations for a system of
22 hard spheres in two dimensions (hard circles), and subsequently
Rosenbluth and Rosenbluth6 considered systems of 256 three-dimensional
hard spheres and 56 two-dimensional Lennard-Jones molecules., Our own
work began with systems of 32 and 108 three-dimensional ILennard-Jones
molecules.2 From this point on, the term 'hard sphere!' unless further
qualified will refer to the three-dimensional case; 'hard circle, ! to the
two-dimensional case.

In the meantime Alder and Wainwright7 at the Livermore Laboratory,

had devised their molecular-dynamical method and applied it to systems of
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hard spheres. As the name implies, this method calculates thermodynamic
functions (as well as some transport properties) by time-averaging over
the actual dynemical phase-space trajectory of the molecular system,
starting from a suitable initial state, and integrating the elementary
Newtonian equations of motion over long enough times so as to attain
dynamical equllibrium.

The Monte Carlo statistical mechanical method and the dynamical
method, when applied to the same molecular system, ought to give the same
thermodynamic results [at least to O(N-l)], if the quasi-ergodic hypothe-
sis of statistical mechanies is correct. This hypothesis, though widely
believed, has not been rigorously esta'blished,8 so that comparison of
results from the two methods is of some interest in itself,

The preliminary results of Alder and Wainwright for hard spheres, of
which we were privately informed, in fact differed significantly from
those of Rosenbluth and Rosenbluth,6 and this naturally led us to adapt
our then existing program for three-dimensional Iennard-Jones m.olecules2
to calculate the equation of state of systems of 32, 108, and 256 hard
spheres, The results indeed exhibited a behavior qualitatively different
from that obtained by Rosenbluth and.Rosenbluth,6 which we attribute to
their relatively slow computing machine (Maniac I); the phenomena in
question (to be described below) are likely to appear only after a rather
long "time",

Accordingly programs especially adapted to the hard-sphere system

were prepared,b and a re-examination of the equation of state of hard
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1.2

spheres by the Monte Carlo method was undertsken in collaboretion with
Alder and Wainwright!s dynamical investigation. Preliminary results by
both methods were published simultaneouslyi’9 for systems of 32 and 108

molecules, as well as additional though still incomplete Monte Carlo
>

results,” and a rather complete account of the molecular-dynamical results

for systems of 4 to 500 molecules.lo

1.2 Summary of Results for Three-Dimensional Hard Spheres

The hard-sphere equation of state calculations by the Monte Carlo
method are summarized and compared with the molecular-dynamical results
in Fig. 1.1, taken from Ref. 5. Also shown is the free-volume hard-

sphere equation of statell

and the five-term virial equation of state of
Rosenbluth and Rosenbluth.6 In Fig. 1.1 the abscissa 7 is the ratio
v/%o where v is the volume per molecule, vy is the face-centered cubic
close-packed volume per molecule, and the other symbols have their usual
significance: ©p is the pressure, T the temperature, k Boltzmann's con-
stant.

Two branches of the equation of state are shown in Fig, 1.1 for
T < 1,6, In the interval 1.52 < 17 s 1.60 the branches arose from sepa-
rately averaging the high and low plateaus of realizations having the
typical appearance of Fig. 1.2 (also taken from Ref. 5). Similar secular

fluctuations occurred in the molecular-dynamical results, and were treated

in the same way.
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1.2.1 '"Hourglass' model of configuration space.

This behavior led us to the following visualization of the geometry
of 3N-dimensional configuration space which is undoubtedly over-simpli-
fied but which affords a convenient model for the observed behavior, and
which motivated muich of the subsequent investigation. We imagine that
at these densities the accessible region of phase space is essentially
hourglass-shaped, and we label the two chanbers of the hourglass I (low)
and H (high) according to whether an average restricted to the particular
chamber leads to a high or low pressure. This two-chamber description is
suggested by the essentially two-level appearsnce of Fig. 1.2. The con-
striction of the hourglass is imagined to be relatively narrow, and to
contain only a small fraction of the total accessible volume, as suggested
by the abrupt and relatively infrequent shifts in level in Fig. 1.2. The
state point representing the face-centered cubic lattice configuration
(which is the usual starting point of the random walk) is deduced to be
in chanber L from the fact that random walks begun from it typically
show initially a low plateau (e.g., Fig. 1.2), in this interval of T.

