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ABSTRACT

The stability of one-dimensional, steady detonations to periodic
disturbances transverse to the flow is e#amined in the limit of small
wavelength, i.e., 2x/e = 0, It is found that any unstable disturbance
grows in time t as exp (7t) with Im(T)/enand Re(t) of order ®, The
asymptotic criterion for stability is found to depend largely upon the
steady-state profile of ci - u2 (where co is the frozen sound speed and
u is the mass velocity relative to the von Neumann shock) as a function
of distance behind the shock, Debtonations for which ci - u? decreases
monotonically are found to be stable (in the ¢ = « limit), but stability
in cases in which this quantity increases either monotonically or up to
a maximum (and decreases beyond) is determined through simple integral
functions of the steady-flow variables., More complicated profiles are
not treated explicitly. In contrast to the labor involved with applica-
tion of the general theory of detonation stability, the current asymptotic
result can be readily applied to any detonation, irrespective of the
number of chemical reactions which occur, provided knowledge of the

eqﬁation of state and reaction kinetics is at hand.




The criterion is applied to an idealized, one-reaction (A - B)
detonation., Unstable regimes are found only if the ratio of specific
heats 7 is less than 2, for which case all detonations are found to be
unstable for sufficiently large values of the activation energy., For low
heats of reaction, it is found that instability, although not reported in
an earlier numerical application of the general theory to long wavelengths,
persists for all (positive) heats, unless the activation energy is also
small. On the other hand, for more realistic heats of reaction, the
present (asymptotic) criterion predicts stability for small activation

energles, where long-wavelength,unstable modes were previously found,
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GLOSSARY OF SYMBOLS

This glossary contains the principal symbols used in the main text
of this report, but does not list those occurring only in the appendices.,
Symbols which are not included are components of vectors and matrices;
these symbols are subscripted versions of the principal symbols, with
the overhanging arrow (=) for a vector or underscore (») for a matrix

omitted,

In the following list, the superscripts and subscripts i and j

are understood to take on any positive integer (or zero) value, while

vV denotes any signed integer or zero.

scripts have a speclalized meaning.

Symbol

2, (2)

Section
Description Introduced
Polynomial coefficients in the solution of the 6
second-order related equation.
Polynomial in 1/ with coefficients ai(z), 6
entering the solution of the second-order
related equation,
Matrix functions of the steady flow which enters 2
the B differential equation,
Integrals over the reaction zone involving 2
steady-flow variables and 6.
Polynomial coefficients in the solution of the 6
second=order related equation.
Polynomial in 1/ with coefficients bi(z), 6

entering the solution of the second-order

related equation.

All other subscripts and super~



R(xs £)

e(x, €)

GLOSSARY OF SYMBOLS
(Continued)

Matrix function of the steady flow which enters

the 8 differential equation.
Frozen sound speed in the steady flow.

Coefficients of admissible asymptotic solutions

in the continuation problem for 6.

Polynomial coefficient in the solution of the

(n + 2)-order related equation.

Polynomial in 1/e with coefficients ¢, (x)
entering as factor in p(x, €), the solution

of the (n + 2)-order related equation.

Contour of integration for the definition of
a(e, &, v).

Matrix of n + 2 linearly independent columns

4
ci(x, €).

Derivative of cin with respect to x in the steady
flow,

Coefficients of admissible asymptotic solutions

in the continuation problem for 6.
Diagonal matrix, similar to $,(x, ¢).

Correction term in the second-order related

equation; the element J,, of matrix gﬁx, €).
Unit vector, having ith element only.

Leading term in the x, series in 1/e.

10




E#

(x, €, v)

E
Py

f

fIi(x’ ¢, v)

g; (x)
g, (x)
g, (x)
h

n (%, ©)

hij(xa £)

I(x)

I,(%)

GLOSSARY OF SYMBOLS
(Continued)

Activation energy for the idealized systems.
A transformed version of Sﬁ(x’ V).

Degree of overdrive of the steady idealized

detonation.,
. . . - . 3
First correction term in the x; series in 1/e.

Exponential coefficient of l/el in the trans-

formation sequence from g to ﬁ.

Functions of the steady flow which enter the
integrands of bl(r, €) and bZ(T’ €)e

Combination of the heat of reaction Q and the
heat capacity ratio 7o for the idealilzed

systen,

Coefficient of € in the exponential of the

o
asymptotic series for T

hi(X, E) "hj(x’ §)°

-~

Vector functions of the steady detonation,

_entering into V(T, €).

Reglons in the complex z-plane,

Transformed version of &;(x, v).
1
(-1)=.
Generic designation for the integrand for

bl(T’ €) and b2('r, €).

Integrand of the expression for 62(§i) for the

jdealized system,

11




NN

i(z)

gxx: €)

A

k(d

Koo

Ko1

ki(x9 g’ D)

ki{(X, £, D)

GLOSSARY OF SYMBOLS
(Continued)

Unit matrix of order i.

gn## *
Function of longitudinal distance entering the

solution of the second-order related equation.

Correction term in the (n + 4)-order related

equation,

Pre-exponential factor in the Arrhenius rate

constant for the idealized system.
Coefficient of & in k(D).

Polynomial in 1/ with coefficients k, entering
the solution of the second-order related

equation,
The v independent part of kg.
The coefficient of v in kge

Coefficient of eo in the exponential of the

5
asymptotic series for ni.

Part of ki(x, ¢, v) which remains finite at the
turning point.
Path of integration from x = O to « ,

Quantities independent of € and o, .

