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Abstract

Calculation of the maximum energy density received by any portion
of the retina due to radiation from an incompletely resolved source re-
guires knowledge of the point-source retinal-image-spread function. For
a upiform circular source, one requires more specifically: (1) the point-
source effective image radius s , and (2) the normalized integral g(a/ao)
of the image spread function out to the geometrical image radius a. The
function g tends to az/ai for small a, to unity for large a, and in inter-
mediate regions may be roughly characterlzed by its value at a = ao. Ex-
perimental measurements on human eyes appear to indicate a, > 6 microns
and g(l) = 0.5, but these values are uncertain., A theoretical calcula-
tion assuming only diffraction and chromatic aberration gives 8, = 351
and g(1) = 0.15 for large pupils (nighttime conditions) and a8 = by,
g(1) = 0.4 for small pupils (daytime). Less conservative results, in
which effects of other aberrations have been incorporated, are a, = ™,
g(1) =2« 0.5 for any size pupil -- in reasonable agreement with experiment.

The dose from a hypothetical high-esltitude explosion is calculated to

illustrate use of these results,
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1. Introduction

Due to the very high brightnesses involved, the thermal radiation
from high-altitude nuclear explosions may produce serious burns on the
retina of persons viewing such explosions, This hazard is of special
importance since the burst mey be visible above the horizon to casual
observers 1000 or more kilometers from ground zero,

Assuming the brightness-radius-time history of the source to be
known, the calculation of the thermal dose on the retine is a straight-
forward and fairly simple problem wﬂen the retinal image is fully re-
solved, being then a problem in geometrical optics involving (besides
the question of atmospheric and intra-ocular transmission) only the
well-known geometry of the human eye, When the image is incompletely
resolved the problem is much more complicated, involving not only dif-
fraction effects but also various chromatic and geometrical aberrations
of which we have rather inadequate quantitative knowledge., (Brief
surveys and extensive bibliographies regarding ocular aberrations may
be found in papers by Westheimerl! and Fry.2)

There exist in the report literature a number of attempts to treat
the retinal-dose problem, Most of these are of limited interest, either

dealing only with the fully-resolved case, or treating the point-source



case in only a rough approximation., We mention here only the work of
Mayer, et al.,8 who give a detailed treatment of chromatic aberration,
but account only approximately for the equally important effects of dif-
fraction (ultimately tying their conclusions to experimental results of
uncertain validity), and do not explicitly discuss the case of a
partially resolved source (though they calculate the necessary integral
of the point-source image-spread function).

In the present paper, we derive in Sec, 2 the necessary equations
for calculating the retinal dose, for an arbitrary size of the geometri-
cal retinel image., Ultimately these of course require knowledge of the
point-source imege-spread function I(r), but it is shown that everything
can be conveniently expressed in terms of an effective point-source
image radius &y and a function g = g(a/ao) of the ratio of geometrical
image radius to a . In Sec, 3, an attempt is made to obtain the function
I(r) -- and hence also a, and g -- from direct experimental measurements
on human eyes. Since the interpretations of the experimental data are
uncertain, a theoretical calculation is made in Sec. 4 -- consisting of
an idealized but honest calculation of diffraction effects, combined
with a treatment of chromatic aberration similar to that of Mayer, et al.*
Since spherical and other aberrations are neglected, the result should

provide a conservative (over-) estimate of the retinal dose. The effects

*The calculation is identical in principle with one by Fry,4 vhose work

was unknown to the author till after this report was written., The pres-
ent report gives the calculation in greater detail, along with more ex-

tensive numericel results,
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of optical aberrations and scattering within the eye and retina are
estimated semi-quantitatively, giving results which are less conserva-
tive but probably more realistic (and apparently in better agreement
vith the above-mentioned experiments). The entire calculation and its
results are summarized in Sec. 5 for those not interested in the details
of Secs, 2-4. Finally, in Sec, 6 the detailed calculation of retinal
dose is outlined for a hypothetical (but realistic) explosion in vacuum,

with a yield of about a megaton,

2. Calculation of Retinal Dose

Assuming a spherically-symmetric opaque source of radius R, the
apparent brightness is uniform over the entire disk of area m R2, This
brightness B, measured in watts/cm?-ster, corresponds to the rate of
radiation of energy in a "visible" spectrum to be defined more precisely
later on.* If T is the suitably weighted average transmission of the
atmosphere and eye along the path from source to retina then the power
passing through the entrance pupil of radius rp at a distance D from

the source is

T «B°*mRe ¢« (m r§/D2) watts .