In these terms the random walk of Fig, 1.2 can be summarized as roughly
3.5 o lO5 steps in chamber L, 1.7 ° 105 steps in chamber H, 1.3 - 105
steps in chamber L, then 1.1 ° lO5 steps in chamber H, after which the
calculation was terminated.

Larger values of 7 in the interval 1.52 to 1.6 seemed to lead to
shorter low plateaus and longer high plateaus; at T > 1.6 there was

seldom a noticeable low plateau. At smaller values of 7 in this intexrval
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1.2

the system tended to remain in chember L for very long times; 1f 1t
succeeded in reaching chamber H it also remained there for a long time.
(These observations should be understood to apply to the 32.molecule
system; very few calculations were performed with the larger systems in
this range of reduced volumes.) These observations led us to conclude
that as v increases the hourglass connection widens, with the chambers
probably becoming indistinguishable at ©v > 1.6. There is some sugges-
tion that at 7 = 1.6 chamber H is probably much larger than chamber L.
For T near 1.52 the relative volumes are unknown, and the connection
between them very constricted. For v < 1.52 neither the Monte Carlo nor
the dynamical calculations observed the 32-molecule system to leave the
L chamber, when the calculation was started from the face-centered cubic
(f.c.c.) lattice.

We were naturally led to examine the geometrical structure of con-
figurations sampled from the low and high plateaus of random walks in
the interval 1.52 < 7 < 1,6, though the number of configurations which
could be investigated was rather small due to the difficulty of adequately
visualizing the three-dimensional structures. Not unexpectedly, we found
that configurations selected from a low plateau (i.e., according to our
model, points in the L chamber of configuration space) were recognizsbly
close to the f.c.c. lattice arrangement. Furthermore, we noted that
diffusion (i.e., interchanges of neighboring molecules) was very rare,
perhaps non-existent, throughout the duration of a L plateau. On the

other hand, we were unable to recognize any particular regularity in

3l




1.2

configurations sampled from high plateaus (i.e., points in the H chamber),
during which considerable diffusion occurs.

The infrequent molecular interchanges within a L plateau indicate a
revision of our model of confilguration space to show N! chambers of type
L, corresponding to the NI permutations of the molecules, with inter-
connections which are more constricted than the L-H connections. This is
crudely indicated in Fig. 1.3 by showing two L chambers., Two H chambers
are also shown, although one might be consistent with the observations
for l.52 < 7T < 1.6, because at smaller values of T they are expected to

eppear (see below). The H-H connection is shown wider than the L-H

Fig.e 1.3 A schematic diagram of the hourglass model 3N-dimensional
configuration space of a system of hard spheres near v = 1.55,.
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1.2

connections, in agreement with the observations ebove.

It is obvious that for Markov chain realizations such as that of
Fig. 1.2, the over-all time average, which should converge to the desired
ensemble average, is in fact very poorly convergent. On the other hand,
the average over a particular L or H plateau may be reasonably convergent,
and if the plateau is sufficiently long this average is not too sensitive
to uncertainities concerning the beginning and end of the plateau. Ac-
cording to our model (Fig. 1.3) such averages estimate ensemble averages
restricted to the L or H chamber, which are evidently lower and upper
bounds, respectively, to the complete average. Such, then, was the
motivation leading to the double-valued equation of staté of Fig., 1.1

in the interval 7 = 1.52 to 1l.6.

l.2.2 Possible phase transition.

