
i-. C3 ~s
LA-3257-MS

fjeeAttdi4
~~~~taS!lCt?t

clC-14 REPORT COLLECTION

REPRODUCTION

copy

1
LOS ALAMOS SCIENTIFIC LABORATORY
OF THEUNIVERSITYOF CALIFORNIAo LOSALAMOS NEW MEXICO

1

—

OPTIMAL CONTROL OF

NUCLEAR REACTOR PROCESSES



LEGAL NOTICE

This reportwas preparedas an accountof Govern-
ment sponsoredwork. NeithertheUnitedStates,nor the
Commission,norany personactingon behalfoftheCom-
mission:

A. Makes anywarrantyor representation,expressed
or implied,withrespecttotheaccuracy,completeness,or
usefulnessof theinformationcontainedin thisreport,or
thattheuseof anyinformation,apparatus,method,or pro-
cess disclosedinthisreportmay notinfringeprivately
owned rights;or

B. Assumes any Inabilitieswithrespectto theuse
of,or fordamages resultingfrom theuseof any informa-
tion,apparatus,method,or process disclosedinthisre-
port.

As used intheabove,“personactingonbehalfof the
Commission” includesany employeeor contractorofthe
Commission,or employeeof suchcontractor,to theextent
thatsuch employee or contractorof the Commission,or
employee of such contractorprepares,disseminates,or
providesaccessto,any informationpursuantto hisem-
ploymentor contractwiththeCommission,or hisemploy-
ment withsuch contractor.

Printedin USA. Price $5.00. Availablefrom the

ClearinghouseforFederalScientific
and TechnicalInformation,
NationalBureauof Standards,
U. S. Departmentof Commerce,
Springfield,Virginia

.

r



IN RSPLY

RIIFBR TO:

UNIVERSITY OF CALIFORNIA

LOS ALAMOS SCiI?NTIFIC LABORATORY
(CONTRACT W-7405-ENG-36)

P.O.BOX 1663
LOS ALAMOS, NEW MEXICO

April 21, 1965

To: Copyholders of IA-3257-MS

From: Report Lihra~

Subject: Errata to LA-3257-MS

Please make the following changes in LA-3257-MS:

Page 32, line 11 (equation 2.26), ~oq(tb-t) should read ~o~(tb-t)/l.

page 32, line 12, ~~~(tb-ta)~ should read ~o~(tb-ta)/f.

Page 101, equation 3.18 should read

()‘A-%
TsT(~)+ ~ (t-t.) (3.18)



LA-3257-MS
UC-80, REACTOR TECHNOLOGY
TID-4500 (37thEd.)

LOS ALAMOS SCIENTIFIC LABORATORY
OF THE UNIVERSITYOF’CALIFORNIA LOS ALAMOS NEW MEXICO

REPORT WRITTEN: March 1965

REPORT DISTRIBUTED: April8, 1965

OPTIMAL CONTROL OF

NUCLEAR REACTOR PROCESSES

by

RonaldJt.Mohler

This reportconsistsessentiallyof a dissertationsubmittedin
partialfulfillmentof therequirementsforthedegreeof Doctor
of Philosophyin theUniversityof Michigan,1965.

1

d — i ContractW-7405-ENG. 36 withthe U. S. Atomic Energy Commission
==m’
-b

~~g;4 AilM...MS reports are informal documents, usually prepared for a special

fzm’
purpose and primarily prepared for use within the Uboratory rather than for
genere.1 distribution. This report has not been edited, reviewed, or verified

$E8 for accuracy. All LA.. . MS reporte express the views of the authors as of the

‘8”;= time they were written and do not necessarily reflect the opinions of the Los

3 —1 Alamos Scientific Uboratory or the final opinion of tbe authors on the subject.

;=%
$1~ m

—--0)
~m;

—-. .

i





ABSTRACT

*

Two problems which are analyzed in this study are (1) the minimum-

time control of a nuclear-reactor fission process and (2) the optimal

control of a direct-cycle heat-exchange process to minimize the

consumption of coolant. Interest in these problems has been increased

by an attempt to develop nuclear-powered rockets for the space program.

The latter problem is particularly significant for the nuclear rocket

engine since a decrease in the amount of coolant required can result

in a direct increase in payload.

This study analyzes both problems in detail, then synthesizes

them in a physically plausible manner. The reactor state is defined

by the classic neutron kinetic equations in the first problem. In

the latter problem, the system is coupled to a single-stage, heat-

exchange model by coolant density reactivity and core temperature

reactivity. State-variable techniques and computer computations are

utilized in the analysis of these optimal control problems.

The neutronics control must bring the neutron density (reactor

power) from an initial steady-state condition to a desired terminal

steady-state condition in the minimum time. However, the allowable

reactivity change must be limited (i.e., confined to a closed set) for

safety reasons. Pontryagin’s maximum principle is used along with

iii
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physical evidence to show that optimal control is a bang-bang process;

i.e., a two-level piecewise-constantvariation in reactivity. For this

problem,

points.

The

in which

Once the

there is no switching or discontinuity in control between end

above problem is treated by the general optimization theory

the desired terminal phase is defined by a set of points.

terminal set (desired neutron density) is reached, it is

theoretically possible to maintain steady-stateneutron density by

means of a continuous terminal variation in reactivity as given by

.
where A = neutron mean generation time, Ci = time rate of change in

density of the~th group of precursors and nx = the desired terminal

neutron density. Mathematically, this variation in reactivity is in

the allowable control set. In practice however, such open-loop control

is unstable. By comparison, a dither type of control performs very

well. In fact, a simple continuous type of closed-loop control (with

reactivity physically constrained to the allowable set) approaches

the performance of the optimal system. A describing function analysis

is used to estimate the stability of this system.

