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Convenientapproxlmte methodswe developedfor the

oaloulationof oritioalsizesand multiplicationratesof spherioal,

aotiveooressurroundedby infinitetampers. Speoialattentionis

giv$mto thoseproblemsarisingfromthe faot thatneutronsof
I

differentvelooitieahave differentproperties.The methodsoonsist

essentiallyof

by fundamental

shapes formsa

considerations

approximatingthe neutrondensitiesat eaohvelooity

mode sha~e’for eaoh velooity. Eaoh one of these

souroe of neutroneof all velooitiessand simple
.

of the numberand spatialdistributionof absorption

fromthesesouroesdeterminethe oritioalsizeatwhioh equilibrium

betweenproductionand absorptionis aohieved. The aoouraoyobtained

is apparentlysufficientfor all praoticalpurposes. Modifioation$

of themethodfor systemsof shapesotherspherioalor havingfinite

tampersare disoussed.
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Introduction

The characteristic neutron problem is that of determining

the critical radius of an active, spherical, homogeneous core

sur~ounded by a finite br infinite, homogeneous tamper. The cross
.

sections in ~eneral will be energy dependent and the neutrcm

spectrum will not be monochr~matic, both bec~use of the spread of

the fission spectrum and because ef the existence of inelastic

scattering in cwe and tamper. In some cases the neutron energy

spectrum can be considered mmochromatic, and the Problem is then

easily snluble by various standard methods. In other cases, two

neutron ener~ies can be considered to exist and the

Boltzmann equation solved-by the use of one ~f the

harm-nit approximations. In principle, better approx!ma-

iions could be obtained by using three or more effective neutr~n

=~erqies, but the wavk then becomes prohibitively difficult.

Some method af calculation is clearly necessary which.will obviate

i~le~edifficulties and at the same time retain sufficient ac’CUraCY

t.obe useful.

The methqds descrit.edin this report were developed speci-

~ically for the easy calculatim of critical masses and multipli-

cation rates of hydrjde assemblies, but their application Is of.

much greater generality. It is believed that they will be ~cmnd

to have great usefulness in the treatment of all neutron problems

in whjch an active, spherical core, with or without hydrogen

content, is sur’ounfiedEy an infinite m rinjte tamp~r which may

or may not scatter neutrnns inelastically.
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These methads are not exact, but in all cases of interest thus

far investigated their accuracy has been found ample for all

~ractical purposes. Finally, they are extremelY si~;Plefor

computation anfi$once mastered, quite simple to use in thinking

about a wide variety of neutron preblems in which the energy

spread of the neutrons is an essential feature.

Ch. I. Properties of Systems with ?tonaener~eticNeutrans.

Section 1 The Fundamental Integral Equation.

We sb.allfind it very useful in our later work to keep

in mind certain irportant features af the simple one-velocity

neutron problem. Let us consider an active cme surrounded by

a tamper. There may be spherical symmetry kut this is not necessar:,

‘:~ecmsider the case af ~sotr~pic scattering~ since this is”simPle

and usually all that is needed. The tamper is characterized.by

a total crcms section and by an absorption cross section. The

core is characterized by a t~tal cross section ~ ~ and by a

number f , whjch Is the numter of extra neutrnns emitted per

collision. These extra neutrons are emitted isotropically at a

single energy.

Sl~pposea single neutr-m is emitled isotropica?ly at the

point 7 fn the core. ‘!redefine a quantity K(%~ Y) dr
-9/

wh+ch Is the nr-ibabilitythat the neutrm emitted at X makes

its first c~llision in th~ c?re, irrespective of intervening

collisions in the tanper, at x in the v~lume element d~ .

The function K depends on the properties of the tamper, the

radius af the core, and the t~tal cr~ss sectian of the core~

—--- -
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I
We imagine a neutron flux density present in the core and tamper,

time independent, and defined in the core as the function ~(.

We can write the density of collisions per unit time in the core

as o-#@) ● Using the function K 9

we can also write an expression for this collision density as a sum

of collisions arising at the point x from neutrons

liberated at all other points of the core from collisions and then

proceeding to = to make first collisions. ThiS obviously

gives an integral

Crp(qdr

or

~fl) =(l+f@’K(Z’~T)~@)

The integration extends only over the core.

(1.1)

Certain general properties of this integral equation follow

easily. The kernel K is clearly symmetric. This results

from the fact that if one considers the totality of paths from

~’toz , it is seen that the reverse of each path is just

as likely as the forward path, and the totality of backward paths

will then have the same total probability as the totality of

forward paths.

Section 2 Character of the ei~enfunctions and ei~en~alues.

Only for a discrete sequence of values of f can solutions

be obtained. There will be a lowest f , called f. , for

which the density 9 0 is everywhere positive. In a system

.——. .._——
.~
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sin kr
r , with kr equal to something between ~ and ~

at the surface of the core. The function P o will look more

er less as follows:

I- (r)

Core
\

I

1’\
I ~,

-
CoFe Radlua r

Tamper

The extension of PO into the tamper is indicated by the

dotted curve. This extension of course has essentially the shape
e-hr

r
, where h Is the characteristic decay constant

determined by the total and absorption cross sections in the tamper.