*Strictly speaking, the quantity B is not a brightness at all (having
nothing whatever to do with the photosensitivity of the eye), but is
rather the radiance of the source in the "visible" region, However, we
shall stick to this misnomer, which is in common local use,

11




If the eye produced a perfect geometrical image of a size corresponding
to a focal length fo’ the retina would be uniformly illuminated over a

circular area of radius

a=RZ/D (1)

with an intensity

™PBRF® TWTBIA
P . P vatts/co® . (2)

I =
geom D2 . 11 8.2 fi

For a sufficiently large source, giving a more-or-less-completely re-
solved image on the retina, this will be the value of the actual in-
tensity on the retina (except near the edges of the image). For small
sources, however, diffraction effects and optical imperfections in the
eye cause the energy falling on the retina to be spread over an area
much larger than a?; consequently, the peak intensity in the retinal
image is smaller than the geometrical value (2), We now calculate the
appropriate correction factor,

To be as conservative as possible, we assume the eye to be perfect-
ly stigmatic. Then for a very small source corresponding to a geometri-

cal retinal image of infinitesimal area dA, the actual intensity distri-

bution on the retina may be assumed to be given by

I(r)aa , (3)

12



vhere I(r) is some radially symmetric function which we assume to have
a maximum value at r = 0 and to decrease more or less monotonically
with increasing r. For a finite source corresponding to a uniform
geometrical retinal image of radius a, the actual image will then have
a maximum intensity at the center, and this inteneity will be given by
integrating I(r) over all those values of r which pile up at the center

of the actual image due to the finite radius a of the geometrical image:

s S -fI(r)(dA)geom = I(r)em r dr , (4)

where r is the distance from the element 4A of the geometrical image to

the center of the actual image. Now the total power falling on the

retine from the infinitesimal source is from (3)
da I(r)em r ar ,

so that for the finite source it is

naaj I(r)2m r dr .

o

By definition of I

, this last value must be equal to I m a®, so
geom geom

that

15



I I(r)emr r ar . (5)

geom

(This result can of course also be obtained from (4) by noting that

I must be the maximum value which I can build up to as the source
geom mex

size is increased.) The required correction factor for an incompletely

resolved image is thus

a
I I(r)r dr

g=mx O : (6)

Tgeom oo
g / I(r)r ar
5

In terms of this function, the integrated maximum retinal dose is

from (2)

Retinal dose = f I dat
max

= f g Igeom dt

mTT R
= —;—Efg B dt Joules/em®
(o]

T / -
=—2E [gBat cal/cn® , (1)
4.18 £2

1k



vhere the integral is to be evaluated over an interval equal to the
reflex blink period of the eye (about 0.15 sec). Thus evaluation of
the retinal dose requires only a knowledge of the normalized integral
g(a) of the point-source image-spread function out to the radius a of
the geometrical image, Before looking into the problem in detail, we
can make a few semiquantitative comments regarding the form of g(a):

It is convenient to introéuce an effective radius ao of the point-
source image-spread function I(r) such that a geometrical image of uni-
form intensity I(o) having this radius would contain the same total

pover as the actual point-source image:

Q
n a.‘zI(o) = f I(r)amr r dr . (8)
(o]

In terms of &,

f I(r)r dr

g = Tom—— . (9)
a§1(o)/2

In the limit of small a, this clearly tends to the proper value

= Ef - geometrical area . (10)
a0 a2 ~ point-source effective area
o

For larger values of a, the effective area is larger than the point-

15



source value, so that the value of g decreases more and more below the
limiting value (10), and g of course gradually tends to the opposite

limit
g =1, (11)

from (6). In the intermediate range where & is comparable to a,s a
reasonable estimate for the effective area is n(ai + a®), and we then
have the expression

2 a?/a?

o)
g = = s (12)
a2 + a2 1+ a2/e?
[o] (o]

which shows the proper limiting behavior (10) and (1l1), and should be
roughly correct for all values of a,

In general, it will be convenient to think of g as a function
g(a/ao) of the reduced variable a/ao. We shall calculate more refined
forms of this function, but since (12) is already reasonably accurate,

our majin problem is to arrive at an appropriate value of a,.

3. Experimental I(r) and e

We first attempt to deduce I(r), g(a/ao), and a  from the results

S-2 [From now on we shall

of several recent experimental investigations.
usually consider I(r) normalized to the value I(o) = 1.]

(a) References 5, 7, and 8 suggest that for a narrow line source,

16




I is approximately a simple exponential function of the distance from
the middle of the retinal image, For a point source, the form of I(r)
would be somevwhat different, but not greatly so. If we then assume an
exact exponential, we have

-(4n 2)r/rh
I(r) = e , (13)

where Ty is the half width at half meximum. A simple integration gives

2 -(a 4n 2)
I(r)r dr = (,L%hg') 1- (l + E—f_:-i—z) e - /rh:l » o (1s)
from which
I(r)r dr = (rh/Ln 2)2 . (15)

Thus for the distribution (13) we find from (8) and (6):
a = NA rh/Ln 2 = 2,0kr, , (16)

-v2(a/a )
gla/a)) = 1 - [1 +42(a/a)]e . (17)

The functions (13) and (17) are plotted in Figs. 1 and 2, respectively.