The properties of the L states outlined in the preceding section
are strikingly similar to those usually associated with a solid crystal-
line phase: (1) approximately regular lattice (f.c.c.) structure; (2) in-
hibited diffusion. Similarly, the properties of the H states resemble
those of a fluid: (1) irregular structure; (2) free diffusion; (3) higher
pressures than L states at the same 1. Taken in conjunction with the
considerable discussion which has been carried out in the statistical
mechanical literature concerning the existence of a solid-fluid phase
transition for systems of hard spheres, these observations naturally led

us 3,9

to suggest them as tentative support for the existence of such a
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1.2

phase transition. This interpretation was also strongly supported by the
appearance of essentially the same phenomena in the Monte Carlo calcula-
tions2 for three-dimensional ILennard-Jones molecules at a pressure and
temperature in reasonable agreement with extrapolation of the experimental
melting locus of argon. On the other hand, of course, it was possible to
believe that these phenomena were artifacts of the small number of mole-
cules which were used in the calculations, rather than characteristic of
the behavior of macroscoplc systems.

In addition to whether or not a first-order phase transition exists
for hard spheres, there are also differences of opinion as to whether, if
such a transition does exist, the exact petit canonical ensemble reduced
pressure pvo/kT should be a monotonically decreasing function of volume at
fixed T and fixed finite N, or whether it might exhibit loops more or less
similar to those of the van der Wasals equation of state., The best discus-
sion of this problem seems to be that of Hill.12 The only cases in which
exact calculations exist are for certain simple lattice gases with small
N, where loops in fact do occur. It is thus of some interest to examine
the possibilities on the basis of our simple configuration-space model
(Fig. 1.3), again under the assumption that the connections have negli-
gible volume. We denote the volumes of the L and H chambers by'ut(T,N)
and wH(T,N), and define three pressures: p(7,N), the result of averaging
over both types of chambers; pL(T,N), obtained from the L chambers alone;

and.pH(T,N), from the H chambers. The usual petit ensemble theory gives

-1
PV, /KT = N (3 fn w /3T)

57




-1
pHyo/kT =N (3 fn wH/aT)N 3

pv /KT = N—l[a 4 (w + wH)/aT]N .

The last equation can be written by use of the first two as

It

p=(1-w)p +Wpg ,

w

o/ (uy, + wg)
giving the expected result that the over-all average pressure p is Just
the average of 123 and pH'weighted.in proportion to their volumes W and

w Now consider the variation of T at fixed N; on the right side of

e
the above equation for p, the functions w, Prs and.pH all vary. Let us
suppose, as 1s intuitively plausible, that PL and.pH are both monotoni-
cally decreasing functions of 7, as indicated in Fig. 1l.4. Suppose in
addition that the weight function w increases from values near zero to
values near one, as T increases over a small interval, as shown in the
figure, If this increase is abrupt enough, it is clear that van der Waals
loops will appear, as is most easily seen by considering the limiting
case in which w approaches the unit step function (see figure). On the
other hand, a more gradual increase in w can evidently result in a mono-
tone p. Thus we see that either type of isotherm could result from our
model,

Accepting for the moment this first-order phase-transition inter-
pretation of the observations, let us consider the effect of increasing

the number of molecules. TFor large enough N, and values of T between

the phase boundaries, we expect that a typical configuration should be
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one of coexistent phases, some portions of the system being crystalline,
others fluid. The fallure to observe this in small systems can be reason-
ably interpreted as being due to large interfacial effects. Thus at
larger values of N we would expect Fig. 1.3 to change. Regions of mixed
L and H character should appear and be predominant except near the phase
boundaries. Exactly how this will occur is not clear; a likely possi-
bility is that the L-H connections expand and dominate the L and H

regions,

l.2.3 '"Extended fluld!" branch of the equation of state,

As already suggested in Section 1.2.1, it seemed likely that the
failure to observe H states in the realizations started from the f.c.c.
lattice at 1 < 1,52 was due to constriction of the L-H connections,
rather than to the complete disappearance of the H region of configura-
tion space. The well-known phenomenon of supercooling of liquids below
their freezing point, and the existence of "random close-packed' hard-

13

sphere configurations also influenced our thinking in this respect, as
a result of which we devised the following "compression procedure! for
obtaining starting configurations in the H region at reduced volumes
below 1.52.