Factor of IE(E) for Bg(ﬁi) for the idealized system,




L(x)
()

L, (¢)

L(e, E’D)

e

L; ()

NLw(i)(X’ €)

,,I,{.(X’ €)

n

M

Mk,p(W)'

lll/I“(X, €)

n(x)

X; (x)

GLOSSARY OF SYMBOLS
(Continued)

Function of the steady flow; its value behind the

shock enters Ll and 12.

Element 21 of the matrix -’éi(x), entering the

second-order related equation.
Contributions to L(e, {,v) in the asymptotic
limit,

V(7, €)/e for v = et + v.

_The Onsager matrix of order n.

Coefficient of €™ in the power series for the
coefficient matrix for the W(j)’ (3 2 1)

differential equation,
i.l .
Polynomial ¥, € 9L (x).
=0 ™
m
L™, o).

An arbitrary integer, greater than O, but fixed

throughout the discussion in Section 6.
Generic symbol for a large positive number.
Confluent hypergeometric functions.

Lower (n + 2)-order block of I(x, €).

The lnteger number of independent chemical

reactions,
Function of the steady flow enteringlgb(x).

Lower (n + 2)-order block ofé&i(x).

15
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p(x)

Po(2)
p, (2)

Pi(Z)

EKX’ T
q(x, €)

q; (2)
z,)

Qz, @)
§; (x)
r(x)

R, (x)

nga €)

s(x, ¢)
5(x)

GLOSSARY OF SYMBOLS
(Continued)

Pressure in the steady detonation.

TLeading coefficients in the l/e expansion of the

second-order related equation.

Paths in the complex z-plane used to establish
the admissibility of 61 solutions.

Coefficient matrix of the fundamental 6

differential equation,

Power series in 1/e which enters the second-order

related equation.
Coefficient of & in the power series for Q(z, ).
Transitional value of Q, determined by 7o°
Reduced heat of reaction for the idealized system.
Reduced activation energy for the idealized system.
Transformed version of q(x, €).
Transformation matrix, which is part of Ei(x, €).
Chemical rate in the steady detonation.
Coefficient of el in the power series forlggx, €)

Correction term in the (n + 4)-order related

equation for P(x, §, v, €).
2 2
Square root function of c_n and t .
Specific entropy in the steady flow.

Sectors of the complex z-plane.

14
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"Sv(xa €)
t

T(x)
LIL(X, £)
u(x)
u(z, @)
uv(z, &)
u(x)
576

()

H(xa €)
v(x)

vv(z, &

GLOSSARY OF SYMBOLS
(Continued)

Transformation matrix, entering the sequence

pu—ry

from 8 to V.
The product :§0 . ~S-l oo §1
Aﬁ(m)(x’ €).
Time ,
Temperature in the steady flow,.
Transformation matrix which diagonalizes Eb(x, £).

x component of velocity in the steady detonation,

in the frame of reference of the steady shock.

Solution of the second-order related equation.

Mass velocity in the steady flow with components
u(x) and O.

Coefficient of €% in the power series for
Efj)(x’ e).

Portion of coefficient matrix of the ﬁ(j)
differential equation not in the block=-
diagonal form of E}J)(x, €).

Lﬁno(x, €).
Specific volume in the steady flow,

Contribution to uv(z, &) in the second-order

related equation,

1



v(t, €)

W(t, €)
Wv[w, k(®) ]

wk,p(W)
W, (%)

X

Hi

y(x, €) £
yi(x: €)
;(x, €) g

yi(x’ €)

GLOSSARY OF SYMBOLS
(Continued)

Fundamental function whose roots in the T-plane
determine stability.
Contribution to the shock distortion from the

initial perturbations.

A solution of the confluent hypergeometric

differential equation,
Whittaker functions.
Variant of W, 1(¥).
k%

Longitudinal coordinate in the frame of reference
of the steady shock.

Value of x at a turning point.

The greater of a pair of turning points.
Particular value of x.

Function of the steady flow entering e, V).
Spatial coordinate transverse to the steady flow.

Component 1 of y(x, €) or }i(x, €); solutions of

the second-order related equation.

Solutions of the (n + 4)-order related equation.

Spatial variable derived from x. Except in

Section 6, it denotes the analytic continuation

of x to the complex plane. In Section 6, it

represents x - x¥,

16




N>

(%)

a(e, £,0)

a(e, v)

B(e, €, V)
B, (&)
B,(6;)
B5(C;)

I'(a)

Ax, &, v)
8, (%)
a,(2)
8,(2)

GLOSSARY OF SYMBOLS
(Continued)

Variable of integration, replacing x, used in
several contexts,
Variable of integration for 52(§i) for the

idealized system.

Coefficient of the ue-type contribution to §
for turning points associated with profiles
M and I.

Function having the properties of ¢(e, ¢, v), but
for the turning point at the maximum of

profile M,
4n 0(e, £, v),
Coefficient of -ie in B(e, £, V).
Contribution to B(e, {, V) independent of ¢ and v,
Coefficient of -vin B(e, ¢, V).
Ratio of specific heats for the idealized system.
Gamma function.

Either i or 1, depending on whether the steady
detonation has a maximum or minimum at the

extremum of cin.

Factors in the asymptotic expressions for the

integrands of bl(T, €) and b, (7, €).

Wave number of the disturbance (times 2x) in the

transverse spatial coordinate y.

17
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¢
n(x)

g(xa Ty €)

g(x, £, v, €)

Oi(x, £, v, e)

5(v)

i (x, £, Oy e)

k(x)

Kt

A(x)

(x)

Ai(x’ €)

v (e, o)

GLOSSARY OF SYMBOLS
(Continued)

Leading term in the assumed dependence of

Ton €3 T= €t + U,
Inm(t) .
Sonic parameter in the steady flow.

Bounded solution, as x — @, of the

fundamental differential equation.