Note that (13) has appreciable magnitude to quite large values of r/ T,

17



0.9

0.8

0.7

0.6

0.5

I(r)

04

0.3

0.2

0.1

LIMITING
FORM —

FIG. |

HYPOTHETICAL FORMS of
IMAGE - SPREAD FUNCTION

(c) GAUSSIAN

(a) SIMPLE EXPONENTIAL
—— —— (b) SHARP-CUTOFF EXPONENTIAL

——@I= (I+r2/aoz)'2

0.5 1.0

18




61

0.5

g (a/a,)

0.l

FIG. 2

CORRECTION FUNCTION g = 10}/ I eom
——=— (a) SIMPLE EXPONENTIAL

—— — (b) SHARP-CUTOFF EXPONENTIAL

(c) GAUSSIAN

—-— @) g = 0¥(g,? + ¢*)

1 I | 1 | 1 1 1

1.0 20 50

a/a,




thereby resulting in the rather large ratio a.o/rh = 2,04,

(vb) For a conservative calculation of eye dose it seems preferable
to consider a function I(r) which cuts off more sharply than does (13).
Such a function may indeed be deduced from the results of reference 6:
Ogle used two "point" sources of variable intensity end variable separa-
tion, For each separation he varied their intensity so as to determine
the visible threshold. The threshold source-intensity level was found
to vary exponentially with the separation up to a (geometrical) separa-
tion & ax O8 the retina, beyond which the intensity level did not have
to be increased further. If we assume each source to produce an inten-
sity distribution I(r) on the retina for unit source intensity, and
assume the threshold intensity to be equal to the total (peek) intensity
at the center of the image of either of the two sources, then Ogle's

results imply
cr
e [I(o) + I(r)]) = constant , r=a .
Teking as usual I(o) = 1 and assuming I(r) = O for r > & . then

r -(4n 4/3)r/r,

I(r) =K e ¥ - 1 = 2e -1 (18)
for
in 2
O=rs=s 8 ax = m T, = 2.1+lOrh . (19)

Integration of (18) gives

20




a, = 1.269r, , (20)
a
max
g = d/g Ir dr//;/a Iradr
o
= 30.02[1 - (1 + z)e™% - z3/4] , asa =198 , (21)
where
z = 0.3650a/a_ . (22)

The functions (18) and (21) are also shown in Figs. 1 and 2. As antici-
pated, the sharp cutoff of (18) causes (21) to rise to unity considerably
faster than does (17), and also results in a much smaller value of ao/rh
than (16).
(¢) Inasmuch as the experimental bases of both (13) and (18) are
open to numerous objections, and in any case we should not expect I(r)
to show & cusp at r = O, we also make a calculation for a hypothetical
Gaussian distribution,
-(4n 2)(r/rh)2
I(r) = e . (23)

Then

rﬁ -(4n 2)(a/rh)2
I(r)r dr = >IoBlt - © , (24)

(o]

21



a =Ty Vin 2 = 1,.201rh , (25)

- )2
I Y (26)

(d) The form of I(r) which corresponds to the approximate g

function (12),

2
a
g = ’ (27)
a? + a2
Q

is easily found by differentiating (9):

a2a?/2
I(r)r dr = o
ag + a°
(a® + a®)a &2 - a%a°
I(a) * &= (o} ) _ o
(ag + a2)
a5
I(r) = ———— (28)
(a‘g + ra)a ’
from which
8, = WE - 1)7M2r = 1550, . (29)

(e) An absolute upper limit to g and an absolute lower limit to

ao/ r, is given by the rectangular function

22




r
1, a3 8, »
I(r) = < (30)
o, a>a .
~
Then
a'o = rh 3 (31)
and
aa/ag , asa ,
g = (32)
1 s a>a .

The various image spread functions I(r) assumed above are shown in
Fig. 1, and the corresponding functions g(a/ao) are shown in Fig. 2., It
may be seen from the latter figure that there is not too much ambiguity
in the function g; it would seem unlikely that the rough form (12) or (27),
for example, is incorrect by more than about 30 percent at any value of
a.

However, a value of a, is most easily deduced from experimental

h}
run all the way from 1 to 2.04, there is considerable ambiguity in the

values of the half-width r 3 and since values derived above for ao/rh

implied value of & . From (7) and (10), the calculated retinal dose for

small sources is inversely proportional to a,; hence a conservative

23



estimate of dose requires use of a reasonably small value of a, == per-
haps a, = l.jrh.