We begin with an arbitrarily chosen H state from a high plateau of
a realization at 7 > 1.52. With the centers of the molecules fixed

in the Monte Carlo cell, the molecular dismeter is increased (i.e., 1

is decreased) to a value at which the closest pair of molecules is Jjust
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1.2

in contact. The standard Monte Carlo random walk is then carried out
from this starting point until one or the other member of this pair is
successfully moved. The molecular diameter is then again increased un-
til the closest pair (usually a different pair than in the previous step)
is in contact, ete, In this way a sequence of configurations is obtalned
with decreasing reduced volumes; since the "compression' process is
rather rapid (at least in the early stages) the state point was expected
to remsin with high probability in the H region. Such configurations
were used as the startiné point for the usual random walk reslizations,
and gave the points shown in Fig. 1.1 on the upper branch of the equation
of state for 7 < 1.52, Without intending to prejudice the decision with
respect to a first-order phase transifion, we call this part of the upper
branch the "extended fluid" branch of the equation of state.

It is a priori quite possible that at high densities H chambers of
qualitatively different type (i.e., not equivalent under a permutation
of the molecule labels) may be present, and their connections may be-
come very constricted or non-existent. In such a case more than one
upper branch of the equation of state may be present (at fixed small N)..
This might explain the possibly significant difference between the
"extended fluid" points obtained by us and those obtained by Alder and
Wainwright (Fig. 1.1), who used a similar but more gradual "compression!
procedure,

Sample configurations from these extended fluid realizations at

T =1.32 and v = 1.18 were examined by constructing rather crude
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1.3

three-dimensional models, and various two-dimensional projections. At

T < 1.32 diffusion was absent, in contrast to the rather free diffusion
at T > 1.52 already mentioned. (In terms of our model this implies NI
regions of the H type, either disconnected or having very constricted
connections.) The highest density (7 = 1.18) configurations fluctuated
very little, and were describable as rather dlstorted body-centered

cubic arrangements, apparently quite different from the structure de-
scribed by Alder and Wain'wright7 at ebout the same density (thus suggest-
ing the presence of more than N! H regions of at least two non-equivalent
types).

From Fig. 1.1 it is clear that the "extended fluid" branch of the
equation of state has an apparent asymptote in rough agreement with
Scott's13 value of T ~ 1.16 for "dense random packing!, but the agree-~
ment is most likely accidental, since one would hardly expect to dupli-
cate "dense random packing' with as few as 32 molecules (no realizations

were generated on this branch with N > 32),

1l.3 Retreat to Hard Circles

The indications, described in the previous section, of a possible
phase transition in systems of hard spheres led us to question whether
similar phenomens might also be present in systems of hard circles and
have been missed in the original investigation,l again due to the slow-
ness of the calculators of that date (as well as to the relatively large

number of molecules which was chosen). As far as statistical mechanical
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theory is concerned, the situation for hard circles is the same as for
hard spheres. The first-order phase transition has not been shown to
exist, nor has it been shown not to exist. Only in the one-dimensional
case, where the complete equation of state can be obtained analytically,
is an exact answer known: in this case, there is no transition,

Aside from en investigation of the two-dimensional case as a ques-
tion in its own right, there were important reasons of convenience for
transferring our efforts to it. At that time the available calculators
were IBM type TOL, and it seemed to us that we had about reached the
practical limit of the ability of calculators of that speed to attack
the phase-transition problem in the three-dimensional systems. The
over-all average of 32-molecule realizations like that of Fig. 1.2 clearly
could not be determined; that realization, for example, required between
four and five hours of machine time, and its over-all average (as dis-
tinct from the within-plateau averages) is essentially worthless. With-
out a determination of such over-all averages at a number of points in
and near the possible transition region, the nature of the p-V isotherm
even for the small system remains in question. Further, even if the
equation of state for the 32-molecule system could be determined, and
displayed, say, a van der Waals loop, the significance of this result
for macroscopic systems would still be in doubt. Obviously, the inherent
limitation of the method to very non-macroscopic numbers of molecules
prevents one from even expecting to prove the existence of a first-order

phase transition by such means. The most that can be expected is a
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demonstration by calculations for larger systems (N ~ 1000, say) that
the phenomena appear likely to persist as N increases, [For example, one
can imagine that a van der Waals loop for small N might shrink as N in-

creases in such a way as to produce a second-order transition for macro-

scopic systems (N - ®).]