There will be the usual rapidly decaying transition effects at the

core-tamper Interface.

The density functions corresponding to higher values of f

( fn being associated with @n ) will have one or more nodal

surface, the neutron density being positive in some regions and

negative in others. Negative neutron densities have physical

meaning only as deficiencies below some positive neutron density,

but physical reasoning can be used in interpreting the integral

equation if negative neutrons are thought of as actual particles

whose presence in a region can cancel the presence of an equal

number of positive neutrons. From this point of view, it is clear

that increasing the number of nodal surfaces in * will increase
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the value of f required to maintain this ?@ ● This iS SO

because leakage of neutrons of opposite sign into one another will

become more rapid as the density function mcillates more rapidly.

A larger net production of neutrons per c~llision will then be

required ta compensate these larger losses by leakage.

Section 3 Interpretation of the efgenfunctions and
ei~envalues.

Another useful interpretation of the eigenvalue l+f exists.

The integral equation says that an isotropic source of neutrons

distributed spatially In the core as the function @ n has the

property that all the resulting first collisions are distributed

also as * ● Further, it says that if (i+f~~~

neutrons are released per unit time per unit volume, ~~
.

first collisions result per unit tine per unit volume. This fS

equivalent to saying that a source density * gives rise to

a density of first collisions — *l~fn n , or stated more

simply, one neutron released in a distribution + n gives

-~ first collisions, having also the spatial dependence of

P n“

The eigenfunctions

have the useful property

P n , since K is symmetric,

of being mutually orthogonal when

integrated over the core. We shall assume, and it is certainly

true for cases of physical Interest, that the functions ~n form

a complete set so that any reasonable function defined over the core

can be written as a convergent series of @n .
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Section 4 Relation to the Milne Ecmation.

It is of some interest to derive the relation between the

integral equation (1.1) and the more usual way of writing the

integral equation for the two medium problem. We let -* be

the total cress section in the tamper and 9 be the fraction of

tamper collisions which result in ●bsorption. We denote the

ordinary Milne kernel between two points 7? arvfY (core or
\

tamper) by M (~’—— 5?) . This kernel i.sof course symmetric

since it Is just the neutron flux density at ~ arising from .

a unit source at %’ . We write ~~) . and 4 (z,.

for the neutron densities in the core and tamper respectively and

obtain: .

●

(4.1)

It Is clear that if solutions of the equations (4.1) are obtained

for two different values of f , these solutions will be

I





It iS

the

orthogonal with respect to integration over the core only.

furthe~ clear that the set of functions ?# obtained fr.m

equations (4.1) by giving f+f its various allowed values will

be Identical with the previously defined set of ~w . This

procedure is definitely contrary to the usual one of increasing

{+f and ‘-9 in proportion and thus obtaining solutions

orthogonal over both core and tamper. It will be seen that the

procedure we have adopted seems to be much better suited to our

purposes. Of course, the kernel K can be expressed In terms

of the kernel N1 . If we imagine the core function ~ to be
.
known, we can use the second of the equations (4.1) to solve in

principle for the tamper function # . We can then insert this

function $ in the first of the two equations to obtain a single

integral equation for * . We can then identify the kernel of

this equation with K .

Section 5 Equivalent e~~envalue Drobletns.

The relations of the one-velocity problem canbe written in a

somewhat different natatim which is convenient for certain purposes.

We can imagine that a part aa of the total cross section &

results in a process of absorption. We can then ask, how many

neutrons Vn must be liberated for each neutron absorbed in order

to maintain the critical condition (in the nth mode). For each

nuetron absorbed DA are liberated and hence the net number of

neutrons liberated per absorption is Zn- I , and per collision

q
is (&i) -$ since a fraction ,= of all collisions
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are absorption. But previously we have

of neutrons liberated per collision~ so

our two notations is

Another interpretation of Pn is

called fn the net number

that the relation between

(5.1)

that for each neutron

liberated in the distribution ~* , the number J_
v~ are

reabsorbed (with the same distribution) by the cross section ~

This idea is made use of in the next section.

This question can also be looked at more formally. If a

●

kernel P (w+ is defined as the density of absorption

at z produced by one neutron emitted at ~’ , it is

easily seen that P can be written as a power series in the kernel

K (matrix multiplication) and therefore the kernels K and P

both have the P* for their eigenfunctions, and the eigen-

values

values

of P ●re simply related (by equation 5.1) to the eigen-

Of.K! .

section 6. Absorption of neutrms from an arbitrar~
source.

We are now in a position to ahswer a question of great interest

in our later work. Neutrons are emitted isotr~pically with a space

density 3(X ● We wish to determine the resulting density

absorption A(X) ● We write S as a series in the ~n

of

:

s=~sng~ (6.1)





It Is then clear from our previous work that each . ~* Wi11

reproduce Itself in the absorption density, but with a reduced

fstrength — . We have:
%

(6.2)

The series for s Is ●ssumed convergent, and the -n form

an increasing sequence, so that the series for A converges more

rapidly than that for S . Physically, the distribution of

absorption is always smoother, that is closer to *O , than

the

for

source which gave rise to the absorption.