The bang-bang process is found to be a candidate for the optimal

neutronics control with respect to other performance indices. However,

the consideration of singular types of solutions shows that the optimal-

control trajectory can be a connection of bang-bang trajectories and

singular types of trajectories.
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The time-optimal neutronic”control process is also a required

part of reactor control when attempting to minimize propellant con-

sumption of a nuclear rocket engine. Ideally, the optimal variation

in coolant mass flow rate is again a bang-bang process. This study

considers constraint in reactor power and a stall constraint in the

performance of the propellant pumping system. These state-variable

constraints are found to further complicate the optimal control process.
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PREFACE

This dissertation deals with the problem of controlling nuclear-

reactor processes in some optimal manner. After a brief statement of

purpose, Chapter I discusses theory and formulates models of a nuclear-

reactor fission process, a direct-cycle heat exchanger and a simplified

nuclear rocket engine. These systems are found to belong to a general

class called bilinear systems.

Chapter II presents an analysis of the optimal control of the

classical mono-energetic neutron kinetics. Various constraints on

reactivity and state-variablesare considered in the analysis of this

problem. ,The theoretic terminal control is found to be unstable due to

its open-loop nature. Then a closed-loop dither process is introduced

as a terminal control and performs very satisfactorily. For most

purposes however, it is shown that a conventional type of continuous

closed-loop control may be used.

Optimal control of heat-exchange processes and the nuclear rocket

engine are discussed in Chapter III. Coolant density reactivity and

conventional temperature reactivity are investigated. In addition to

the above neutronic constraints, consideration is given to constraints

in reactor power and to constraints in the pumping of coolant.

Chapter IV presents conclusions and an outline of areas which seem

fruitful for future research.
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Chapter 1

INTRODUCTION

The present need for opti~l control of nuclear-reactor systems

has been brought about by the application of such systems to the space

program and the military program.

1.1 Objectives

The primary objective of this study is to examine the problem of

controlling nuclear reactors in some optimal manner. In particular, the

minimal-time control of the neutron kinetics with reactivity constraints

is to be analyzed in detail and synthesized in a practical and physically

realizable manner. It is shown that a two-level piecewise-constant

control may be the optimal reactor control for a portion of the time with

respect to a class of performance criteria. Also consideration is to be

given to the startup and shutdown of a simplified nuclear rocket engine

so as to minimize the consumption of propellant.

Phase-space constraints and control velocity limits are to be

considered in the study. Modern control theory}along with analog and

digital computer simulations, are to be utilized to analyze and

synthesize the optimal control.

1.2 Background

Optimal control of the neutron kinetics has been considered in

other studies. T. P. Mulcaheyl (in a 1963 Purdue University Ph.D.

dissertation) designed a

mathematical foundation.

linear transformation to

suboptimal reactor

In another paper,

arrive at a simple

control system

Shen and Haag*

linear system.

Without

made a non-

By use of

dynamic programming, they found that an extremely complicated controller

1
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minimizes a mean-square error of the transformed system. The error,

however, is a complicated function of reactivity and neutron level.

Optimal control of neutron level does not necessarily follow.

In addition to this dissertation (which has been summarized in

Reference 3) very recent work on optimal control of neutron kinetics has

been reported by Rosztoczky and Weaver4 and by I. Kliger5. By means of

the maximum principle (to be discussed later), Rosztoczy and Weaver have

analyzed the optimal shutdown of a nuclear reactor so as to minimize

xenon poison buildup. Meanwhile, ICligerhas analyzed the minimal-time

control of neutron density by application of Holder’s inequality. In

his work Kliger assumed that the system constraint appeared as a func-

tional relationship involving reactivity and neutron level. This dis-

sertation considers different constraints and generally different

problems

The

problems

than previously analyzed.

optimization problems treated in this study differ from

handled by the classical calculus of variations in that the

allowable control set is a closed set. But if the allowable set is

open, then a number of important necessary conditions for a control to

6,7
be optimal are found in the classical calculus of variations .

In recent years the optimal control problem has been analyzed by

the maximum principle, dynamic programming and extensions of the

calculus of variations. Kalman
10

shows that a version of the maximum.

principle arises from the Hamiltonfan-Caratheodoryformulation of the

calculus of variations while dynamic programming is based on the prin-

ciple of optimalityg. This principle states that if the performance

index is Markovian, then an optimal control is optimal with respect

to any state which results along the optimal trajectory of the system.

The performance index iS Markcwianif it is a function of the initial
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state and a functional of the control from the initial time to the

terminal time where the initial time is considered to be any initial

11
)

time. C. A. Desoer derives the maximum prindiple from the principle

of optimalitye

L. I.ltozonoer12, as well

show that for certain problems

8
as L. $. Pontryagin and his collaborators,

the maxiumm principle

condition for a control to be opti~l and is further

condition for the optimal control of certain systems

in the state vector and control vector.

1.3 Optimal control

Modern control theory is usually concerned with

is a necessary

a sufficient

jointly linear

the general class

of processes which can be described by a system of ordinary differential

equations>

dxi
— = fi(xl,
dt

....xn.ul,...,u
m)

(i= 1,...,n), (1.1)

with prescribed initial conditions~Here xi(t) are the state variables

of the process, ui(t),...,um(t) are the control variables and t is

time. In this study it is ●ssumed that afi/axj are continuous in

and~ for all i, q, j andk. (1.1) is frequently written in vector
‘q

notation,
.