Solution of the fundamental differential

equation, irrespective of the boundedness

condition.

Series expression for 6i’ analytically
continued around a turning point to

sector S .
v
Mach number in the steady flow.

Shock Mach number for idealized detonations
marking the transition from profile

M to profile I behavior.

Progress variable in the steady flow for the

idealized system.,
Progress variable in the steady flow.

Coefficient matrix for the ﬁ(i) differential
equation,

Coefficient of e 5n the power series
expansion of the eigenvalues of

- }i'(w, te + v, €) in 1/e.

18




b, (x5 €)
by (x5 )
v

v

(¢, )

E(N)

ge

£
¢(v, €

;’;(X’ ¢, v, €)
;i(x, E, D) €)

I(z)

E(x’ €)
a(v)
(%)

2

v

2z, &)

GLOSSARY OF SYMBOLS
(Continued)

Eigenvalue of Eb(x, t).
by(xs €)= u(x t).
Compression ratio v+/v for the steady shock.

Coefficient of € = in the power series

expansion of the eigenvector of

- P'(=, te + v, €).
o

Monotone function of the progress variable

for the idealized system.
Value of {(A) at chemical equilibrium; £(0).
Value of £(A\) at the turning point.

Fourier-Laplace transform of the shock

distortion.

-1 -
_II;_(X: C) ° G(X, C: O, €)°
E(X: g)-l ¢ -6i(xa £, v, €).

Factor in the solutions of the second-order

related equation, uv(z, ).
Solution of the (n + 2)-order related equation,
(-1)".
Thermodynamic function in the steady flow.
Sector in the complex ¥-plane.

Combination of coefficients in the second-order

related equation,

19
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)
o(z)
@i(ﬁ)

P(x; &, U, €)
(%, ©)
8 (x5 8)
¥(t, €)
¥(y, t)

GLOSSARY OF SYMBOLS
(Continued)

Laplace time transform parameter,
Part of 7 assumed independent of e€.
Im(v).

Factor in the solutions of the second-order

related equation uv(z, &Y.
arg(z - x¥).
arg(x* - 2z).
1
2
PO(Z) L

Integrals of ul(x, ¢) and ue(x, t), entering

the asymptotic expressions for bl(T, €)

and b2(r, €).

Solution of the (n+ 4)-order related equation.

Leading term in € of - P'(x, te + v, €).
Part of - E:(x, te + v, €) independent of e,
Fourier transform of T(y, t).

Distortion of the shock,

Stretched coordinate in the second-order

related equation,
Transform of 3(x, t, v, €) by S(i)(x, €).
A~
w(m)(xa €).

Independent solutions of the $ differential

equation,

20
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GLOSSARY COF SYMBOLS
(Continued)

w Parameter for the idealized system determined

by detonation velocity and Yor

O Large parameter, d¢.

Q Parameter for the idealized system determined
by detonation velocity and 1~

R Interval of the real x axis on which T(x, {)

Ri is differentiable,

Subscripts

+ Evaluation in the steady flow, behind the shock,

- Evaluation in the steady flow, in front of the
shock.

max Evaluation at the point in the steady flow where
cin is maximum,

CJ Evaluation for the Chapman-Jouguet detonation

velocity.

21






1. INTRODUCTION

The phenomenon of detonation has been the subject of continuing
theoretical analysis ever since the pioneering work in the nineteenth
century. As a result-of a certain amount of agreement between theory
and experiment, this effort resulted in the general acceptance of the
so-called von Neumann=ZeldovichaDoering theory. The fundamental notion
in this theory is that the phenomenon consists of a shock propagating
into the quiescent material, with a resultant initiation of exothermic
chemical reaction behind this front. A quantitative description of the
structure of the detonation wave is presumably complicated in its early
stages, but the theory directs ilts attention to the situation after all
transients arising from the initiation of the detonation have vanished.
It 1s supposed, then, that the detonation ultimately becomes a steady,
one~dimensional flow when viewed in the frame of reference of the shock.
The investigation of the consequences of these assumptions, with
particular attention to the Chapman~Jouguet hypothesis for the determing-
tion of the velocity of the shock front, has been a principal concern of
theoretical endeavors in this field.

Beginning approximately in 1959 the experimental evidence was in-

creasingly seen to be not entirely compatible with the above picture. In

23




particular, numerous instances of three-dimensional structure of an

apparently non-transient nature have been reported.l’ 2

From a theoretical point of view, the poésibility, that the
supposed one-dimensional, steady detonations do not actually occur, is

b

subject to analytic investigation. The author” has attempted to deter-

mine the so-called hydrodynamic stability of steady detonations; that is,

whether or not small disturbances imposed upon the steady flow at some
instant will die out with time. Should any infinitesimal disturbance
grow, the detonation is said to be hydrodynamically unstable.

The key to the hydrodynamic-stability theory is that the equations
of reactive hydrodynamics are linearized in the deviations of the per-
turbed flow from the steady flow. By virtue of this, the dependence of
the perturbations on the coordinates transverse to the steady flow is
removed by Fourier decomposition and one is left with the stability
problem for & given transverse wave number €/2n.

Now the general theory of detonation sta;bility3 can be carried
to the definition of a criterion based upon the roots in the complex
T-plane of a certain function V of 7, €, and the steady flow. The
determination of V(t, €) for a given steady flow is by no means simple,
requiring the solution of a system of ordinary differential equations of
order n + 4 (for detonations involving n independent chemical reactions)
whose coefficients depend upon the steady-detonation structure in the
reaction zone as well as 7 and €, Ordinarily, then, the stability

problem is expected to require numerical solution with results, therefore,

ol




limited to a finite range of wave numbers. A recent calculationu for an
ideal-gas, unimolecular-reaction system was able to establish instability
of certain detonations over finite ranges of €. However, any assertion
of the stability of a given detonation was necessarily qualified to
include only those values of € which were numerically accessible to the
calculation. Thus, we are led to investigate the stability criterion in
the limit of small wavelength, i.e., large €.