The ideas which we have developed will be of great importance

the methods to be presented, but we still need a way of getting

numerical values for the fn or % 9 and useful shapes f’or

the ~n . We shall find that only f. , ZO , and ti are

needed, and these can now be obtained with some ease for the case

of spherical symmetry with an infinite tamper. Given the tamper

constants, the core radius and the total core cross-section$ fo

and hence WO can be obtained by the simple procedures given

in LA-173 or LA-234. The eigenfunction *O will always be

approximated by
sin kx where k is the infinite

x

medium wave number calculated from the f. . These approximations

will generally be g~od. Where they are not, care will be taken

to noint out the reason and ~ossible improvements.
A. .

.— .—.,..— —-- ..-------
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11. The Treatment of ManY-Velocity Problems When No Inelastic

Scatterln~ is Present in the TamPe~.

In attempting to solve critical problems involving a

continuum of velocities, we shall begin by finding what problems

we can solve exactly. We restrict ourselves in this chapter to

problems in which the tamper absorbs and scatters elastically but

does not have any cross section for inelastic scattering, fissim$

absorption, and elastic scattering. All processes are assumed

isotropic.

Section 1 Case of constant mean free ~ath.

If, in addition to these requirements, we ask that all cross

sections in the tamper and the total crass secttm in the core be

independent of neutron energy, we obtain a problem exactly soluble

in terms of the presumably known salutions of the one-velocity

problem. To show this we first n~tice that, because of our

restrictions on the cross sections~ a one-velocity eigenfunction

PO and eigenvalue i+fo calculated with the constants

at any velocity will be identical with those calculated at any

other velocity. This is so because the eigenfunctions and eigen-

values of the one-velocity pr~blem defined by equation (1.1) of

Chapter I depend only on the total cross section in the core,

the radius of the core, and the properties of the tamper.

We now assert that with these restrictions, if the value of Z

is such that the system is critical, neutrans of’every velocity

will have the same spatial distribution *O . This canbe

seen by remembering th6 properties of the eigenfunctions. Neutrons

of all velocities will be making collisions whfch also have the





..—. —-

==aa-&
spatial dependence P o . From each collision neutrons come

out isotropically with an energy distribution determined by the

cross sections. We then have an isotropic source of neutrons of

all velocities spatially distributed as ?&o“ The last

step in the argument consists of the observation that the first

collisions from such a source will also have the shape of ?&o“

Our assertion is therefore self-consistent.
1

I We can find the value of x required for criticality in
I

the following way. Suppose that when a neutron of velocity #

makes a collision in the core, a number s(v’—— v)dv

I are emitted isotroplcally in the velocity range dv . The

function s (V’—w) will inv~lve the various core
I

cross sections, the spectra of fission neutrons and inelastically

scattered neutrons, and the number of neutrms$ z , emitted

per fission. Call @e (v) the cross seetlon

for elastic scattering q (v) that for capture, q(~)

that for fissian from which w neutrons are liberated with

spectrum x(v) and T that for inelaitic scattering.

If a neutron of velocity z is scattered inelastically,

suppose tie spectrum resulting is #(v~vq ● In this case,

r=q+~+q+q

ant%
.

e(v9”s(d~v] =q[v96(v’-v) +~(vjDx(v) +q(v9#(v’-v) (1.1)

where d(vl-v) is Dlracts delta

neutrons scattered elastically do not

I - Sw

function and insures that

alter their velocity.

—
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Let N(v) be the total number of neutrons present in the core

per unit range of v , multiplied by V . ~

The total number of collisions made at velocity V’ in the

range dv’ per second is N@~ W(VP dv’ where &(V~

is the t~tal.core crms section. (actually & , at present,

is considered as independent of V’ ). WOm each of these

collisions, s (w-+ .chl neutrcms emerge in the

1
velocity range dv and a fraction —i+fo of these make

first collisions in the core. We can thererore express by an

integral equation the fact that all collisions at velocity V

arise by the process just described from collisions at all velocities

or

/

00

N(VDW[V]= ,:f cfv’5(v’dv)N(v’j P(VP (1.2)
O*

This equation will have a solutim only for one value of > ,

(which is contained implicitly in the function S(V’-V)

and this value would then just keep the system critical. We could

just as well keep z fixed at Its correct value and inquire what

the radius of the core must be to make f+fo such ●s to permit

a solutlon of the equation.

The calculation can also be made in a somewhat different but

equivalent way. This has the advantage of removing the delta

finction in (II).