; = ?(2;:) ,

(1.2)

where the dot represents differentiationwith respect to time. Here

X iS the sta”tevector with components xl(t),..., xn(t). ~ is the

control vector with components ul(t),...,um(t). The control vector
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must belong to an admissible class. ~(t) is an admissible control if

it is piecewise continuous and lies in a closed region U, i.e., ~ 6 U.

(Itwill be assumed that U is time invariant in this dissertation.)

An optimal control problem may be stated as follows: Given a

process described by (1.2), determine an admissible control ~(t) that

will transfer the process from some prescribed initial state

;(to) = % (1.3)

(where to = initial time) to some terminal state

kJ =< (1.4)

(where tl = terminal time) in a manner designed to minimize an index

of performance J,

where C is frequently called the cost function.

1.4 Maximum principle

The following formulation of the maximum principle is only a

formal presentation.

for precise theorems

Suppose one is

The reader is referred to Chapter 1 of Reference 8
.

and explanations.

interested in showing the optimality of some given

trajectory

connects a

condition,

~(t) [where ~(t) is a solution to (1.2) for some ~(t)] which

given initial condition, ~(~) =%, witha given terminal
4
x(tl) = ~l. Although the initial time is specified, the

terminal time is assumed to be free in this study. For such a trajectory

to be optimal it is necessary that a costate vector ~(t) is related to

-+
x(t),through Hamiltonts equations. Hamiltonts equations are discussed



below and relate the state vector of the

means of a scalar function. The form of

which maximizes this scalar function. A

system to a costate vector by

the optimal control is that

simple application of this

theory is presented in Section 2.1.1; this analysis should afford the

reader a better umlerstanding of the method.

For convenience the system may be considered to be of order n + 1

by letting the cost function be fn+l and adding the equation kn+l = fn+l

to (1.2) with Xn+l(~) = (). Then Hamilton’s equations, which form the

basis of the maximum principle, take

&= 2(;;;) .
dt

the following form:

[with specified end conditions, ~(to) = ~oand ~(tl) = ~ ]

and

fi=-~
dt aft)

where ~ is a costate vector, not identically zero, ~ is a

and both are of order n + 1. It is assumed in this study

**
an explicit function of t. The scalar R in (1.6) is

*

a

(1.6)*

state vector

that f is not

(1.7)

-... . . . . ---- .-

For convenience, the partial derivative of a scalar with respect to
vector is considered to be a vector rather than a row vector in this

dissertation.
* A time-variant system may be transformed to one which is time in-
variant by defining XO = t ~eze xo(to) = t and Xo(~) = tl , with & =1.,0.

o



Then the Hamiltonian~ is defined by

(1.8)

That is, the Hamiltonian is an absolute maximum with respect to all

controls in the allowable set. In order that ~(t) force ~(t) from

some initial point Z(to) = ~ to some terminal point ~(t~) = ;, so

as to

lated

These

minimize J = x~ti(tl), it is necessary the ~(t) and ~(t) are re-

to a continuous costate vector ~(t) by equations (1.6) to (1.8).

equations, along with the necessary continuity conditions given in

conjunction with (1.1), form the maximum principle. Furthermore it is

shown in Chapter 1 of Referance 8 that the Hamiltonian is a constant and

identically equal to zero for the free end-time problem. Also Pnti is a

non-positive constant if equations (1.6) to (1.8) are satisfied. That is,

3C(;;~) = o (1.9)

and

P <o (1.10)n+l

fortoststl.

From (1.7) it is seen that the costate system is adjoint to the

original system (1.2). Thus

where the superscript T refers to a matrix transpose.

If the

the maximum

(1.11)

cost function is unity, the process is time optimal. Then

principle may be formulated as follows:

.

*

.

.

R=pnfi+R,
(1.12)



7

where R = (~,~) and the

equations are

system i8 again of

-.4 d

the order n. Then Hamilton’s

4
(1.13)

[with x(to) =x. andx(tl) =%]

and

The Hamiltonian H is an absolute maximum of R with respect to all

;admissible controls:

H(;;;) = yx R(~;~;:) .
u@l

(1.14)

Again it is necessary that equations (1.12) to (1.14) are

satisfied along with the necessary end conditions if the control and

trajectory are to be time-opti~l for to s t < tl. AISO , the neces-

sary continuity conditions must be valid. The liamiltonianfor this

minimal-time problem is a non-negative constant,

H(;;;) 2 0 , (1.15)

forto<t<tl. Again, the costate system is adjoint to (1.2):

(1.16)

[;(t) ?0].

If the foregoing equations which formulate the maximum principle

are satisfied by only one trajectory which satisfies the required end

conditions and if (from physical arguments about the problem) it is

known that an optimal trajectory must exist, then the discovered trajectory
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8, 10
is the unique optimal trajectory . Note, however, that the mathe-

matical question of existence of an optimal trajectory is quite involved

and will not be discussed here.

In case the system is jointly linear in the state ~ and the control

-0

u> i.e. as defined by

(~ is of dimension n), then for certain problems the maximum principle

is sufficient for a control to be optimal. Furthermore, for such prob-

lems the time-optimal control (with each component of the control mag-

nitude constrained) is a piecewise-constant process. If the eigenvalues

of the A matrix in (1.17) are real, it is shown on pages 120-123 of

Reference 8 that there is a maximum of (n-1) stitchings between con-

straints in each control variable.