Since the present theory neglects the transport effects of
diffusion, viscosity, and heat conduction, the unit of length in the
problem is determined by the gradients in the steady flow. Hence, the
analysis of the € = « 1limit is expected to apply to wavelengths which
are short relative to the reaction~zone length.* On the other hand,
transport effects are expected to become important, at least for
finite disturbance magnitudes, for wavelengths comparable to a mean
free path. Although the validity of our theory cannot be ascertained
without recourse to the transport equations, it is not unreasonable to
suppose the restriction of our present considerations to wavelengths
which are long relative to a mean free path and short relative to the
reaction~zone length to be physically meaningful.

The mathematical considerations which are attendant upon the

investigation of the € = ® limit are those of the so~called parameter

The reaction zone is formally of infinite extent. The phrase "reaction-
zone length" refers, of course, to any convenient measure of the region
over which state variables change substantially, e.g., the distance to
half-completion of some reaction.

a5



problem for linear differential equations. This branch of analysis is
essentlially complete for systems of differential equations of any order,

provided there are no so-called turning points, but is limited to certain

second-order equations and specific highorder equations when a turning
point is involved, For large systems of equations there does not seem

to be any appreciable analysis in the litera?ure for the turning-point

problem,

Turning points of rather simple types play a central role in the
analysis of the small-wavelength limit, so that we require that the small,
but troublesome, gap associated with the (n + L)-order system of equations
first be bridged, A large portion of this report is involved with pre-
cisely this problem,

After establishing asymptotic expressions for the desired function
v(r, e), the stability of the ideallzed system previously investigatedu

is examined in the small-wavelength limit.
2. RESUMf'OF THE GENERAL THEORY

The time evolution of an initial perturbation from a steady
detonation, moving along the x axis,.is reflected by the secular behavior
of the.distortion V(y, t) of the leading shock, If x is Ehe coordinate
in the direction of the steady-state flow and the origin (x = 0) is
located in the (distorted) shock, while y is the coordinate transverse

1»
to the steady wave, then - ¥(y, t) is the x coordinate of the

For brevity, we use only one transverse coordinate._The stability
criterion is identical to that for three dimensions.

26



unperturbed shock at time t. The general theory of detonation sta.bility5
has shown that for infinitesimal disturbances the Fourier transform

of $ on the transverse coordinate has its laplace time transform

+ .
V(t, €) =f ™ Y(y, t) ay - (2.1)
given by
E(Ta e) =f e-"rt‘l’(t: €) dt
0

= W(t, €)/V(1, €). (2.2)

The function W(t, €) is determined by the e=Fourier component of the
initial perturbations in the state variables [say, specific volume v,
mass velocity 3 (a 2-vector), specific entropy S, and chemical composi-
tion A (an n-vector)] throughout all of space, and has been shown to’
contain no singularities in the rigﬁt half T-plane,

The function V depends upon the steady flow but not on the

initial perturbations. It is given explicity by
Vh3e)='mﬁr,e)+id@h,e)-ew,w,e)'(mt+id%L

by(n @ =) Blx w9 s £t E e (213)
0

[+ ]

b2('r, €) =£ B(x, T, €) * é;l(x) . gy(x)dx.

The vector function 8(x, T, €) is the solution of the differential equation

27




-1 .
Nli(x, T, €) = - A [T£+ 1€éy(x) + B(x)] (2.4)
which is bounded in the reaction zone for Re(t) > 0; i,e.,

8(x, T, €) = 0(1) as x = = for Re(7) > O, (2.5)

—_

The prime denotes the transpose matrix. The vectors 3, Et, gy, Et’ and
ﬁy are (n + 4)~vectors, one component for each state variable, while
ék(x),‘éy(x), B(x), and I are (n + L)~order square matrices; I is the
unit matrix and the remainder of these quantities (given in Ref. 3) are
completely determined by the steady detonation, with ﬁt and Hy being
determined solely by the von Neumann shock itself, i.e., by the equation
of state of the unreacted explosive and the steady detonation velocity.,

The occurrence of instability, in the sense of exponentially
growing contributions to ¥(t, €), is seen to be occasioned by roots of
v(, €) lying in the right half Teplane. The problem of detonation
stability resolves into determining whether or not V has such roots.
The only general result in this regard is the fact that for }TI large
(at fixed values of the detonation velocity and €) with Re(t) = 0, V is
of order || 2 and has no roots at infinity.

Now in obtaining V(T, €) asymptotically in €, it is of importance
that the magnitude of T be permitted to depend on €, the dependence
being such as to reproduce the asymptotic dependence of the roots of V on

€, For this purpose, we let
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T=¢€b + v (2.6)

whence Eq. (2.3) and (2.4) become
V(1, €) = eL(e, &, v)

L(es {5 ©) = thy + ib, ~ B(0, §, ©, €) * [th, + ik ] (2.72)

-] — -
+ € [b1 - 6(0, &, v, €) ht]

L gl 1) + 8,00 )+ 3

2 = [é;l . (LT + iéy)]' | (2.7p)
o - U5 g+ BT

§ = 0(1) as x = », for Re(t) >0 . (2.7¢)