Let us consider the

17●

-——-—
v

elastic cross section as distinct from the

rest of the cross section, which we will think of as an

absorption cross section ~(v’ . The proces-included

in this absorption cross section are Al those

neutrons from the velocity v so that q“q

We let V(V) be the value of z required

which remove

+q+q

to keep a one-

velocity problem critical if q(v) is considered as absorption,

as deftned in section 1-5. Suppose that when a neutron of

velocity V’ suffers an absorption, s~ (v’-v) Cfv neutrons

come out isotropfcally in the velocity range ‘Civ●

(1*3)

We have for the total number of absorption per second of

neutrons in the velocity range 6fV , I@”) Cq@ Clv’ ●

Each of these emits ~a(v’~v)dv neutronsJ a fraction

i
w(v)

of which are reabsorbed (by equation (5.1) of Chapter I).

We can again write an Integral equation, expressing the fact that

all absorption at velocity v arise by the above process from

absorption at all velocities. We have:

or:

/
W+V)@V)=& d%. (v+ N(V9G@

o

— .aims.____=-==~ ‘104)
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The function v(v) depends on the radius of the core and the

function Sd(v~q contains the real z for fission. The

equation will not in general have a solution, but we can obtain

one by properly adjusting either z or the core radius, in

which case we shall have made the system critical.

The equations (1.2) and (1.4) are rigorously equivalent,

as can be proved immediately from (1.1) and (1.3) and the

relation of ~ and # given in (5.1), Chapter I. Equation

(1.4) is more convenient to use because of the lack of the delta

function in ~a .

The solution of this equation 1.4 is discussed in more detail

in section 4, but we can solve it here in a particularly simple

special case, namely when there is no inelastic scattering in the

core. (We shall also assume q=o but this is really not

necessary). In this case, since q= q Equation 1.4

becomes:

(105)

This equation can be solved by noting that

(1.6)N(Vh@)=C -+#A

where c is a

this solution

u
CXv

WV ‘c

constant, independent of V . Now we substitute

in equation (1.5) and obtain:

(1.7)

I

--..-~s
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This obviously requires:

f

tm
f—= & .x(v)
V w(v)

o

(108)

This equation has a simple interpretation. In a critical

system, the neutrons liberated fr~m a single fission must produce

exactly one fission in the first generation. Multiplying equation

(1..8) through by P , we have exactly this statement for the

simplesystem considered. This is so because H x (v) is

the number of neutrons emitted in the velocity range dV in one

fission and there is no inelastic scattering. By our previous

arguments, a fraction
+

of those neutrons emitted at

velocity V will be absorbed to produce fission. The total

number of fissions coming in one generation from the neutrons

released from one fission is then clearly equal to

/
‘& * which must be equal to unity

o
as stated by equation (1.8).

Section 2 Variable cross Section. The first lower
am roximatlon.

The

constant

restriction to constant cross sections in the tamper and

total cross section in the core, which is necessary for

the validity of equations (1) and (2), is of course too stringent

to include most cases of interest. We shall, however, use the

arguments employed in the derivation of these equations to give

a useful approximate treatment of less restricted problems. Suppose

that the tamper cross sections and the core total cross sections

vary with neutron velocity in addition to the variations permitted

In the preceding treatment. We can no longer argue that we know

the spatial distribution of neutrons of each velocity.
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This is so because the eigenfunctions calculated with the constants

at different velocities are no longer the same, and the consistency

argument that all neutrons are distributed as the common PO will

therefore fail.

We proceed by defining a set of functions ~~ @,V] which

are the eigenfunctions calculated from the constants for neutrons

of velocity v . The set of functions for each velocity is

assumed complete, and in particular any one of the ~n at one

velocity canbe expanded in a convergent series of the <n for

any other velocity. In any reasonable system, a given ~n will

not vary drastically wfth neutron velocity. This is especially

Ptrue of ~ , the eigenfunction with no zeros. In a system

with spherical symmetry, for example, the function P ~ will be

sin krapproximately of the form ~ where the phase of the sine

function must be at least ~ and somewhat less than ~ , in

all interesting cases. Usually conditions will be much less ex-

treme, so that we make the assumption that the change in shape

of ~ with velocity IS small in a sense to ‘bedefhed

more carefully later.

It can now be seen that a reasonable approximation for the

spatial distribution of neutrons of velocity V is to say that

it has the shape of po~,~) ●
Suppose that this were

strictly true. Neutrons of velocity V’ make collisions

distributed as +0 @,V’) . From these collisions neutrons

of all velocities emerge isotropically. Consider those with

velocity 17 . We have an isotropic source of neutrons of

velocity v distributed as *K.V3 and must then

—-





calculate the spatial distribution of absorption from this source~

We use the method of Chapter ,1and expand the source density In

the eigenfunctions of velocity v :
.

(2.1)

The density of absorptfons, (or first collisions, if any collision

is called absorption), will be:

(2.2)

where the ~n (V) are those defined by equation (5.1) of Chapter I.