As already mentioned, there 1s some reason to suspect that at larger
values of N the statistical behavior may be less difficult (appearance of
coexistent phases, rather than secular fluctuation between the two pure
phases ). However, larger values of N were already very time consuming
outside the "transition' region, and could certainly not be expected to
be less so inside it, Thus, an important reason for investigating two-
dimensional systems was the fact that with calculationally feasible
values of N (which are only slightly greater than in three-dimensions),
the interfacial effects believed to be responsible for much of the
difficulty should be considerably reduced,

An incidental advantage of the two-dimensional case is the greaster
ease with which the geometrical structure of sample configurations can
be studied.

Accordingly, in 1958 we began the calculations which will be de-
scribed in this report. Unfortunately, soon after most of the calcula-
tions were completed the investigation was put aside in favor of other
unrelated problems, and only recently have we returned to the work of
reducing the results to a form suitable for publication. Preliminary
results were made available to Helfand, Frisch, and.Lebowitz,lh for

comparison with their approximate analytical results,
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Alder and Wainwright have also applied their dynamical method to
15

hard circles, and in a recent paper present an isotherm displaying a
van der Waals loop for a system of 870 molecules.

In the meantime our own situation with respect to calculator speed
has improved, with the availability of IBM-7090 and IBM-7030 machines.
In the near future we will attempt to verify the molecular-dynamical re-
sult for a large system of hard circles. In this report we present
Monte Carlo results for two small systems of 12 and 48 molecules, which
are of some interest in their own right, and whose understanding ought
to facilitate the investigation of larger systems.

A considerable effort has been made to develop data reduction

methods which can give estimates of the precision of the equation of

state results, as will be described.
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Chapter 2

THE MONTE CARLO METHOD FOR SYSTEMS OF HARD CIRCLES

2.1 Derivation of the Equation of State

The petit canonical ensemble: expression for the pressure of a
system of hard circles in terms of the value of the radial distribution
function at the molecular surface is well-known, but the usual deriva-
tion proceeds by way of an assumption of circular symmetry. This as-
sumption is not exactly valid in our calculations owing to the finite
number of molecules and to the particular boundary conditions which are
used., For this reason we present here a derivation which avoids the
symetry assumption.

The Gibbs phase integral in configuration space for a system of N

hard circles of diameter ¢ confined to an area V is

ZN(V) =f”:[ H A(rij - G) d; . (2.1)
vV (4s)

The two-component vector giving the position of the center of molecule 1
is denoted by ;i, while T denotes the set of all such positions

is the magnitude of the

{%l’ Tttt rﬁ}, and is a 2N-vector; rij
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separation vector T, - ;i between molecules i and j; and (ij) stands for

J
the set of all distinct molecular pairs., The function A(x) is the unit

step function,
'{ Oif x<0 ,

Alx) = (2.2)
lifx=z0 ,
The thermodynamic pressure is defined by
9 4n
A i (2.3)
Nk N v ?

,N
where the variation of the area V is understood to take place with its
shape (to be discussed in Chapter 3, along with the boundary conditions)
held fixed. The symbols k and T as usual stand for the Boltzmann con-
stant and the thermodynamic temperature.

If the dimensionless vectors

X, = v"k}'.
1 1

o

are introduced, (2.3) can be written

EL_1+1@fiﬁ
- )
NkT N v TN

with
X = oo e % - g
7%(V) _f f I aw %, - 0)&r
0 (1)
where w is a fixed unit area whose shape is independent of V. Differen-

tiation under the integral sign then gives

by
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l\)ln—-'

8, T 1 -2

(1j#k2)

With use of the identities

and
A(x)8(x) = 8(x) ,

where §(x) is Dirac's delta function, we obtain

S o, (1 - ) [P e

Return to the original coordinates r gives

8 o, (I o) P Je

Next we introduce the cumulative pair-distribution function in configura-

tion space
(g, T) =% Z AC - 754) (2.4)
i3)

in which the sum is evidently the number of molecular pairs whose dis-
tance between centers in configuration T is less than or equal to g, and

the corresponding ensemble average

o@ =5[] [(13 Aeyy - o) [ole, B (2.5)
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