The significance of the substitution, Eq. (2.6), is that the

leading term of § (as € » ®) depends, as we shall see, upon both and

2
®_, and any unstable roots of the leading term of V(t, €) occur on the
R4

axis Re(t) = O. Thus, the sign of the real part of v will determine

whether such roots are stable,

3., FORMAL: SOLUTIONS

In this section, we obtain, following the theory of the parameter
problem,5 the leading terms in the ¢-asymptotic solutions of Eq. (2.7b).
The validity of these expressions in the asymptotic representation of

T will be the concern of Section L.
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Series solutions of Eq. (27b) are obtained from diagonalization
of the leading matrix go. If there exists a similarity transform

T(x, ), differentiable on an x interval X, such that
-

Th e @ - T2 D(x, 8) = Diag(lys Hys eees By) (3.1)

(the second equality denoting that D is diagonal and defining its

elements), then the transformation of 8 by E‘:l yields the system of
equations,
Tert. 8
dr -
== (@ +E) *x (3.2)

E(x, &, ) = 2(x, ©)7F ¢ [2(x, ©) * T(x, 8) - aT(x, {)/ax].

p

. T
Following the scheme given by Friedrichs,” we substitute

;;i = [Zi(x, ¢, v) + e'l'fi(x, ¢, 0) + oo.] exp [eh (%, £) + Kk (%, &, v) ]

(3.3)

in which subscript i distinguishes among the solutions which will arise.
The unknowns hi’ gi s ki s -i-:i . es are found by equating powers of € in

Eq. (3.2); one obtains

'r - —
The factor exp (ki) is not separated from e, and f, by Friedrichs, but
this is not a conséquential difference, * +
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no 0 = [0, ) e (5.1

but the determination of the remaining quantities depends largely upon
whether or not the eigenvalues, “i’ are distinct. The solution ;i is
said to be of the ui type.

The elgenvalue-elgenvector problem for Eb can be solved explicitly

and, in fact, is similar to that which occurs in the problem of shock

stability.6 In Appendix A, we compute ¢O and find its eigenvalues to be

i=
I

1 = = Kkt + 5)/mu

= = K(kt « s)/mu

T
no
1

(3.5)

i

|J'5 Hu= cees = M = C/u

n+l

- [t Cin]% .

4]
|

The notation of Eq. (3.5) is as follows: n{x) is the sonic parameter
2,2
‘q:]_..u/co

in which co(x) is the frozen sound speed and u(x) is the mass velocity in
the steady frame of reference; k(x) is the local Mach number u/co. The
square root s(x, {) is to be understood as a function of { with parametric
dependence of x, whence it suffices to specify that s is the positive
branch of the function with a branch cut along the imaginary { axis between
+ iconé. The matrix of right eigenvectorslgland its inverse are also

given in Appendix A, along with certain elements of‘g\which will be

required,
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Now in the subsonic reaction zone, we see from Eq. (3.5) that only

1. has, for Re({) > O, negative real part. It is not surprising that

1

;l will be of primary importance in finding [ since the latter must
satisfy the boundary condition Eg. (2.7c). The determination of the

unknowns in ;l is straightforward;

gl(x, C’ U) = él

dkl(x3 € D)/dx = Ell(x’ £, v) (3.6)

X
kl(xa £, v) =./;{ Ell<x/’ €, U)dx’
(o]

where éj denotes the unit vector having only its jth component non-zero,
The lower limit of integration xo need only be selected on the X interval
in order to ensure existence of the integral, The next-order term is

found to be

g X
Z_L- By /(g = 1)
J=2 "o

£ (x £, ) = - Bpy/ (kg = 1) : (3.7)

Byy/(Hy = 1)

where x_ is not necessarily the same as in Eq. (3.6) but does lie on

X, Higher terms are readily written down for this series.
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Now it will be convenient to denote the solutions of Eq. (2.7b),
irrespective of the boundary condition Eq. (2.7c), by subscripted
symbols 3i as determined by the inverse transform fram ;i' As we noted,
then 61 is bounded in x for Re({) > 0, For Re(¢) = O, My
real part for x large only if |Im(¢) | < (Con%)x=w° For pure imaginary {

has negative

of greater magnitude, 1t is seen that 61 is bounded if Ell has a non-
vanishing, negative, real part. From Appendix A, Eq. (A.16), we find,

using linearization of the reaction rate T near equilibrium,7

Ell(w’ L, ©) = { - %%]ﬁl [20 + Cig . Ee . 8] } (3.8)

X=c0

where'£% is the symmetric, positive-definite, Onsager matrix (order n)
7

and 0 is a thermodynamic function, related to the heat of reaction,

1
It follows that, for Re(t) = 0, |t ]> (cong)xzm, and Re(v) 2 0, we have
Re[E,, (=, £, )] <O, (3.9)

Therefore, 31 is bounded as x — « for all Re(T) = O [except, of course,
1

for ¢ = + i(coﬂa)x=m, for which the interval of definition X must be

bounded away from x = ©],

Although 8. has the desired boundedness property, it will be seen

1
that 62 is also required explicitly. The evaluation of the latter is

evident from our expressions for 51. Thus

33



T, = [32 + e, + eee] EXP [ehe(x, £) + ke(x, £, v)]
X
h, =.gr ue(x', ¢)dx’ (5.10)

X =_[x Epp(x’s €, v)ax’s
o]
The other solutions 55, 54’ ceoy 6n+h, all of the u5 type, need not
concern us other than the fact that their series exist; the prescription
given by Friedrich35 applies to this degenerate case as well, although
explicit determination of ;5, «se in terms of elementary functions is
not generally possible,