The shape of /1(~ will be very close to that of #@&’v~

for two reasons. In the first place, most of the contribution to

the expansion of S(F) comes from the term in po(zv) e

This is so because of our assumption that * (%V)

and *O@, @ do not differ much in shape. In the
.

second place, the sequence of the zn (v) increases >apidly

as n increases, so that the series for /1(~) converges much

more rapidly than that for S(T) . Some numerical illustrations

of the validity of these statements can be found in Appendix I.

It is clear then that our assumption of shape &@v)

for the neutron distribution at velocity V is nearly self-

consistent but not completely so. It is exactly so where

*O (ZV] is independent of v and, as we shall see, is

good enough for most purposes when *O varies in a reasonable





-}:iththis assumption, we can write an equation analogous to

eauation (1.4] whfch will however no longer be exact. With the

notation US~d in der+ving eqllation(1.4]9 and the approximate

assumption that neutrons of velocity v emitted from absor~tions

at ve19city V’ awe emitted in the snati.aldistribution m, v) x
we will have an equation ~f exactly the same form as equation (1.4):

(2.3)

where we have set A(v)= l’IJ(v)q <v) , . Thus A(v) has

‘he s~gnificance o? being the total number of neutrons being

absorbed at velocity v .

Thjs iS 0= course no lonper an exact equation. , It is very

nearly correct and can be used for nearly all practical problems.

‘;I’Pshall call it the first lower approximation.

Sect~on 3 First upDer a~proximation.

Another equation can be derived by making an approximation

no worse than that used in obtaining equation (2.3). We assume that
a
‘N-llythose absorption which occur at velocity v’ in the

disttibutlon (% v’) are to be counted as twaducinq

absorpt.ionsat velocity v ● If ~(~,~) is assumed to

te normalized so that its integral over the core is unity, then we
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With this expression for the kernel P. equation (4.1) becomes:

(4.12)

This equation Is not easily transformable I.ntaone or two integral

equations for one or twa functions of velocity alone. If we do

not try to treat a continulm af vel~cities but restrict ourselves

to a small number of discrete velocity groups, equation (4.12)

is easily s~luble.

The convergence of this sequence of approxinatlons is

illustrated in Appendix IV by applying them to several two-group

diffusion theory problems.

Ch.IL . The Treatment of Inelastic Scattering in the TamDerC

In the preceding chapter we have seen that useful appr~ximate

methods exist by which neutron properties of some simple system

can be easily calculated, even though a continuum of velocities

is necessary In the description. We should now like to extend

our treatment to the the case where the

inelastic scattering cross section. We

tion here is not neanly so strong as it

tamper possesses an

shall see that our posi-

was in the simpler systems

treated previously. We shall find ourselves unable to treat a

continuum of velocities and we must therefore

of replacing the continuum by discrete energy

———-. . ..——-—

‘a -z

make the approximation

groups.

—



.



Section 1 Two velocity groups. General equations and
definitions.

Let us first consider a system in

velocities are created and destroyed.

sists of a spherical, homogeneous core

which neutrons of only two

Suppose that the system con-

surrounded by an infinite,

homogeneous tamper. Neutrons in the core can be elastically

scattered or can be transferred from one velocity to the other

by fission or by inelastic scattering. Neutrons in the tamper

can be elastically scattered, captured, or transferred from

velocity one to velocity two by inelastic scattering. We adopt

a point of view similar to that used in the preceding chapter.

Neutrons In the core act by means of collisions as a source of

neutrons of both velocities, and by studying the absorption from

this source, we shall obtain the condition of balance satisfied

for criticality. We shall think of the inelastic scattering cross

section in the tamper as ●n absorption cross section for neutro-ns

of velocity one. We shall then have a source of neutrons of

velocity two distributed In the tamper as are the neutrons of

velocity one. It is then necessary to find what fraction of the

neutrons from this source are absorbed in the core, and include

these extra absorption In the balance condition.

To make these ideas more precise let us first consider the

situation without the inelastically scattered neutrons. Suppose, ‘

for example, that these inelastically scattered were removed and

not permitted to produce firther fission. Later we can study the

actual contribution made by these inelastically scattered neutrons.

Thus we have a problem without inelastic scattering in the tamper,

—
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the actual inelastic cross-section being replaced

In that case, we can use the ideas of Chapter II.

lower approximation, we are led to write equation

in a for~ appropriate to just two velocities:

by absorption.

In the simplest

(3.1) Chapter II

(101)

HereAf and Aa are the total number of neutrons absorbed in the

core at velocity one and two respectively, and qo(md Zao)

are the= values which make a one velocity system critical which

had the cross sections appropriate to velocity one (and two) only.

The quantities S are the direct analogue of Sa(V—V’) c Thus

s~i~a) gives the number of neutrons liberated at velocity two If

one is absorbed at velocity one, while ~~l~i) gives the number

liberated at velocity one under the same circumstances. If a

neutron is absorbed at velocity two it has probabilities ~f~~l)

and S(2 ~~) to reappear at velocity one and two respectlvely~

The equations are easy to understand. For example, the expression

In the square bracket of the first equation is the total number

of neutrons liberated at velocity one and of these, as was discussed

In Chapter I, the fraction
f_

~!o
can be expected to return to

the core for reabsorption.