For thin line sources (half-width 0.25 to 0.8’), the half-width Ty
has been measured experimentally>:7»® at about one minute of arc for a
3mm dismeter pupil, and at 1.3 to 2.5’ for a 6 to 8mm pupil. Since we
are interested in large pupil diameters [which from (7) will give the

largest retinal dose], and since the value r_ = 1.3’ was obtained with

h
semi-monochromatic light (thereby tending to reduce the chromatic aber-
ration; see, however, reference 9 and Sec, 4D below), we can probably
assume a value 1.5' for our purposes. It is estimated’>1° that a point-
source function would have a half-width only two-thirds that for a line
source; hence for the former we obtain r, = 1.0’. Using point-sources
directly, the cutoff value a__ , Eq. (19), was measured® at 2.6 to 4’
for 4 to 4.8mm pupils; assuming the line shape (18), this implies from
(19) that r, = 1.1 to 1.7'. Since this is for relatively small pupils,

then even allowing for a source radius of 0.3’ we can again assume

r, = 1.0'. With a focal length of about 17mm for the eye, we then find

a = 1l.r = 1.3’ = 0.00038 radians

[e]

6.4 microns . (33)

]

A straightforward, somewhat uncritical interpretation of the ex-
periments thus indicates a value of about 6u to be & reasomable value

to use for the effective image radius of & point source. However, the

24



possibilities for error introduced by finite source size and in both
execution and interpretation of the experiments are numerous. Moreover,
the experiments were performed on a very limited number of individuals,
and it is unknown to what extent other individuals might have signifi-
cantly better vislon than indicated by the value ao = 6u. For these
reasons, it seems desirable to maske a theoretical calculation of the

minimum reasonable value to be expected for a .

k., Theoretical I(r) and 8

A. Model of the Eye

In order to meke theoretical calculations, it is necessary to
choose a model of the eye which is & good approximation to the average
adult human eye, Many such schematic eyes have been proposed, differing
from each other in minor details; we shall use that defined in Table I,
as modified slightly in Fig. 3, which is drawn for zero accommodation
(focussed at infinity).}1s12 Ignoring aberrations, the focal points FF’
and principal planes HH’ have the geometrical significancel® that any
light ray entering the eye along a path parallel to the optic axis passes
through F', travelling through the vitreous humor in the same direction
‘as though the entire refraction of the ray occurred at H'; likewise, a
ray travelling through the vitreous humor in an anterior direction
parallel to the axis leaves the cornea along & path through F as though

the entire refraction occurred at H. The nodal points NN’ are such that

25




any ray entering the eye along an external path aimed toward N will

travel through the vitreocus humor along a parallel path passing through

N’. The distances FH and N'F’ are equal, as are HH' and NN', The

distance H'F’ (the posterior focal length f’) is equal to the index of
refraction of the vitreous humor (n') times the anterior focal length

£ = FH. This implies

n' = -j—;— = 22.8 = i;- (5)4')

(i.e., the vitreous humor has essentially the same index as does water).
The position of the image I of some object O can be found geometrically

by means of the above properties, or analytically from the relation

(OF) « (F'I) = £’ (35)
or the relation

i S S (36)

OH H'I

Of importance for our purposes are the entrance and exit pupils of
the eye [i.e., the images of the physical pupil (the iris i of Fig. 3)
as viewed from outside the eye and from the retinas, respectively]; the
former determines how large a pencil of light enters the eye, and the
latter is required for the calculation of diffraction and chromatic

aberration, The geometrical constructions for finding the locations
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TABLE

I

GULLSTRAND'S SCHEMATIC EYE(a)
(Accommodation Relaxed)

Indices of refraction
Cornea 1.376
Aqueous and vitreous 1.336

Lens 1.386

Equivalent core lens 1.406

Surfaces
Anterior surface cornea
Posterior surface cornea
Anterior surface lens
Core Lens
Posterior surface lens

Fovea centralis

Systems
Refracting power
Position of first principal point
Position of second principal point
Anterior focal length

Posterior focal length

(a)
()
(c)

Reference 1l1.

27

Radius of Refracting
Position curv, powver
0 mm 7.7 mm 48,83 diop
0.5 6.8 -5.88
3.6 10.0 5.0
- - 2.99
7.2 -6.0 8.33
24,0
Complete
Cornea Lens eye
43,05  19.11(P) 58.64
-0.050 5.68 1.35
-0.051  5.81 1.60
23,23 69.91(°) 17.06
31,03  69.91 22.79

For the lens in medium of refractive index 1,336,

For the lens in air (power in medium of n = 1.336 is 14.30).




and sizes of these pupils are shown in Figs. 4 and 5, with cardinal
points of the corneal and lens systems only taken from Table I. The
corresponding algebraic calculations are, using (35) for location, and
similar triangles for size:

(a) Entrance pupil

F'I = _%;ioo'_zgf) = -26.1 (I 2.9 to rignt of H'H) ,
T
n_7.8-2.9_ 4.9 _
T, T T -3 Tk T

Thus the entrance pupil is 0,5mm in front of the iris and 1l percent
larger,

(b) Exit pupil

T 69.9 ¢ 69.9 ‘ ,
F'l = (5575~ 6.8y = ~12-2 (T 2.5 %0 left of 1),
r
X _ 2.0
Z-22-0.