The region of definition of the gi depends upon the existence and
differentiability of the transform‘zjx, t). As is seen from Appendix A,
the intervals R can be terminated only at a point x* at which s(x¥, t)
vanishes or where u(x*) = {. It is convenient then to classify the

values of Q‘according to the properties of the matrix Ef

i 1
Class III: Re(f) = O and min (e n®) = ¢ ] = max (e 2,
X . X

Class IT: Im(t) = O and min (u) < § < max (u), (3.11)
pe X

Class I: All other ¢, with Re(f) 2 O,

For ¢ in Class I, a single interval R extends from x = O to ., In Class
IIT and Class II, the x axis is broken up into two or more open intervals,
and we denote these Rl’ Re, «ees beginning at the right. It is of interest

to note that in Class II, the solutions 52 and 55 become "identical at
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x¥ in the sense that the eigenvectors Of,go (see Appendix A) correspond-
ing to My and u5 become identical, as, of course, do the eigenvalues

—

themselves, Similarly in Class III, 61 and 62 become identical at x¥,

i, ASYMPTOTIC EVAIUATION OF 8

The desired solution 8 is defined by the boundedness condition,
Eq. (2.7c). For large X, the behavior of the solutions of the differ-
ential equation (2.7b) was shown previously5 to be exponential growth
or decay, the coefficients of x in the exponentials being just the
eigenvalues of the coefficient matrix, evaluated at x = ®, Moreover,
for Re(T) positive, it was shown that a single eigenvalue has negative
real part.

The formal solutions Eq. (3.3), derived in the last section,
behave in the same fashion for large x, for the hi and ki integrals
become linear in x near the region of chemical equilibrium, Now for
large €, the eigenvalue problem at x = ® has a perturbation solution8

through a power series in e'l,

Le 8y(=s 8) + g (=, v) - (a(® 4+ D) 4 B Ly

. [;(o) s el eeel =0

which exists provided that 2o(m’ ¢) has distinct eigenvectors. Then,
with the exception of the case of degenerate eigenvectors of‘gb(m, £)

4
[vize, ¢ = % i(conz)x=°° and § = (u)x___m which we do not treat directly],
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it is seen that the x - » solutions agree with the expressions of the
last section when carried to large x. The € - = limit and the x —» =
limit are, therefore, interchangeable; and the solution § can be investi-
gated directly through the x — « behavior of the e-asymptotic solutions.,
The validity of the expressions, Eq. (3.3), as asymptotic solutions
of the differential equations (2.7b) depends, according to the theory
of the parameter prdblem,5 only on the behavior of the functions hi(x’ £).
Tt will be convenient in what follows to regard the formal solutions as
defined not only on the axis of real values of x but also for complex
values z, For € real, then, the region of validity (the admissible region)
Hi of the z~plane for the ith solution depends upon the existence of paths
Pj(z) in Mﬁ for every z such that Pj is of bounded contour length and

such that hj -hi is, in real part, non-increasing along the path, i.e.,

Re[hji(z') - hji(z)] >0

hji = hj - b, (4.1)

for all z’ on Pj’ from an origin zg to the point in question z. The
existence of such paths for every j is sufficient to prove the
admissibility of solution i in Ki.

In order to consider condition (4.1) in connection with 51, we

write

iy (2) = gy (212’

() = i) = e = b 1) = [ (e (1.2)
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We consider h21 and h,. along the real axis for the present, restricting

51
attention to an interval X for which 31, Sé, ee» are defined. As long as
Re(uel) and Re(uBl) do not change sign, Re(h2l) and Re(hBl) are monotone
in x. If Re(hil) 1s monotone non-increasing, then a suitable path Pi
originates at the left and extends to increasing values of x, If Re(hil)
i1s monotone non-decreasing, then a suitable path Pi originates at a

large value of x.and extends to the left., In either case, an admissible
regilon Mi can be found, which includes that portion of the real axis on
which neither Re(u2l) nor Re(uBl) vanishes. In view of the interchange-
ability of the € and x limits, it 1s clear that such a region can be

extended to infinite x.

From Eq. (3.5), we compute

u21 2Ks/nu

Mgy = (¢ + ks)/nu. (4.3)

Now for any §, it is seen that Re(uzl) and Re(uBl) do not change sign in
any interval of definition X of 61, Bé, eses for the points where s
vanishes are just the endpoints of the intervals for Class III values of
£o

Similarly, the validity of 62 is proved by consideration of

1l

byp = = 2ks/nu
Hap = (¢ = ks)/mu (L.l)

whose real parts elther vanish identically or do not vanish at all

(depending on £) on the X intervals.
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For { in Class I, it follows that the admissible region Mi

includes the entire x axis so that

@l

“'61 for all x. (4.5)

For Class II and Class III, however, we have

6~ 8, for x on R (4.6)

but are left with the problem of the contimuation of § to the left of the

so=called turning points x¥*,

There are essentially two techniques used in solving turning-point
problems and 1t seems appropriate to pause to mention some general
characteristics of these, The first involves an attempt to proceed
around the turning point by analytic continuation into the complex z
(independent variable) plane. Ordinarily this process is terminated at

certain Stokes lines across which the asymptotic form of the solutions

to the differential equations changes abruptly. Usually this approach
involves solution of the "connection problem;" that is, it involves
the determination of the solutions at the turning point itself by

2 This first

means of an appropriate "stretching transformation,'
approach, although extensively investigated, seemingly has not been
developed to any degree of generality, with proofs of its validity
being not entirely satisfactory.
. -12 .
A second approach is that of Langer and McKelvey9 which

concentrates at the outset on the nature of the equations at the turning

point, in much the manner of the solution of the connection problem, but
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in such a way as to develop a series which is valid both at the turning
point and away from it. The process of "piecing togethe;" solutions is
thereby avoided and the proof of asymptotic validity becomes relatively
direct.