The previous formulations have assumed that the terminal phase

is fixed, while the terminal time is assumed free. In this study it

is necessary to consider the case for which the terminal phase may

be confined to a specified smooth hypersurface S$ [i.e., ;(tl) c Sl].

If T1 is the plane tangent to S1 at the resulting terminal phase

+ +
x(t~) = xl , it is necessary that the system costate vector ~(tl)

-0
be orthogonal to T1 at X1. Let o(~) = O define the terminal hyper-

surface of interest. Then the necessary costate condition may be written

as follows:

.

.

where u is a nonzero constant.

When 11 is known beforehand the problem becomes the classical one

with a fixed terminal point. The mathematical details of this problem,



.

.

9

along with the more general case (i.e., both end

specified smoth manifolds, with ~(t) orthogonal

manifold’s tangent plane) is discussed in detail

45-50.

1,5 State-variable constraints

points confined to

to

in

the corresponding

Reference 8, pages

In addition to control constraints, the process is frequently

constrained in its state variables. Optimal control of processes with

restricted phase co-ordinates was pioneered by Pontryagin, Boltyanskii,

Gamkrelidze and Mishchenko (see Chapter 6 of Reference 8). Later

this work was related to the classical calculus of variations by

13
L. D. Berkovitz . Recent contributions in this area include publi-

14
cations by S. S. L. Chang and Bryson, Denham

15
and Dreyfus .

This dissertation follows the work of Reference 8. A summary

of such work is presented in Appendix A. The object of this section

is to review the theory presented in Appendix A for the case of scalar

control. Only the necessary conditions (i.e., necessary for the ~calar

control case) presented here are used to discuss the neutronic constraint

problem in Chapter II. One interested in

control problem with phase constraint and

Appendix A. The necessary conditions for

the more complicated optimal-

vector control should read

the case of vector control

are considerably more complicated than those given below and only

to confuse the reader interested in neutron-kinetic applications.

obtaining an optimal control by physical arguments in Chapter III,

tend

After

the

more general theory is used to substantiate the optimal startup for a

nuclear rocket engine in Appendix E.

The optimization problem considered here consists of selection of an

allowable scalar control whose phase trajectory ~ lies in a given fixed
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region G of the (n+l) dimensional phase space, satisfies the state

equations Egiven by (1.1) along with necessary end conditions~ and

minimizes a performance index J = xn+l(tl) [given by (1.5);.

Following Appendix A, let the region G be defined by

s(i) = o. (1.18)

Assume that: (1) S(;) is negative (i.e., optimal motions are not on

the

(2)

for

are

phase-constraint boundary) for the time interval (%>ta) ,

S(;) is zero (i.e., motions are on the phase-constraint boundary)

the interval (ta,tb) and (3) S(i) is negative (i.e., motions

not on the phase-constraint boundary) for the interval (tb,tl) .

During the time that trajectories are not on a phase-constraint

boundary [i.e., during the intervals of time (~,ta) and (tb,tz) ],

the previous conditions stated by the maximum principle are valid.

For the interval (t~,tb) the SOIUtiOII is on a phase-constraint

boundary and

S[i(t)] = s(;) ❑ o. (1.19)

Equation (1.19) requires that all time derivatives S(k) must vanish.

.
Assume that the required u(t) may be computed from S = O, where

[1Wa= *T ;(.;:) .&(X;U) = dt
(1.20)

.

.

.

.

Furthermore, assume that such required u(t) is an interior point of U

(the set of allowable controls). If an optimal trajectory is on a
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.

constraint boundary, it is shown in Appendix A that the costate vector

must be a solution of

:

{
* . Ugid [&&d]-L[*]T }T; ;

P =- (1.21)

where
● -

(1) y + 0,

(2) Pn+~ = a nonpositive constant,

(3) ;(ta+) is a nonzero

as(i)/ai. ~~he relation

below.]

vector and ~(ta+) is not collinear with

between ~(ta+) and ~(ta-) is discussed

Further, for the interval (ta, tb) it is necessary that ~ is non-positive,

where

‘=*[*l’” (1.22)

Equation (1.21) represents n equations of the vector form:

and one equation:

.

‘n+1 = O, with pn+l ~ 0.

For the whole interval of time (~ , tl) the Hamiltonian is

K (;;;) = o.
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During the interval of time (t tb) the maximum principle states
a,

R(~;~;u) = [;,Z(;;U)I=O,
-

where u(t) is the control required to keep x(t) on the phase-constraint

boundary.

Again, for the minimal-time problem let

where R(~;~;u) = [;,;(I;U) ]. Then for the interval (to,ta) the

maximum principle states as above that

H(~;~) = max R(~;~;u) = a non-negative constant
Ueu

Since X = O and pn+~ = a non-positive constant for the entire interval

(%>%) , R(~;~;u) = a non-negative constant for the interval

(ta,tb) , where u(t) is the control required to keep;(t) on the phase-

corifitraintboundary. Again H(~;~) is anon-negative constant for all

timti (to,tx) .

From equations (A.7) and (A.9) with S(i) = S(z), the costate

variables may be discontinuous at the entrance corner to the phase-

constraint boundary, i.e. ,

;(ta-) = ;(ta+) + v *. (1.24)

An alternate equation (A.8) is not needed in this thesis. Across exit

corners, the costate variables are continuous, i.e.,

;(tb-) = ;(tb+) . (1.25)

1.6 Nuclear-reactor processes

This dissertation is primarily concerned with the minimal-time

.