Thus the exit pupil 1s essentially coincident with the iris except that
it is five percent larger; it lies 21.2mm to the left of the retina, and
is six percent smaller then the entrance pupil. The schematic eye of
Fig. 3 is redrawn in Fig, 6, showing the entrance and exit pupils, and
a ray entering parallel to the optic axis which passes through the

boundaries of the pupils.
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For calculational purposes it is convenient to introduce a simpler
model of the eye known as a reduced eye, This consiste of a single
refracting surface separating air from a homogeneous medium of index n’.
For such a system, the principal planes are both at the vertex of the
interface, and the nodal points are both at the center of curvature of
the interface (Fig. 7). In order that this reduced eye correspond to
the schematic eye as nearly as possible, the parameters of the former
are determined as follows:

(2) In order that the image size be the same in both eyes we must

have N'F’ = 17,1 (and hence also £ = 17.1).
(b) The wavelength of light in the medium n’ should be the same as

in the vitreous humor in order that diffraction effects should be the

same; hence n’ = 4/3, and H'F’ = £’ = n'f = 22.8. The radius of curva-
ture of the interface is thus 5,7mm,

(c) In order that diffraction and chromatic-aberration effects be
the same, the exit pupil (in this case, also the physical iris) should
be still 21.2mm from the retina, and the same size as before. This
places the entrance pupil

22,8 - 17.1
—§I':2—'———— = 18.1me

to the right of F, or O.3mm in front of the exit pupil, with

r
Lok
= Lo

n
—_—
r

X
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Thus the entrance pupil is almost exactly the proper diameter, and the
proper amount of light is allowed to enter the eye.

We now simplify our eye model still further by noting that the
interface is just seven percent farther from the retina than is the
exit pupil in Fig. 7. Thus if we move the physical iris to the inter-
face and increase its radius seven percent, the entrance pupil (now
coincident with iris and exit pupil) has the proper size, and the dif-
fraction effects have not been changed (since they depend only on the
angle subtended by r. at F'). This modification does change the effects
of chromatic aberration (blurring of the retinal image for wavelengths
other than that at which the eye is focussed), but the magnitude of the
error for a given wavelength is less than a percent and the direction is
opposite for longer and shorter wavelengths, so that the net error for
white light is very small,

To be slightly more conservative, we snhall actually use for most
calculations the model shown in Fig. 8, with f = l6§mm. This change re-
duces the radii of the geometrical and diffraction images by about three
percent, leaving the chromatic aberration unaffected (for a given value
of the parameter S to be defined later), and making the power of the eye

a round

1000
1

P= = 60 diopters .

ol

We shall for the present assume that the interface has a nonspherical
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form such as to essentially eliminate spherical aberration.

B. I(r) and & for Diffraction Only

We consider first the case of a geometiricslly perfect eye, in which
the form of the point-source image-spread function I(r) is determined
solely by diffraction effects., For a circular pupll and monochromatic
light of wavelength A in air, I(r) is the well-known Airy diffraction

patternt

I(r) = [29,(v)/v]*® , (37)
where Jl(v) is the Bessel function of order 1 and

errr et r.r
Ve ——h ol (38)
ANT AP

rp being the pupil radius and N o= h/n' the wavelength in the medium of
index n’. (Note that the size of the diffraction pattern depends on
A £’ = \f, and thus is the same as though it were produced in air by a
thin lens of focal length f.) The total power in the pattern I(r) is

proportional tol#

2J1(v)
I(r)v dv = [ - ] vdav =2, (39)

The effective radius is thus given by
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0 ve
[Vde—é—-:Q, or v =2, (40)

For a 4mm-radius pupil and A = 55004 ,

A v
O _ 0.55u  16.7mm * 2 _
ao = ST rp = B e Lmm = 0075'1 . (l"l)

The function g isl*
g(a/ao) = g(v/2) = 1 - Ji(v) - Jf(v) . (42)

Neglecting chromatic sberration, the image-spread function for the
entire visible spectrum is given simply by averaging (37) appropriately.
Since A changes by only about +30 percent from the mean value 0.55u, it
is clear there will be no large change from the monochromatic case,
However, resulis calculated for a v dv spectrum with the aid of a code
to be described below are shown in Figs. 9 and 10, along with the mono-
chromatic results (37)-(42); the smaller value a8 = 0.62u is due to the
heavy weighting of shorter wavelengths. It may be noted that the g
functions lie fairly close to the rough function (27) of Fig. 2, and

that the values

a.o/rh = 1.24-1,28

are close to the value 1,3 assumed at the end of Sec. 3. However, the
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absolﬁte result a°=§ 0.6-0.7u is an order of magnitude below the value
a = 6u derived there from experiment; it is indeed so small that one
would be in very serious trouble with eyeburn if the eye were really
geometrically perfect. Fortunately, there is every indication that the

eye is replete with optical imperfections.

