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ABSTRACT

A particular solution is presented for the following problem:

What is the probability that straight line path aerial pene-
tration of &n atomic cloud will lead to a normalized gamma, radiation
dose in excess of a given value - where the normalized dose is defined
as the dose in roentgens divided by a parameter ‘K » having the di-
mensions of roentgens, which includes the penetration speed, the size
of the weapon which produced the cloud, and the characteristics of the
resultant gamma radiation.

The solution contained herein is only qualitative, as ade-
quate means for evaluating the above mentioned parameter experimentally
are not yet available. A supplement to this report is contemplated
upon receipt of the Greenhouse gamma radiation experimental program

results. Such a supplement will supply the information necessary to

an evaluation of ;\
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1. The radiation dose to be expected from aerial penetration of

an atomic cloud is clearly a matter of interest to the Department of
Defense. Unfortunately this problem is too complex to admit an exact
solution, so various simplifying assumptions and approximate methods
must be used. One such method will be found in reference (I), the
final results of which are presented in brief in reference (II). In
the following paragraphs, we shall attempt to develop a somewhat dif-
ferent method. The basic difference in these two methods is that they
employ different assumptions as to the distribution of the source of
radiocactivity throughout the cloud. Reference (I) assumes that the
available source is distributed uniformly over the entire cloud volume.
We shall assume that the available source is concentrated at n points,
and that these n points are distributed randomly throughout the cloud
volume, The latter has the advantage of allowing for '"hot spots” in

the cloud, and presents its result as an expectation of dose.

2. The One Point Case.

Consider an aircraft flying through an atomic cloud, with the

following asswmptions:

(a) The aircraft flies on a straight line path W at

constant speed.
(b) The motion of the cloud, in both ascent and expan-
sion, is small compared to the speed of the aircraft.

(c) The level of radiocactivity in the cloud is constant

s yrn UNCLASSIFIED
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during the time of exposure of the aircraft.
(d) The source of radiocactivity is assumed to be con-

centrated at one point, this point to be located within the cloud in a

random fashion.

(e) The only radiological hazard comes from exposure
to gamma radiation emitted by the fission products in the cloud and
not from any direct contact with or inhalation of these products.

(f) Sufficient time has elapsed after formation of the
cloud so that it has risen to an altitude where the cloud density is
essentially that of the surrounding atmosphere.

Tae probability of a point p lying within x and x + dx

of ¢ is given by

p = g (x)ax (2.1)
and the doses experienced by a point F , due to the gamma ray source

at p , while traversing g is given by

D = £ (x) (2.2)

We can then write:

X - p (D) ;where P = 1 (2.3)

and

, =& [P®] T(x, D) o (2.4)
Where J (x,D) is the Jacobian of the transformation from the x domain

_
to the D domain. For this case, J = X = @ , hence

ST TG
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- S (D) (2.5)

vhere E = g p- ?'. Z(D) is thus the probability density func-

tion for the one point case.

3. The Extension to the n Point Case,

Iet us now replace assumption (d) in paragraph 2 with the
following:

(d') The source of radicactivity is assumed to be con-

centrated at n polnts, each of these points to be located within the

cloud in a random fashion.
For simplicity of notation, we assume that each point carries

1 of the tctal available source. This, howe.ver » imposes little re-
n

striction on our solution.

Equation (2.1) is now replaced by the system of equations:

pn=nl 77 [9x dx: ]

(3.1)
and equation (2.2) is replaced by the system:
/ n
D, = 5 2, fex (3.2)
i
whicﬁ leads to .
£(x3) = 41Dy - (1-1) Dy 4 (3.22a)

and hence

x; = ‘7’/4'0; -(r'-/).D,-_,/ (3.3)
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To obtain the analogy to equation (2.4) we combine and write:

n
p, = nf [/g[p(mi [i-1] 11/J(X—5_,Di)z7dl)i
‘” (3.14)
oy |

(174

n
Where the symbol O(‘ / below the integral sign indicates that
€=/

an n dimensional integration must be performed. In each case the

range of integration O( is that dose range obtainsble from the ith
( .

point source of gemma radiation,

To simplify the above, we note that:

9%, . 9% |
0D, dDn
JCx: D) =
. . . Oxn
3D

and from (3.3)

ox; _ ¢ iD-(i'-l)D~
v ~ P 3m; [ -2/
Hence:

‘/.= ( => j.;‘ = ,.¢/

’

S E it = = LI —(t-')?

JD; .
ax;
‘ - t =0
./)( or (¢ /)=>-J.DJ







Thus:

J X D) =

Substltutlng in (3.4), we obtain:

.=(/7/) 77/?/;0(:0 -[;-gD,-,)_/ j 4 (:D -[é-9D;_,) C(.D/

“‘:" (3.5)
-m/)/ /Z())dp/
Where, "

’

2z

PP

and
’zi ® (D; =~ (~)D,, = fx;)

To set the limits of integration we first note that D, ranges







from D to D + SD, hence the integral is truly of dimension

(n - 1), and we write:

ﬁ' 2 () do;f 2, [nD- (n->Dn.,] 4D

VY

y 2
{=net

The Jfovfélst dose obtainable from any point source we shall de-~
note by £ (R) * Dy , where R is the length of the normal from ¥
to the most distant point of the cloud. Hence, every lower limit is

equal to Dyp. To obtain the (n - 1)5% upper 1imit, we note that:

iDg - (i-1)Dp;; 2 D,
or
D;_; € i?:ll)o 3 i 02 2
Hence, ”D" =-mYDn.m ~Ds 2D, D
Aot
/0,,:(»/) ,/ / / 2/2:‘(/\ VdD;f 5 [nD- (»-oD.-,_] JdD
is
-Dw

(3.6)

vhich obviously reduces to equation (2.5) for n = 1.