.

.

.

control of a nuclear-fission process. The problen is then extended
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.

.

to include a heat-exchange process. A study is made of the optimal

control of a nuclear rocket engine. In order to understand the

optimal control of such systems, it is necessary to first consider

their dynamical behavior and the necessary assumptions to arrive at

a workable model.

1.6.1 Neutron kinetics

The classical one-energy group spatially independent neutron

kinetics are heuristically developed below. A similar develowent,

as well as a rigorous treatment of this system, is presented in

reference 16, pages 10-20, and reference 17, pages 223-232. Define

the effective multiplication factor ke to be the ratio of the average

number of neutrons in any one generation to the average number of

neutrons in the immediately preceding generation for a given reactor

of finite size. The mean generation time Z is the average time which

elapses between successive neutron generations in a finite reactor.

Then, if all neutrons are produced promptly, the average change in

neutron density n per generation is

~ dn
—=(ke-l)n.
dt

(1.26)

Let reactivity ~k = ke - 1.

Then

dn ~k—=
dt ~n “

(1.27)

The idea of a reactor period T (with T = n/fi)stems from (1.27). A

portion @ of the neutrons generated in each fission is delayed. These

delayed neutrons are emitted from certain precursors (radioactive

fission products) which are formed in the fission process of the fuel
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nuclei. The rate of formation of delayed neutrons in any group is

equal to the rate of decay of the corresponding precursor and hence
.

the rate of formation of all delayed neutrons is ~LiCi , where hi is

.
the decay constant of the &th delay group with density Ci. six of these

precursors have been observed. Hence, from (1.26) the rate of change

of neutron density dn/dt is given as

(1.28)

The rate of change of the precursor density is the birth rate minus the

death rate, or

dCi kepin
—= — .
dt 1

Aici (1.29)

(i = 1,...,6), where pi is the portion of neutrons which is delayed due
6

to the ~th precursor group and igl 9i = P“ For most cases the reactor

is operated very near ke = 1 (this condition is referred to as critical-

ity)● Then equations (1.28) and (1.29) may be approximated very accurately

by

(1.30)

and

dCi pi
—=p-Aicl .
dt

(1.31)

(i=l,...,6).

Although usually negligible , an external neutron source S (used to start

the chain reaction) would effect (1.30) as shown below:

. (1.32)

.

.
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The following assumptions are ~de in the derivation of equations

(1.30) and (1.31): 1) all neutrons are generated at the same average

energy; 2) space dependent effects are separable from time depen-

dent relations; 3) the system is near criticality; and 4) delayed

neutrons have exactly the same effect as the total population in

regards to fissioning fuel nuclei. From assumption (2) it is possible

to relate the neutron density in a small region to the total neutron

population in the reactor by a proportionality constant. This total

population is then proportional to the number of fissions which in

turn is proportional to the prompt portion of reactor power. A very

small percentage of the power comes from the decay of various fission

products and not from the fission process itself. This post-fission

power is usually negligible except in the case of large decreases

from high power. The properties of delayed neutrons given off in

the fission process of U235 by thermal neutrons are given

1.118. This spatially independent model is very adequate

trol analysis (including optimal control) of conventional

in Table

for con-

reactor designs.

Table 1.1 Precursor-neutzon properties for ~35 fission process
by thermal neutrons18.

Part of Total Neutrons Decay Constant

103 pi

0.22 0.0124

1.43 0.0305

1.28 0.111

2.58 0.301

0.75 1.13

0.27 3.00
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The neutron

in the dependent

kinetics as defined by (1.30) and (1.31) are linear

variable n for a time specified reactivity function.

The system, however, is generally nonautonomous. Reactivity bk is the

forcing function used to control the fission process. This control

may take the form of mobile poison control rods or poisoned coolant

in the core which absorb neutrons, reflector cylinders on the core

periphery which control the reflection of neutrons, or mobile fuel

rods.

1.6.2 Direct-cycle heat-exchange process

The heat-exchange process between the

is complicated, nonlinear and distributed

difference model is frequently utilized to

reactor core and coolant

in nature but a finite

describe the heat-exchange

dynamics at prescribed points. The model may be further simplified

since reactor cores are generally designed so that there are no major

variations in temperature in the radial direction. Then the heat-

exchange process may be represented by an average model of one cool-

ant passage. A qualitative description of the heat-exchange dynamics

may be obtained with a one-stage model of the reactor (no axial or

radial subdivisions). Such a one-stage model is represented below by

equations (1.33) to (1.35). These equations may be formulated

heuristically by writing an energy balance as follGws. The heat

generated from the fission process is equal to the rate at which

is stored in the core (which results in a core wall temperature

change) plus the rate at which heat is transferred

to the coolant. That is,

Q=MC~+hA(T-Tg),,

from the core

rate

heat

wall

(1.33)

.

.

.
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.

where

Q = heat rate generated from fission process, proportional to n,

MC = reactor core effective mass heat capacity,

T = average core temperature,

!s = average coolant temperature,
8

A = heat-transfer area,

h = heat-transfer coefficient

and

t = time .

The rate of heat transfer to the coolant is equal to the rate of heat

storage in the coolant plus the rate of increase in enthalpy of the

coolant. That is,

where

w=

CP =

G=

To =

and

‘i =

%+;=
hA(T-Tg)=wcp d~

p (T. - ‘+

weight of coolant in the core,

specific heat of coolant,

coolant weight flow rate,

coolant temperature at the core exit

coolant temperature at core entrance.