C. Chromatic Aberration of the Eye

It has long been known that the eye shows considerable chromatic
aberration, Helmholtz,!® for example, quotes experiments by himself,
by Fraunhofer, and by Matthiessen indicating that the mean dispersion
of the ocular media is somewhat greater than that of water, and points
out that this is reasonable since the index of refraction of the lens
is appreciably greater than that of water (high dispersion tending to
go with high n). This argument is supported by the fact that the trans-
mission of the eye in the ultraviolet cuts off much more sharply and at
longer wavelengths than does a 25mm thickness of water (UV absorption
bands being the usuel cause of dispersion in the visible); details are
given in Fig. 11'® and Table II.

Also given in Table II1 are powers calculated from

f=R/(n" - 1) (43)

for the reduced eye of Fig. 8 when the refracting medium n’ is water; it
is seen that the power of the eye may be expected to vary by more than

two diopters over the visible region.
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TABLE II

TRANSMISSION OF WATER AND THE HUMAN EYE, AND DISPERSION OF WATER

b

0.2
0.3
0.397
0.3k
0.486
0.589
0.656
0.7
0.8
0.9

0.95

(a)

-2.5€

(v)

(c)

1,0 Tno=¢© eye %0 Pio= "R
0.08 cm™? 0.82 0
0.0064 0.98 0
0.0008 0.998 0.06 1.3411 61.40 diop
0,0005 0.999 0.50 1.3380 60,84
0.000k4 0.999 0.72 1.3349 60.28
0.0018 0.995 0.80 1.3307 59.53

1.3290 59.22

0.0058 0.985 0.80
0.02k 0.942 0.79
0.06 0.86 0.74
0.3 0.7 0.48

(a')Smithsonian Physical Tables, p. 536 (T = 20°C).

(b)

Reference 16.

(c)Amer. Inst. of Phys. Handbook, p. 6-90 (T = 40°C).




A number of fairly extensive sets of subjective measurements of
the cnromatic aberration of the humen eye have been made,1?-2} and the
results are commonly presented in the form of the dioptric power AP8 of
8 supplementary lens at the cornea required to correct the eye at each
of a number of wavelengths, 1In Fig, 12, we show the negative of these

corrective powers (relative to ko = 0.55u) plotted against va, where
v = ]_/)\ . (LlJ-#)

The plotted points are values averaged over all eyes of a given investi-
gation, and the dashed lines give the approximate range of the results
measured for the individuasl observers of Wald and Griffin and of Bedford
and Wyszecki,

1t must be noted that -APs is not the same as the change APe =
A(l/fe) in the power of the eye referred to air nor the change AP; =
A(l/fé) in the power of the eye referred to the medium n’, but is more
nearly the geometrical mean of the two. This may be seen as follows
for the reduced eye: The imaginary supplementary lens produces an
image at a distance fs = l/Ps to the right of the cornea. The object
distance pe for the eye is then -fs (neglecting the distance between
cornee and first principal plane), so that from (36) the image distance

a4 is given by
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For the reduced eye, % is constant in these experiments, so that

-AP_ = AP, - (An')/qe s

which shows that APe is not the negative of APS.

From (43),
P, = (' - 1)/R (45)

so that

An'=RAPe,

and

f
R 1
0P = (1 - —>APe = AP = AP, (46)
o

vhere the zero subscripts refer to the wavelength Ko of normal focus of

the eye. It is easily seen from (45) and the relation Pe = n'P; that
1 ot
'_"AP =nAP ’ (Ll'7)
n

whence the relation
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-8B = [(8P_)(aP!)]/2 (48)

follows. This analysis for the reduced eye of Fig. 8 is only an approxi-
mation to the more realistic eye of Fig. 6, but a detailed calculation
for the latter (given in the appendix) shows that no error is introduced
into what follows [specifically, Eq. (62)].

The quantity (APHZO)/n;, calculated from Table II and representing
the chromatic correction -APs which would be measured for a 60-diopter
"water eye," is essentially coincident with the dashed curve of Fig. 12
having a slope of 0,40, As anticipated above, the experimentally
measured slopes are indeed mostly greater than this. The spread in the
experimental data is, however, rather mysterious until it is noted that
these slopes are a measure of chromatic eberration and not inherent
dispersion: (45) shows that S = -dPs/d(vz) is proportional not only to
dn’/d(v®) but also to R°! and hence (for given né) to the mean power of
the eye at Vg As will be discussed later in greater detail, normal
emmetropic eyes vary in (unaccommodated) power by about 10 percent
from the average value of 58 diopters.2272® Taking into account ame-
tropic eyes which have been focussed by accommodation and/or correction
with spectacle lenses, the powers of the eyes used in the experimental
investigations could have covered a range of up to %15 percent.aa’za
This would represent a good portion of the observed spread of 25 per-
cent; the remainder could well represent scatter in the experimental

measurements, or systematic error due to unconscious partial compensation
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by some subjects in not accommodating simultaneously to both monochro-
matic and white-light obJjects,
Since 60 diopters is somewhat higher than the average refractive

power of the human eye, it follows from (46) and Fig. 12 that the value
S = (l/né)dPe/d(vz) = 0.40 diopter - pZ (49)

should almost certainly represent a conservative value for the chromatic
aberration of a 60-diopter human eye, and that a value 0,54 is probably
realistic.