To reduce this to a more usable form, let

Ze & K (D - D)

obtaining:







HY ]

nCD'Do) Zn 2,
:”n./ =J/: R A ,7,74//4“ '(z.--z.-.,)jdz:/z“ 7/”9-0.)-20-._/

(3.7)

where
2@ = 5 (x+)

It is now clear that we are dealing with a multiple Faltung
integral. In fact,

L] - (L]

-st
Wmere oy [ J?‘(ty 5 / € F(t) dt , the Iaplace transform of

F(t), (1)

o

Hence, finally:

p,= n-n! “Z 7/,( / 2 [n(2-.) +1>.]j/y (3.8)

(1). See "Modern Operational Mathematics in Engineering" by R. V.,
Churchill, Article 1k.







., Thus far we have made no assumptions about the shape of the
atomic cloud, or about the intersection of % with the cloud. The
form of our solution for the one point case will obviously be dependent
upon both. Also, for the one point solution to be useful to us 5 1ts
Laplace transform must exist. Further, we must be able to raise that
transform to the n‘h power and find the inverse transform of the result.
Iastly, the assumptions we make about the shape of' the cloud, and the
intersection of & with it, must be consistent with previously obser-
ved facts about atomic cloud development and with reasonable and in-
teresting aircraft flight plans.

The remainder of this paper will be devoted to one particular

solution which satisfies the above.

5. Let us modify assumption (c¢) as follows:

(c') The aircraft flies through the centroid of the
cloud on a straight line path, ;0 » at constant speed.
and add the assumption

(g) The cloud is a sphere of radius R .

Our complete list of assumptions will then be (a), (b),
(e"), (a), (e), (£), and (g).
The g (x) of equation (2.1) is then given by:

g (x) = 3x [R-4 (5.1)

R3

and the £ (x) of equation (2.2) is given by:
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where:

£ (x) = I ( px)
x 2L
g Se
A s 2wy
K/
LR
1,449 2 /e 37 oo

(5.2)

S = The strength of the gamma ray source at P, in
units of roentgens cm®
KT sec
v = The velocity of the aircraft in units of ocm
sec
P The effective total absorption coefficient for the

gamma rays under consideration, in units of 1

cm

It is convenient to comsider all distances in units of mean

free paths, hence we make use of the

r

-
-
-

following definitions:

/.«.x

/hr

and equations (5.1) and (5.2) become:

§° §-3§' § §






£ (<) = A Il (e<)

ot

Also, in order that our solution will be applicable directly

(5.12)

(5.22)

to a wide variety of cases, we replace D by D s where

P & D

A

The reader can easily convince himself that this will in no

way alter our use of the equations developed in paragrephs 2 and 3.

For any given situation, A will be a constant.

equation (2.5) is then:

p, = S, (D) dD
Where:
- Sx* rr- «* /
D)=
7%. ..:"_‘.
_ e SN
I" 3¢n 6

[-]
and Py is the probaebility that the

limits D end D + 9D .

dose at least as great as D 1is given by:

.o: § §o :g.ll-go §§

The analogy of

(5.3)

(5.4)

dose experienced will be between the

Finally, the probability of experiencing a







D
PS) =‘/2 (T) d7

Figures 1 and 2 are plots of I, (<) and I, (<) respec-
tively. (2) Table 1 contains the results of computing D and p as
functions of & , for various values of the parameter r .(3) Figure
3 was prepared from this table, and contains the resultant six plots of
P versus T . Figure 4 exhibits the corresponding six plots of p

versus D . Figure 5 is an enlarged linear plot of p versus D for

r =1, and includes plots of two interesting simple approximations -

& truncated power law and a truncated exponential law. Figure 6 is

self-explanatory.

(2) These plots were made from machine calculations supplied the author
by the Computing Section of the LASL Theoretical Division. The
small tables on each contain the numerilcal results of those cal-
culations.

(3) The decision to use integral values of r from r = 1 +to
r = 6 vas based upon a perusal of Annex 4.1B of the Greenhouse

Report ~ "The Development of the Atomic Cloud" by Kellogg,

McKown, and McPherson.
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FIG. 6

De = THAT VALUE OF D WHICH IS
ASSOCIATED WITH P(D) = &

FOR THE ONE POINT CASE.
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6. From peragraph 3, we see that our next step must be to find
1{ Z: }and raise it to the nbt power. This of course can be done
numerically, as an inspection of Figure 3 mskes it obvious that I{ 2}
exists. The labor involved seems hardly justified, however, when on.e
re-examines assumption (g) in the light of existing atomic cloud de-
velopment photographs. A more reasonable approach is to approximate

2(3) by some function whose Laplace transform is easily raised to
the ntR power, in such a way that a minimunm of violence is done to the
corresponding integral P (D) . This is equivalent to changing the
cloud shape from a sphere to some other distribution of points in
space,

We shall make use of a truncated exponential law to achieve

the desired approximation. A law, that is, of the form:

~5(B)=A e’ u(5-5.) (6.1)

where: A, B are parameters depending only upon r , and therefore are

constant for a given aircraft flight altitude and bomb.

u(dD-D,) = 0 for D < D,

= 1 for E’l.ﬁo

The values of A and B will be determined later. For the present
let us examine the extensiom of (6.1) to the n point case. From

paragraph 3, we have
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