(1.34)

The average coolant temperature is a weighted average of the inlet

and exit temperatures,

Ti + 9T0
T =
g l+e ‘ (1.35)

where 0 is a positive weighting factor dependent on the axial power

distribution.
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Equations (1.33) and (1.34) are generally nonlinear since

the coefficients are functions of the corresponding temperature. For

gaseous coolants the mass heat capacity term

and at high temperature the coefficients are

exception of the heat-transfer coefficient.

resistance to heat transfer due to

usually negligible compared to the

the fluid film. If the coolant is

.
wcpTg is negligible

nearly constant with the

In nuclear reactors the

conduction through the core is

resistance due to convection through

a

convective heat-transfer coefficient

#.E 19
. With these assumptions and

specified ae a function of time, the

autonomous system.

gas and the flow is turbulent, the

is approximately proportional to

with the coolant weight flow rate

heat exchanger is a linear non-

From (1.34) and (1.35), with the coolant mass heat capacity and

inlet temperature negligible, it is seen that

‘=(-++)’0 ●

(1.36)

Substitution of (1.36) into (1.33) with Tg related to To by (1.35)

shows that

dT~T
~-MC-~h ‘

(1.37)

where (since h = #“Ess&)

[

Q 1
‘h-w 1

1
Cpti(e+l) += $=7+

and (1.38)

a = a heat-transfer constant.
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Notice that (1.37) is approximately bilinear in & and ‘L’.This simple

model is found to be a good approximation of the actual process if

the effective mass heat capacity iS selected according to the axial

position of the temperature of interest.

Heat-exchange processes (including the foundation of the above

model) are discussed in detail in Reference 19.

The heat-exchange process iS usually coupled to the neutron

kinetics by temperature reactivity. As the core temperature increases

the core expands and more neutrons escape. Also the various neutron

cross-sections change with core temperature. The net effect is usually

a negative reactivity feedback which may be approximated by

(1.39)

where ct is a temperature coefficient of reactivity (usually negative).

This coupling has a stabilizing effect on the power reactor. It is

important to realize that the coupled neutronics heat-exchange

process is a nonlinear system even if the heat-exchange process is

linear.

1.6.3 The nuclear, rocket engine

Conventional control and dynamic analysis of nuclear rocket

engines are treated in

mated by the equations

heat-exchange dynamics

Reference 20. Such a system can

given below along with the above

equations.

Thrust and specific impulse are variables of prime

be approxi-

neutronics

interest to

any rocket engine. Thrust F is approximately derived from the stag-

nation pressure at the nozzle entrance P= and the nozzle throat area
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t“

That iS ,

F x C&?c , (1.40)

where Cf is a nozzle constant. Coolant or propellant temperature at

the nozzle entrance (reactor exit) determines specific impulse I
Sp

as shown by

I
F=- =C (To/Mw)* ,

Sp G s (1.41)

where c = a constant for the nozzle and MW = propellant molecular

2;
weight . Equation (1.41) shows the importance of specific impulse

to rocket propulsion. The promise of nuclear rockets and hydrogen

propellant for space travel is shown by (1.41). Hydrogen is a good

moderator and hence a density reactivity further couples the heat

exchanger to the neutron kinetics. Assume that the propellant is

gaseous in the core. Then the density may be computed from the gas

equation:

P = P/RT
g’

where

p = average propellant density in the core ,

R= gas constant
and

P= average propellant core pressure.

(1.42)

The density reactivity contribution is computed by the following:

bkp = kp VP , (1.43)

.

.

.

where

‘P
= propellant density coefficient of reactivity (positive)

and v = reactor core void volume .
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The flow is assumed choked through an exit nozzle and static

conditions are approximately equal to stagnation conditions due to

the low core exit math number. Then pressure at the core exit is

*Pc=cni’ro , (1.44)

where c = a nozzle constan~l. With the approximations: P a P= and
n

TaT the propellant density reactivity is
g’

where c = a
P

very well be

Although the

with respect

●

bkps%
#

(1.45)

constant. The magnitude of propellant reactivity may

greater than that of the classical temperature reactivity.

reactivity of the propellant is positive, its derivative

to temperature is negative. This fact further enhances

reactor stability.

A hypothetical nuclear rocket engineconfiguration (at rated

design conditions) is presented in Table 1.2. The dynamics of the

propellant flow system will be neglected in this study but constraints

due to pump cavitation and stall are discussed in Chapter III.

The computer studies which are to follow in Chapters 11 and 111

utilize the data given by Tables 1.1 and 1.2 unless otherwise specified.

“
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Table 1.2 Hypothetical nuclear roclcetrated design conditions .

Thrust, F 100,000 lb

Specific impulse (with losses), I 760 sec
Sp

Reactor power , Q

Propellant flow rate,ti

Reactor exit propellant

Nozzle throat are% At

Nozzle expansion ratio,

2260 megawatts

130 lb/see

temperature,To45000 R

61 in.2

20

Heat exchanger thermal time constanq~h 1.5 sec

Inlet propellant temperature , Ti 120° R

Neutron mean-effective lifetime , ~ 3 (10)-5 sec

Propellant reactivity, bk 0.0065
P

Temperature reactivity, ~kt -0.0065

Effective core mass heat capacity, MC
~~40 -B&u_

.