N~w we must include the effect of the inelastically scattered
●

neutrons. A certain number of

at velocity two and these find

contribute to the absorption

neutrons are liberated In the tamper

their way back to the core and

Ag there.

— —
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The neutrons are liberated at various places in the tsmper~

(the distribution depending on the shape of the tamper solutlon

at velocity 1) and thus kve different probabilities of returning

to the core. For a simple argument let us define a quantity:

P@ as the average probability that a neutron liberated

in the tamper by inelastic scattering (from velocity) findsits

way into the core and is absorbed there.

Then the term to add to the second of the equations (1.1) iS

Shlply Pf2 times the number of neutrons inelastically scattered

in the tamper. This number is not hard to find. It iS just

d times the total number of neutrons absorbed in the
~a*

tamper, since each absorption has this probability of resulting

in inelastic scattering ( -*Lfz is the inelastic cross-section

S.nthe tamper, and ~~ is the total absorption

of neutrons of velocity one in the tamper and is

plus the true capture cross section)s The number

cross-section

q’,:

absorbed in

the tamper is just those tiich are not absorbed in the core.

Since of the neutrons liberated in the core a fraction l_

1 ~! o
are returned to the cores the remainder, or I- —

40
are

absorbed in the tamper. In this way we can understand the modifi-

cation of equations (1) to include the effects of inelastic

scattering:

1
Af”~

[
s(t-- f)A, +S (2~ f) Aa1
[, ;0 soA=— ~Z)Ai+S(Z--Z)A2 1

,
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These are simple equations which prove to be adequate to give

a close approximation to the solution of two veloclty problems.

To use them however, some fairly simple way must be devised for

the determination of p,? . We shall derive several alternate

approximate formulas for this quantity and discuss the validity

of the approximations later in this chapter. We shall also be

concerned to some extent with the validity of the entire set of

equations (1.2), but strictly this presents no really new problem

(above those discussed in Chapter II) other than the adequacy

of a proposed formula for pfz . At the end of this chapter we

discuss the extension to a system with three, or more velocity

groups.

The determination of pf2 requires an analysis of the

diffusion back to the core of neutrons which have been liberated

in the tamper. The dependence of the quantity on the index 1 is

solely through the fact that the neutrons of velocity 1 determine

the spatial distribution of the source. Let us consider neutrons

of

We

of

velocity two released from any source In the tamper, ~(r) .

then consider a kernel C12(r-r’) which is the flux density

neutrons (of velocity two) at position # in the core when

a unit source is located at position r in the tamper. The

dens~ty of absorption A(r’) In the core resulting from the

source S(r) is then given by:

fad QJ-or2~r ~p.3)A(r4)a4#Toga
o–

-=- =





The quantity plais the number of absorption which occur

in the core in the fundamental mode:

(r)q&(r) Fdr ● 4flf~o (r) r%r
p12 = 4 fllt’~~ (r) r2cir

(1.4)

In the expression (1.3) for A the source S must be taken to

be that arising from velocity one (equation below). We are

therefore led to study the kernel Qe more carefully. -

. The kernel QA is a diffision kernel at a single velocity

and Is therefore symmetric. We use this fact to obtain an

expression for it. Let us expand (?2(r~r’) as a series in the

normal modes at velocity two, &, (r~ with coefficients

+..(0 . We have:

(1.5)

Consider a smrce of neutrons of velocity two in the core, having

the form ~j(c? ●

We use equation (1.5) and the orthogonality

of the %
~

2
to obtain as the resulting density of absorption

in the tamper:

Now we know that If neutrons are released from ● source~,(r)

the distribution of absorption will be & -k (r)

It is therefore true that if one net neutron is released in the

net neutrons are absorbed in the core, and
I





We now integrate equation (1.6) over the tamper. We obtain

the total rate of absorption in the tamper which~ by the argument

just made, must be equal to !- ~ times the total source
‘a k

in the core. This gives:

(1.7)

Combining 1.6 and 1.7 we find for +..(r) :

(1.8)

We can now insert this In equation (1.5) to obtain an

expression for the kernel Qa in terms of the eigenfunctions and

eigenvalues of a one-velocity critical problem:

Now let us obtain the q=ntity Ptz defined previously.

For the source s (r) , we take a function with the shape of

the tamper solution appropriate to the fundamental mode for

neutrons of velocity one, but normalized so that one neutron is

emitted per second. This gives:

S(r) =
T,~ (r)

4zi’/wTf0(r)r”dr
a

(1.10)



.
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If we substitute

(1.3) to find A

can be expressed

this, and the expression (1.9) for ~ into

, and then use the formula (1.4) we find ptz

as:

(1.11)

The expression (1.11) is exact.

In the next sections we shall discuss various approximations

that can be made to it. Before we do that, however, it may be

well to point out that th e uati% % as ?K &l&$& ~? XhL~~ue#aa o~p~~%~ergentexact. Their deriva iO
are themselves no~approxirnat~ons to the exact equations will be

undertaken later.