For a slope of 0.40 and an eye focussed at A = 0.5, it may be
noted from Fig. 12 that AP8 covers about the range 0.8 diopters over

the visible spectrum. From (46) and (47), this means

Pé > 45 + 0.6 diopters

or

£, =22.2 £ 0.3mm ,

so that the axial chromatic aberration of the human eye amounts to

something like

Af, = Afé = £300u (50)

(or more, for larger S).
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D. I(r) and a, for Diffraction plus Chromatic Aberration

We now calculate the point-source image-spread function for non-
monochromatic light, including the effects of chromatic aberration. We
suppose that at some given layer within the retina, the eye (again
assumed geometrically perfect) is in focus for some wavelength xo, or
vavenumber v, = l/ho. (For the layer most pertinent to distinct vision,
this wavelength is about 0.,56u under conditions of bright illumination
and about 0,50 for dim light.'®) For a point source, light of this
wavelength will fall on this layer of the retina in the intensity pat-
tern given by (37). Because of chromatic aberration, light of some
other wavelength A = 1/v will be out of focus at this layer of the reti-
na, Its intensity pattern will not be the usual Airy (Fraunhofer-dif-
fraction) pattern, but will be a more complicated out-of-focus (Fresnel-
diffraction) pattern of the type shown in Cagnet, et al.?* The intensity
function has been calculated theoretically by Lommel;25 details can be
found conveniently in Born and Wolf:2®

One introduces dimensionless variables

on rg(f:) - ') i en r;(f; -f')

v A2 A £/ ’ (1)
én rpr on rpr
vV = = , (52)

Al 184

measuring respectively the distance from the geometrical focal plane, and
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radial distance from the center of the diffraction pattern; the bounda-
ry of the geometrical shadow is given by v = |u|. Defining the Lommel

functions

o 0]

U(av) = Y (WM, () (53)
5=0
a

V) = ) (AW () (5%)
5=0

then the intensity pattern I(u,v) normalized to unity at the geometrical

focus [I(0,0) = 1] is given by either of the expressions
I(u,v) = (2/w)2U3(u,v) + U3(u,v)}, (55)

I(u,v) = (2/u)2{l + Vg(u,v) + Vf(u,v)

- 2V _(u,v) cos (—‘-21 + 12’;) - 2V (u,v) sin (151 + gﬁ)} p (56)

the former being more rapidly convergent for u < v, and the latter for
u>v, It is easily seen from (53) that in the focal plane u = 0, (55)
reduces to the correct Airy result (37). Since (55)-(56) represent the

same total power at any plane u = constant, it then follows from (39) that

I(u,v)v dv = 2 (57)

L6




for all values of u,
A contour plot of the function (55)-(56) may be seen in Born and
Wolf,?® The form of I(u,v) for various u (adapted from HopkinsZ7) is

shown in Fig. 13; also plotted are rectangles showing the geometrical

intensity, which from (57) is

=3

’ véveomsu,
w2 geon
Tgeon ™ 1 (58)
0, v>u.
.

There are three points here worthy of special notice: (1) The strong
central diffraction peak persists with only moderately reduced intensity
to planes as far out of focus as |u| = 2n, (For f'/r‘p > 5,5, this means
If; - £ =30’ =12u.) (2) I(u,v) does not begin to approximate
Igeom until at least u = 8m; i.e., until the eye is out of focus by at
least 120 wavelengths == 50u., [This is more than ten percent of the total
variation (50) in the focal length of the eye.] (3) Along the symmetry

axis v = 0, I(u,0) never approximates the geometrical value: From (54)

and (56)

I(u,0) = (2/u)2(2 - 2 cos (u/2)}

sin® (u/k)

= ) (59)
(w/u)®
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so that the intensity varies along the axis between O and ngeom’ with
an average value of elgeom; this is related to the fact that we are
dealing with coherent light, where amplitudes add (giving resultant
amplitudes, as the phases vary, between O and 2 times the geometricel
value),

For a polychromatic point source of the sort of interest to us
here, light of different wavelengths is noncoherent and the total in-
iensity at the retinal layer in question is given by an appropriately
weignted integral of I(u,v) over the pertinent frequency range. The
required expression is found as follows,

Let the intensity of the light falling on the entrance pupil and
having frequencies between v and v + dv be W(v) dv. Then the total
power passing through the pupil is 1 r;w dv. If the intensity in the
plane u is Iv(r) dv = C I(u,v) dv then conservation of energy requires

that

m r;W(v) = f Iv(r)en r dr

%
= 2 C(nf/2n rp)2 I(u,v)v dv ,

so that from (57)

1(r) = (m rp/AL)2I(u,v)W(v) . (60)
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to cover all eyes, with or without simple correcting lenses.