.



Chapter 11

OPTIMAL NEUTRONICS CONTROL

. .

.

.

.

The optimal-control problem emphasized in this chapter may be

stated as follows: (1) given an initial state of the neutron kinetics,

find the allowable control reactivity which transfers the system to a

desired state in minimal time; (2) it is required that the system have

steady-state initial conditions and a steady-state terminal neutron

level; (3) the allowable control reactivity is defined by Ibk! ~ Y13,

where y is a constant and ~ is the amount of reactivity required to

make the reactor prompt critical. (Prompt criticality exists when

the system is critical without the presence of any precursor neutrons.)

The value of y depends on the system design and its application. It

will be assumed that the control reactivity is a linear function of con-

trol position for the reactivity required. Reactivity bk is replaced

by u, the control variable, in the following analysis.

Although the negative reactivity constraint may safely be less

than the positive constraint, symmetrical limits are assumed for con-

venience. This assumption allows the forthcoming equations to be

written more compactly without appreciably affecting the results.

Furthermore as u becomes greatly negative, control effectiveness is

lost due to precursor dominance. Hence, it doesn’t make the system

much faster if a large negative reactivity constraint is allowed.

This lack of controllability for large negative reactivity is shown

by Figure 3.2 on page 31 of Reference 16.

23
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Minimal-time startup and shutdown are especially desirable for nu-

clear rocket engines and nuclear-reactor power generation in space.

Physically, the reactivity may be changed very rapidly and control rate

of change constraints, particularly for space applications, are frequen-

tly negligible. In some instances however (primarily in regard to com-

mercial reactors), safety dictates a low constraint on control velocity.

Furthermore, physical constraints require that the neutron density must

be positive and less than some maxismm.

Time-optimal control will be considered for the prompt neutron kin-

etics prior to the study

detailed analysis of the

the six-precursor model.

of the one-precursor-group model. After a

one-precursor nodel, comparisons are made with

From physical

of these neutronic

following analysis

arguments, one might expect the time-optimal control

processes to be maximum allowable effort. The

shows that such control is time optimal but the

analysis presents details of the control process which are not so ob-

vious.

2.1 Prompt-neutron kinetics

In order to introduce the more complicated neutronic optimal-

contrcl processes,

neutron kinetics:

This approximation

it is convenient to first consider the prompt-

(2.1)

.
to the neutron kinetics is valid for C which is

small compared to xiCsee (1.30)and (1.31)]. Assume that the system iS

.

originally at steady-state with u = o and n(to) = no. The optimal-

control process is to take the neutron level to some prescribed steady-
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state level in such a manner as to minimize the time elapsed. The

following analysis will give consideration to constraints on reactivity

and the rate of change in reactivity.

2.1.1 Ban~-banE contro1

The inner product (~,?) for this system (2.1) is

R(n;p;u) =*P (2.2)

and the adjoint equation of the system defines the costate:

Q= u
dt -~P.

Let the allowable control

(.2.3)

set U be defined by Iul < y~ (this

constraint is seen to limit the inverse reactor period in direct

proportion). Again, as shown by (1.15), the Hamiltonian is a non-

negative constant:

H(n;p) = max R(n;p;u) (2.4)

2 Ueu

and the control which maximizes R lies on the boundary of the allow-

able set. Hence, the optimal control is a bang-bang process such that

U“ = y~ sgn np (sgn F = F/lFl) (2.5)

for~<t<tl. Since n(t) z O, switching is determined by the sign I

of the costate variable p. In other words,

U“ =~sgnp. (2.6)

Therefore, since p [the solution to (2,.3)]cannot change sign for this

piecewise-constant control, the optimal increase or decrease in neu-

tron level requires constant maximum or minimum reactivity until the

desired terminal neutron level is reached. At the terminal phase,



reactivity is returned to the null position to maintain steady-state.

The absolute value of the inverse reactor period is at the maximum

value of y~/A between end points.

Although (2.6) indicates the form of the optimal control, the

corresponding state and costate trajectories must be solutions to (2.1)

and (2.3). The solutions of these equations,

(r )

t
n = ~ exp U da/A

c,to
and

‘= ‘o ‘Xp(-~:ud~$
provide a constant non-negative Hamiltonianlyfhb I PO1/~) with

p(%) = p. positive for increasing neutron level and negative for de-

creasing level. Only the bang-bang control process, however, makes

(2.7)

(2.8)

the Hamiltonian a maximum.

trolled trajectory connects

tion is obviously unique if

Furthermore, since only one bang-bang con-

the desired end points, the optimal solu-

it is assumed that an optimal control

exists. Typical optimal trajectories are shown in Figures 2.1 and 2.2.

Although one variable uniquely defines the state of a first-order

.
system, a plot of n vs n is introduced since such plots are used later

to treat the one-delay group case. For u“ = ~ Y@ the optimal time

solutions to (2.1) and (2.3) are

+YP(t-to)/fn= ~e-
(2.9)

.

.

and

+y(3(to-t)/J2 .
P = poe-

(2.10)
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2.1.2 Velocity-limited control

Velocity constraint ia sometimes required due to the possibility

of failures in the control system (see pages 226-236 of Reference 16).

After the previous analysis it would be expected that the time-

optimal control process with velocity-limited control would still be

maximum allowable effort. In other words, for a minimal-time increase

in neutron level one might hypothesize that reactivity should be in-

creased at its maximum allowable rate until it reaches a maximum

allowable value at t = t
a“

should be decreased at its

zero at t = tl. This zero

neutron level for t a tl.