Section 2 Neutron return from tamuer to core: First!
method of approximation.

We discuss in this and the next section various approximations

which can be made to the quantity PIZ ●
There is one simplification

which can be made immediately. If we multiply and divide by the

core volume we obtain as a factor the combination of integrals:

(r) r’cfrJ *
(r~’dr~r’dro

(2.1)

I

I

I We shall hereafter replace this combination by unity. This is a

- —— --
—.. —.--
—
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reasonable approximation. Except near the edge of the core the I

function #%. (r) behaves aS %S . For kaa=~ ,

(tamper having large cross section and no capture) the combination

is equal to unity, for kea=$ it is G.98, and for lcaa~

, it is 0.88. It should be remembered that a large

value of ~ d corresponds to a poor tamper, from which the inelastic “

return is less important. This approximation therefore seems to

I be good (and is certainly ccmvenient). If this is done, we have

for p,a:

(2.2)

The various approximate methods of estimating P92 are simply

alternate ways of evaluating the integrals (omitting the subscript

for nornal mode):

~@Tf(r)Tz(r)ra dr
‘Tt (r)ra cfr~ T=(r) r’dr

(2.3)

This only requires knowledge of the shapes and not the size of the

functions T, and Te . When the diffusion theory is valid these

shapes are accurately known. They are of the form e -h%

and e-ti respectively. The constants ~, hzand

are respectively ~~ and - ‘espectivelyO

Putting these forms into (2.2) and performing the integrals one
I

finds$





40.

(2.4)

This is the first of our forRK$for pia ● It is exact (except

for our replacement of the integrals (5.1) by unity) in the

diffusion theory. It may also be obtained directly from the

differential equations of this theory by studying the diffusion

into the core of neutrons distributed in the tamper as 62-h,+

The expression (2.4) although only (nearly) exact for the

diffusion theory is nevertheless often a very useful approximation

when the accurate integral theory must be used. In this theory

the functions TO for example behaves asymptotically as e -hf$

and differ from this only near the core surface where transition

effects occur. These transition effects, especially when the

tamper does not have a large absorption cross section are often

quite small, and their effect in the integrals (2.s) is negligible.

One change must be made however, The quantities ~, and hz must

now be determined from the usual secular equation for the l!ilne

equation in the infinite tamper medium:

h

*= ‘-g’
q

,*= @-.
(2.5)

q

where ,9 and ~ are the usual ratios of absorption to that

g =x~
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cross sections

putting better

the transition

— .—~r=====
at the two velocities P*

(9~=#k
). The formula may be improved by

formulas for Tf and Ta Into (2.2) in which

effects (which has been studied in many one-velocity

problems, see LA-53 and LA-258) are more clearly represented.

This probably leads to relatively complicated expressions.

In the next section we derive another form for P,a and show that

it takes somewhat better account of these effects than does (2.4).

Section 3 Neutron return from tam~er to core: “
other ammoxirnations.

The method we shall adopt to determine p,a in this section

is to set up an imaginary two velocity problem for which the

complete answer is known. Then using our fundamental equations

(1.2) for such a problem we shall find the value of P?2 ‘o Solve

other problems.

To do this we consider an

two groups. The upper we call

imaginary problem in which there are

group x and the lower simply 2.

The constants of the lower velocity are exactly those of the

velocity two group for the real problem for which we are trying to

solve, The constants of group x however, instead of being those

of velocity one, are taken to be simply those of velocity two$

with one exception~ however. That is we imagine that we add a

cross section w& of inelastic cross section which transfers

neutrons from group X to group 2 (the tamper absorption cross

section is therefore qx~ +C%H*”PX: ). Now this

transfer from X to 2 really makes no difference, the neutrons

still have the same properties. Thus we know that for the whole

system we can solve for the critical z .

— L --
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It is simply ~0 .

The point, however, iS that

only through the shape of Tf and

on the shape of the function TX

p,a depends on velocity one

therefore PXE depends only

representing the distribution

of x neutrons in the tamper. But the shape Tx can be made

very like that of Tf by adjusting the value of Wxa

(and hence qa* )0 We discuss the choice of TX later,

but first let us see how we can determine Px& which we shall

later use as an approximation for P,a ●

Let the & required to keep criticality in the upper group

be w’ (which Is notz= because of the’extra tamper absorption

ofxneutrons)0 We now treat this problem by the pair of equations

(2) assuming the exact critical w for the system is -= . Then

since X and 2 neutrons both may be pictured as producing

fission from each absorption with this -=-a ,and there is no

core inelastlc scattering we have

s(x--x)=~,s(-x)=%s(-z) =0,s(-+0 ,
so that equations (1.2) become
.