Now it will not be surprising to find that the nature of the
present problem at the turning point depends upon whether ¢ is in Class
II or Class ILI and in the latter case on the behavior of cin at x*,
Thus several types of problems involve us here and it will be convenient
to employ both approa&hes to the turning-point problem, Most of the
problems encountered here can, in fact, be solved by the first approach,
without the necessity of attacking the comnection problem at all, while
the Langer method seems more direct for the purpose of completing the
analysis. The remainder of this section is concerned solely with the

first approach and requires no additional analysis beyond the application

of the condition, Eq. (4.1).
Class II Values of

For the sake of simplicity, let us suppose that a single point at
which u = § exists; it will be evident that the procedure described here

applies equally well irrespective of the number of such points., Accord-

—
2’
b —

and a second set, 8,, 8,, ... defined on R2(O < x < x¥), Rather than

deal with these, however, it is simpler to redefine the 61 to be the set

ing to Sec. 3, there exist solutions 31, s defined on Rl(x* < x)

of functions obtained from the set valid on Rl by analytic continuation
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throughout a region X of the complex z~plane, Now the matrix Eﬂz, ),
the analytic continuation of T(x, t) to complex z, is differentiable in
some strip centered on the x axis, punctured in the neighborhood of x*,
as shown in Fig. 1, and in fact 1s single-valued there., Since 61’
62, see involve only functions which are regular throughout ¥, and

integrals thereof, it follows that as long as ¥ is simply connected, as

in Fig. 1, 61, gé, e.es are regular and single-valued,

Im(2)
* Im(hj))=CONSTANT
P P;
j ]
0 - A
x* X
SHOCK
ALTITETEEAREAEARA N R R RRRENANANE A NS NAAANAAAAANN
uT
Re(h,, )=CONSTANT curce

Fig. 1 The region X of the complex plane through which the series
solutions gi can be defined by analytic continuation for Class II values
of {. The turning point x¥* and its neighborhood are excluded. By virtue
of the cut C, X is simply connected. The light curves are lines of con-
stant Re(hjl) and the paths Pj of the type illustrated (heavy curve) have

non~increasing Re(hjl)°




We can now investigate condition (4.1) using Eq. (4.3). Since By

31 h21 and h51 are

monotonically increasing with x. In region X, then, the lines of

and K,. are real and positive on the real axis,
constant Re(hjl) are perpendicular to the x axis, as shown in Fig. 1.
Therefore paths Pj’ originating on the right, can reach all points of 3C,
except the shaded area, simply by proceeding along the x axis and
alternately along lines of constant Re(hjl) and Im(hjl) with decreasing
Re(hjl)’ as shown in phe figure. Since this argument applies for both

j =2 and 3, it follows that é’l is admissible throughout ¥, except in

the neighborhood of the cut. Thus we conclude
g ~ é’l for all x # x¥, (&.7)

Class III Values of

2
Turning points where c- 7 increases

In this case, we begin by considering the case of a turning point
through which cin increases, although the case in which it decreases is
related by a simple sign transformation of the independent variable.
These cases in which cin is not an extremum at x¥ can be reduced to an
application of a minor generalization of the "singular turning-point
problem" L for second-order differential equations, the generalization
being required by the increased number of equations, i.eay n + L
(rather than 2) equations.,

As for Class IT values of {, we begin by generalizing the intervals

of definition of the series solutions to the complex z-plane. Now,
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however, the point x¥ is a branch point of the z~plane analytic continua-
tion of the square root s(x, {), whence x¥ is also a branch point

1 and Hoe Analytic continuation of 61

which depend upon the path of continuation and some care must be exercised

of U and Eé will yield results

with regard to notation.

—

Begin, then, with the functions 8, B, 63, «e. , defined in Sec. 3,

on the interval X, and compute ugl(z) and ual(z) in the neighborhood of x¥,

1l

u21(z) [2Kd%/nujx*(z - x*)%[l + 0(z = x¥)]

450(2) = (/130400 + O(z - 0] | (1.8)

where
2
a = a(con)/ax,

and where we have taken { to lie on the upper imaginary axis. We need
not consider the conjugate points at all, since roots of V(7, €) occur
in conjugate pairs, as is proved in Appendix B. It follows from Eq. (4.8)

that for z ~ x¥,

[ha?/3mu) (2 - x0)/2 4 ..

hp (2) - 1y

by (2) - by = (57267 (2 - o) + .o, (%.9)
n¥s = by ()
The loci, |
Re[hel(z) - hgl] = 0
Re[h3l(z) - h%l] = 0 (4.10)




are referred to as transition lines, whose significance will be evident
in what follows, Near x¥, we see that these are radial lines emanating

from x¥, viz.,

9 = arg(z - x¥)

(p21 + J’I/B, + Tf, 4 5Tf/5, oo e ()4'011)

]

@51 0, £ x

where the subscripts élassify these values of ¢ in accordance with the
h21 or the h51 condition.. Note that the line ¢51 = + 5 and the

Py = 70, 3ty see lines are exact transition lines, while the others
hold only in the limit z - x¥,

Now the solution 61, which is defined and whose validity has been
established for x on Rl, presumably will retaln its validity in the
Zz=plane near Rl. To examine to what extent this is true, we refer to
Fig. 2 which shows the transition lines for @21 and the sign of
Re(h21 - hgl) for the neighborhood of x¥ and - 1 < ® < x, It is
observed that Re(h21) diminishes on paths originating at the right and
these paths can be extended outside the sector - n/3 < ¢ < n/3, to
include the entire plane with the exception of the axis, ¢ = £ x, by
employing paths of constant Re(hEl)

is excluded by virtue of the fact that 61 is singular at s = O and hence

as shown in the figure. The axis

no path can be extended through the turning point,

To proceed with the description of the asymptotic solutions of the

differential equations, we now introduce some additional notation, We
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Im(z) Re(hg)<CONSTANT
[ p=m/3