Then at some appropriate time tb, reactivity

minimum allowable rate until reactivity is

value should be held to maintain the desired

For .mme problems n(tl)-n(k) or the allowable

rate of change of reactivity may be so small that it is necessary to

decrease reactivity at the minimum allowable rate before the reactivity

magnitude constraint is reached. The following analysis shows for

either case that such trajectories do satisfy the necessary conditions

set

mum

forth by the maximum principle.

Control processes which only use two values, the maximum and mini-

allowable velocity, without using the control-magnitude constraint

value frequently are called pang-pang control. Similarly, processes

which only take on the values of control-velocity constraint and control-

magnitude constraint frequently are referred to as pang-bang processes.

With control velocity constraint, it is convenient to define the

velocity as a control variable u and the reactivity as a new state

variable &. Then the system is represented by

.

.

.

.
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(2.11)

with n(%) = no and Gk(to) = b%. Here it is desired to find the time-

optimal control which forces the process from some steady-state

initial condition, n(to) = ~ and ~(~) = O [bk(%) = O], to some higher

.
steady-state terminal condition, n(tl) = nl and n(tl) = O [bk(tl) = 01.

Here Iul ~ ~p is a control constraint and Ibkl ~ y? is a phase con-

straint. Then the phase constraint boundary is defined by

S=lbk~-y~=O.

While l~k~ ~ YP, to < t < ta or tb < t < tl and the maximum prin-

ciple may be applied to this problem. The inner product (~,?) and

adjoint equations are

and

ba=- ly.

Maximization of (212) requires a pang-bang process such that

and

(2.12)

(2.13)

(2.14)

U“=o > fOr l~kl= y? and ~= 0,

With&= ~~(t-~) < y~, the solutions of (2.7), (2.8), (2.12) and

(2.14) yield the following for the initial portion of the trajectory:
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n= ~ exp [5k(t-~) /2A] , (2.15)

PI= P1O exp [-5k(t-%)/2Z] ,

(2.16)

P2 = ko - Plono(t-b)
A

and

H=lP~c)l~P~~, (2.17)

where the o subscripts refer to the initial state and costate, to < t < ta,

and ta = k + yf?. Also, Plo and ho are positive for no < nl.

The problem of minimal-time increase in neutron level has the

solution which is given below and presented by Figure 2.3. The neutron

level for the initial portion of the trajectory is

n = ~ exp [~~(t-to)2/2~1 , (2.18)

where ~ ~ t < ta . First, suppose that ~ and nl are such that

~k=yp for ta < t s tb. Then n(ta) is

n = ~ exp (y2@/2V) (2.19)
a

and

n=n
a exp [Ml (t-ta)l (2.20)

for ta st<t
b“

At the constraint exit point, the neutron level

‘b
= n(tb) is computed by solving (2.11) from tl and nl with time

reversed. Hence,

.

.

‘b
= nl exp (-~p/2~i) , (2.21)

where nl = n(tl) and tl= terminal time. Then the log of equation

(2.20) shows that the time transpired while the trajectory is on the

state-variable constraint 5k=y@ is computed by
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(2.22)

During the final negative control ramp to bk=(l, the neutron level

[as computed from (2.7)] is

H T@-t;) II$ (t-tb) - 2 “n=n b exp (2.23)

The maximum principle requires that the adjoint equations have a

solution. These solutions are given by (2.16) with ~k = ~~(t-to) and

t Sit<t
o

At t
a“

certain constraint

(1.24) and (1.25).

by (2.17) for to ~

=t ~ and t = tb the adjoint vector must satisfy

corner conditions. These conditions are given by

Although the Hamiltonian is constant and defined

t ~ tl, the costate may be discontinuous across the

entrance corner, i.e.,

;(ta-) = ;(ta+) + ~: ,

dx
(2.24)

where

Cl&=

[1

o

d;
sign bk “

Across the exit corner the costate is continuous, as shown by

ikb-) = ;(tb+) . (2.25)

Then, since n(t) and H are continuous for ~ ~ t ~ t%, it is necessary

from (2.17) that

AT*O
Pla= Pt(ta+) =— Wa

= Pz(t2-) “
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Therefore, from (2.15) and (2.16)

p~Q = P1O%YIV

and

p2 (ta-) = o

From (2.24) pa(ta+) = v = plana(tb-ta)/X.
+ [1Since ai/ax = ~ , it is

seen from (1.21), (2.25) and (2.16) that for the interval (ta,tb)

and (~.z(j)

P2=P - Plana(t-ta)/~

=
/

plono(tb-t)~”

Hence , since pa(tb) = O, p=(ta+) = # = plana(tb-ta)/4 = plono(tb-ta)/4 .

Since &(t) is piecewise-constant of one value, U(t) can only

change sign once if the trajectory is to satisfy the necessary condi-

tions at t t tb and tl.
0’ as

During the interval (tbttl), the adjoint variables are again

defined by (2.16) with 5k = yp - Tl~(t-tb).

As shown in Figure 2.3, the adjoint variable pl is initially selected

to be any positive value. Along with PIO, the complete solution is

determined by ~ and nl. Similarly, a solution could be generated for

minimal-time decrease in neutron level with pl(~) of arbitrary nega-

tive value.

Next, consider a time-optimal startup but suppose ~ and nl are

.

such that u(t) never reaches the constraint boundary yp; in other words,