Ax=&x[waX4x+U&Ae]

A= =0+ CX”%? @ L

w: +@’r%% W= )[ p.. -244x +=2Aa]

These equations (add them and divide by Ax +Ae

that

‘-s

px2;f-&@r# ~
,qa + Txa

(3.1)

) require

==iwiim--==~ ‘3”2)
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To obtain an expression for pw we must now choose the value

of ~x; so that Tx approximates l’i . We shall do

this by making the asymptotic forms of these functions the same

and hope that the transition effects are nearly similar. Thus

we choose fiy=h, ● We shall, to indicate this special choice

now use the notation 12 for x. We let ge be the usual absorption

number in the tamper at group two, so that:

(3.3)

We can look at the quantity @#8 as the capture cross section

that would have to be added to the tamper at velocity two to make

the asymptotic rate of decay of neutrons of velocity two match that

of neutrons at velocity one in the real two velocity problem.

We define 9,2 as the total absorption number necessary at

velocity two in the tamper to match the shapes in this way. We

have:

-s?&and gfz-~e= ~*
d

We re-write equation (44) as follows:

(3.4)

(3.5)
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This is the second of our useful approximations to p12 “ In

it the quantity “ ,29 is the absorption number for group-two

neutrons in the tamper which would give the same asymptotic

exponential solution for region 2 as actually does exist in”

region one. That iS

region one as in (2.

(2.5) and ~t~ from
I

-%-‘–91 ‘tanh
7!9+”

and

The quantity Z,e is

if 9, is the true absorption number in

5) we find 9,a by determining ~t from

a similar equation.

d%
1-g18=fanh-f & (3.6)

the% valu%w;ich would make a system with

neutrons of velocity two critical if the actual absorption number

in the tamper were 9,=(instead of ge).
We shall now derive equqtfon (3.5) by another more formal

method which shows more clearly the approximatims involved in Its

derivation. We must first prove a simple orthogonality relation

holding between the neutron distributions in certain related one

velocity problems. (This theorem and its applicatims are described

in much more detail in LA- 608 . ) Let M(Z~%’&(77)

be the probability per unit volume that a neutron released isotropi-
-

tally at Y’ makes its first collisions at x . The position~
.

can be a core point or a tamper point so that & is a function

of position. The kernel M is, of course, symmetrical. Suppose

we have two systems, both critical, with the same total cross section

as a function of pasition and wh;ch, therefore, have the same

M@Z) . Let us call the function whjch is the total cross

section multiplied by the total number of neutrons emitted per

collision q(~) . We can~~en write-integral equations for ~ and

:~ ~
‘—— ~
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and the second by ~ ~’~~~ , integrate each over all space

and subtract. We obtain:

)q’(r’)p(n]c@)+(=) -@~(~jM($==

(3*7)

In the second term of the right hand side of Eq. 3.7 we interchange

the dummy variables of integration and note that, since M(5&X)

is symmetric, this term now cancels the first. We obtain:

(3.8)

We now specialize this general thewem to the case of interest to

us. We consider

and tamper equal

these systems we

to 9= and place

two systems with the total cross-section in core

to ~ and ~*, respectively. In the first of

place the absorption number in the tamper equal

the reproduction number in the core equal to

f= , the f required for criticality. In the other prgblem

place the absorption number in the tamper equal to the number

previously defined, and the reproduction number in the core equal
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to f,2 s the f required for criticality with this changed

tamper absorption. The quantity ~(x) will be equal to (f~ f)%

in the core and (~- g)o# in the tamper. We now write

equation (3.8), doing the integrals over the core and tamper

separately and obtain, writing
# ~ and + ,a for the densities

in the core T2 and T12 for the densities in the tamper:

We

In

can also use

each problem

the

the

conservation law to get some other relations.

t~tal number of extra neutrons produced in

the core must be destroyed in the tamper. This candition gives:

(3.10)

If we now divide equation (3.9) by each of the equations (3.10),

we obtain:

(3.11)

We now multiply

of integrals on

illall cases of

=&’;.)&+z::
/by arclr and sit the re
o

the left equal to unity, as it will be very nearly

interest.

N ‘:% -—— .-.—
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We have thus obtained an expression in terms of the eigen-

values of two one-velocity problems an expression for a combination

of tamper integrals approximating to the combination required in

the equation (2.2) for the quantity pf2 ●

The function Ta ,

appearing In (2.2), is duplicated exactly in equation (3.11).

The function T{ , appearing in (2.2), is approximated by the

function ~ . The function ~a and T, match asymptotically

and both have transition effects in the same direction at the

interface. By the use of Eq. (3.11) we can, therefore, expect

to obtain an expression for ~fz of greater accuracy than if we

had used the asymptotic exponential tamper solutions for T1 and T2 .

we combine (3.11) and (2.2) to obtain:

(3.12)

We can express the quantities fz and f,zin terms of the quantities

-2 and ~’ previously used by the usual relation ( from Chapter I,

equation (5.1) )

~
@f

p2.f+_ z
za

Pfz=f+ -$? ff~
aa

The insertion of

q: “cJeO#

f,,= $(4.- f)

(3.13) in (3.12)yields, after n~ting that

and rearranging,

(3.13)

=+s5!‘“ 9,2-9. viz —.-.
;= m~: .+.=_—- ——
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