*
Re (hymh) ) <0

Re (hy, -hgl) >0
_/./ PZ(ZZ)

S
Zy
——
4 x*

- X
¢=;t1r |
S
(o]
P3(z,)
Re(h2|) =CONSTANT
s-I
* Px(z,)
Re(h2|-h2|)<0 3'“2
¢=-m/3

Fig, 2 Paths B, in the complex z-plane on which Re(h21) diminishes and
P5 on which Re(hBl) diminishes for asymptotic solution 61’ defined by
analytic continuation from the real axis x > x¥ to points with Icp | <=,
[p = arg(z - x¥)]. Points z

1 and z, on opposite sides of the slit at

¢ = + n both lie on such paths, although P2(z2) is not shown,
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define "sectors" S; in the (z - x¥)~plane by means of the transition

lines; near x¥ these approach the sectors
Sg ¢t = /3 <@ <n/3

S, :n/3<p<x
t . (ba12)

St~ <p<a-n/3

S, 1t <@ <5u/3

If we denote the analytic continuation of solution 6. to sector Si by

ggl), then our discussion in the last paragraph proves that §§O)’ 6§l),

55-1) form a solution, which we denote simply 5(0), i.es, by its central
sector, asymptotically admissible, with respect to condition (4.1) for
h21’ in the plane slit at ¢ = + . We refer to the latter as the Stokes
lines for 6(0), since the continuation of g(o)across them has not been
shown to be valid (and, in fact, is not valid).

Similar considerations can be applied to the solution Eé for we

have near x¥,

hi,(z) - b, = - ffth%/Bnu]X*(z - x*)5/2+
h52(z) - h¥, = [i/n%k]x*(z - %)+ L. (4.13)

yielding precisely the same set of transition lines as for 61. In Fig. 3

are shown the transition lines for h., on = x/3 < ¢ < 5n/3 and the sign

12

of Re(h12 - hﬁé) is shown in the sectors §,, S;, and S,. Paths of
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Im(z)

¢=1r/3

S

®
Re (h ,-h> Re(hyp-hyp <O

12)”
So

- X

—=(in

7 l2) 8 STOKES LINE

6 STOKES LINE Z?\

\\\ b
%

Re(h,-h») <0 A NN

S, il

STOKES LINE

p=-m/3

Fig., 3 Paths Pl in the complex z-plane on which Re(hlZ) diminishes and

P3 on which Re(h32) diminishes for asymptotic solution 6<l)defined by
analytic continuation of gé from the real axis x > x¥ to points with

- /3 <@ <5x/3. Points zy and z, on opposite sides of the slit both

lie on P, paths (that for z, 1s not shown) but two types of P5 paths are
required., The dashed P5 paths cannot enter sector SE’ while the solid

P3 paths cannot enter the ¢ £ O region,
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decreasing Re(h12) then originate in sector S, and cover the plane slit

1
at @ = - /3, 5t/3. The solutions gél)’ 522), Ego), denoted simply 6(1),
are, therefore, admissible with respect to condition (4.1) for h12, and
have Stokes lines at ¢ = - /3, 5n/3.

These considerations can be applied to the continuation of the 61
and 32 series into other sectors to establish a collection of solutions
which are admissible on certain slit-planes, as seen in Table I, where
again condition (Lk.1) has been applied only between h, and hy. Although
this 1list could be extended indefinitely, it is readily seen that, at
each point z, only two distinct solutions exist. Thus §§i) and Eéii5)
differ by a constant factor, so that Table I contains but three distinct
solutions, say 6(0), 5(1), and 3('1), although solutilons 3(2) and 3(-2)

will also prove useful.

TABLE I

System of asymptotic solutions of differential Eq. (2.7p), admissible
with respect to condition (4.1) for (i, j) = 1, 2, near a turning point

x¥ at which cin is increasing.

Solution Definition Stokes lines erg(z = x¥)
@ W, d L,
2(1) 551), 5§2), 'e’éo) - n/3, 5u/3
3(-1) oD, -2, o - 5%/ /3
4(2) 5&2) ’ 5&3) , gg 1) /3, /3
#(-2) 5&-2)’ 5&-5)’ 'é’g-l) - /3, = n/3
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It is of interest to note that in the central sector of the plane

slit by the Stokes lines, the solution is recessive but is dominant

C s . =(0) . . .
in 1ts outer sectors., For example in S e( ) is recessive, since

O’
h21 - hgl has positive real part and géo)grows in magnitude relative to
3§O)as € increases, In Sl’ however, gél)is recessive. In fact, it is

Just this property of the central sector which is used in establishing
the condition (4.1).

Turning now to the validity of this condition for j = 3, we
employ the second of Eq. (4.9) and (4.13) from which it is seen that
P5 paths must proceed in the upward direction in the z-plane, For 6(0),
it is seen from Fig. 2 that such paths exist for all points in the region

previously found to be admissible with respect to the h,, condition,

21
Similarly for 3('1) which has Stokes lines at ¢ = n/3, - 51/3, the slit-
plane is entirely covered by P5 paths., For 5(1), however, the Stokes
lines extend downward, as in Fig, 3, so that for points with Im(z) < O,
the P5 paths must originate on the same side of thg Stokes line, Thus

the h5 condition splits this solution into two portions:
5(1) ye1ia in 0 <o < 5x/3
3(12) valid in - /3 <9 < x., . (4o1k)

Since 6('2) differs from 3(1) by a factor, a similar splitting is imposed

on it,