F, Other Aberrations

So far, we have considered only the effects of diffraction and
chromatic aberration, and have assumed the eye to be otherwise perfect;
that is, for a given wavelength, the amplitude and phase of the light
converging on the retina have been assumed constant over the portion of
an imaginary spherical surface which is bounded by the exit pupil and
centered on the geometrical image point. The actual amplitude variations
across the pupil are small, and in any case have relatively little effect
on the shape of the diffraction pattern.?” Phase variations, due to
spherical aberration or more irregular defects, can however greatly
modify the image pattern.*

The humsn eye appears to be largely corrected for spherical aber-
ration, and it is commonly stated that in good eyes the effects of
spherical aberration are negligible compared with those of chromatic
aberration. In one sense this is true: experiments show that the power
of some eyes varies as little as 0.l to 0.2 diopters from the center of
the pupil out to & radius of 2mm,3° This is indeed small compared with

the chromatic variation in power, which is two or three diopters over

the visible region [Fig. 12 and Eq. (46)]. Of importance for present

The effects of spherical aberration are illustrated in reference 2k,
plates 22 and 24k, See also reference li, pp. 476 £,
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purposes, however, is the fact that a spherical sberration of only 0.l
diopter represents quite a large phase error: Taking the aberration-free
corneal surface to be nearly spherical with radius R, then from Fig. 17,
the extra distance which light travels in air when incident at a radius

r from the optic axis (compared with the distance for r = 0) is
t =R- (R - r2)3/2 = r2/2R

and

dto/dr =r/R.

For a slightly different cornmea in which the power (a:R’l) varies, say,

quadratically with r up to a maximum fractional difference AP/P at r = rp,

dt r AP bl
oIl ),

dr R P 2

p

or
4
tzgi—AP—}:—.
hPRrg

The maximum difference is [since P = (n’ - 1)/R]

It - t] = —r=E—. (82)

max 4(n’ - 1)
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For even a 0.1 diopter difference in power between central and marginal

rays at rp = 4mm, this gives a maximum phase difference of about

(o’ - )|t - tol

. max _ 0.1 ° g.?og.; 4000 = 0.8 wavelength . (83)

This estimate of phase error is confirmed by experiments measuring the
detailed wave aberration®® over the area of the pupil, which show ir-
regular phase variations of at least *1 to 2 wavelengths, and usually

4 It would indeed be surprising if the eye -- a

considerably more,>
biological system, with variable-curvature surfaces in the lens -- did
not show irregularities of this order [i.e., physical irregularities of
+0.5u/(n’ - 1) = +1.5u], when ordinary optical instruments may show wave
aberrations as great as 40 or 50 wavelengths.33

The point of all this is that the phase variations, in effect,
destroy to a considerable extent the coherency of the light reaching
the vicinity of the geometrical focus. The strong central diffrection
peak of Fig. 14 is thereby broadened and reduced in intensity to a greater
or lesser extent, The quantitative intensity distribution in the vicinity
of the paraxial focus can be computed in the case of pure spherical aber-
ration,3> but there is no point in going into details here because the
calculations are not applicable for the irregular wave aberrations of the
eye observed by Smirnov,

There are additional complications in calculating the intensity

distribution on the retina of the real eye -- namely, Bcattered light.%®"%8
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This scattering is the result of the fact that none of the parts of the
eye -- cornea, lens, vitreous humor, and retina -- is homogeneous, but
rather shows cellular and other structure on a scale of roughly 5 to

30 microns.®® Experimental results (Fig. 1l and reference 36) appear to
indicate that nearly half of the light entering the eye suffers large-
angle scattering (greater than one half to one degree). If anything
like this much large-angle scattering really exists, then there surely
must be sufficient small-angle scattering to completely obliterate all
diffraction structure in the retinal image,

Thus, between the gross refraction errors of the eye and the scatter-
ing due to fine structure, it seems highly probable that little or nothing
remains of the central diffraction peak of the functions I(r) shown in
Fig. 14, This means that the central intensity I(o) may really be a
factor four or more lower than calculated on the basis of diffraction
and chromatic aberration alone, and that LR is therefore to be increased

by a factor two or so, This gives
ao=7t°8ﬂ’ (&*)

vhich is approximately the value (33) deduced from experiment.

The function g appropriate to this larger value of ao is of course
not like the functione shown in Fig. 15. 1In order to calculate the rough
forms of I(r) and g(a/ao), there has been added to the RC$ code a feature
by which a new function Ig,e(r) has been obtained by replacing I(r) with

the value found by averaging I(r) over a circle of radius ro centered at r:
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