s o g AR G Ty w2 ol
2o N PN AR O TS S Y AW PR S |

DO NOT CIRCULATE

PERMANENT RETENTION







T = e
UNCLASSHFIED o S A

LOS ALAMOS SCIENTIFIC LABORATORY “

of the

2’

UNIVERSITY OF CALIFORNIA BbZD 83

Report writtens
January 21, 1947 LA=52}

This document comsists of L0 pages _

- ————

92

il

I

38 00407 72

N

[

I
5
B
&
:
2
S
3
d
B
5
&3
-
=
g
&
=]
2
:
(¢}

e Energy Commission,.

- T

Work done by

Report written by
J. Ashkin CLASSIFICATION CANCELLED . R, P, Feynman
Rt Ehrlich DATE A=l S B T. A. Welton
R. P, Fpynman For The Atomic Energy Commission }
M, Peshkin

F. Reines

T, A, Welton 'ﬁ ‘f;' amatl. s :
o Chief, htln:nf&m Branth f‘,,\_ ﬂNClASSlHED

CRITICALITY HAZARDS ORO 9145‘7




| . V . -~ L . e
: . v, 4
o . \ﬁ , i
NP B
IS TPy

T I Ttk

N T .E
' !:L‘cl' ';" -
Ty

F -5
i




S i

o ' CRITICALITY: HAZARDS
Distributed 9CT 1 0 1952 LA-52}
Series A
Los Alamos Report Library 1-10
Series B
Los Alamos Report Library ». ~*3}7?5$,P
Series C
Los Alamos Report Library 1-20
J R. Oppenheimer 21
Argonne National Laboratory 2223
Armed Forces Special Weapons Project (Sandia) 2l
Atomic Energy Commission, Washington 25-27
Brookhaven National Laboratory 28
Carbide and Carbon Chemicals Company (K-25 Plant) 29-30
Carbide and Carbon Chemicals Company (CRNL) 31-32
Carbide and Carbon Chemicals Company (Y-12 Plant) 33=3L
Dow Chemical Company (Rocky Flats) 35
duPont Company 36-38
General Electric Company, Richland 39-40
Hanford Operations Office L1
Idaho Operations Office L2
Knolls Atomic Power Laboratory . L3kl
National Advisory Committee for Aeronautics, Cleveland
Patent Branch, Washington L6
Savannah River Operations Office, Augusta L7
Savannah River Operations Office, Wilmington 48-49
University of California Radiation Laboratory 5051
Technical Information Service, Oak Ridge ' T 5266

© UNCLASSIFIED




by

S0y




UNCLASSIFIED -

ABSTRACT

Convenient approximate methods are doveloped for the
oalculation of oritical sizes and multiplication rates of spherical,
active cores surrounded by infinite tampers. Special attention is
given to those problems arising from the fact that neutrons of
different voloo;fion have different pr&perties. The methods oonsist
essentially of approximating the neutron densitles at each velooity
by fundamental mode shapes-for eash velooity, Each one of these
shapes forms a source of neutrons of all velocities, and simple
considerations of the number and spatial distribution of abs;rptiona
from these sources determine the critical size at which equilibrium
between production and absorption is achieved. The accuracy obtained
is apparently sufficient for all practical purposes, Modifications
of the method for systems of shapes other spherical or having finite

tampers are disocussed.
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Introduction

The characteristic neutron problem is that of determining
the critical radius of an active, spherical, homogenenus core
surrounded ty a finite or infinite, homogeneous tamper. The cross
sections in general will be energy dependent aﬁd the neutrnn .
spectrum will not be monochrbmatic, both because of the spread of
the fission spectrum and because »f the existence of inelastic
scattering in cnre and tamper. In some cases the neutron energy
spectrum can be cnnsidered monochromatic, and the problem is then
easily s-oluble by various standard methnds. In other cases, two
effective neutron energies can be considered tn exist and the
resulting Boltzmann equation solved by the use of one of the
spherical harm~niz approximations. In principle, better approxima-
tions cnuld be obtained by using three or more effective neutron
~nergies, but the work then becomes prohibitively difficult.

Some method »~f calculation is clearly necessary which - will obviate
these dif“iculties and at the same time retain sufficient accuracy
to be useful,

The methnds descerited in this report were developed speci-
fically for the easy calculatinn of critical masses and multipli-
cation rates of hydride assemblies, but their application is of
much greater generality. It is believed that they will be found
to have great usefulness in the treatment of all neutron protlems
in which an active, spherical cnre, with or without hydrogen

content, is surrounded bty an infinite »r finite tamper which may

nr may nnt scatter neutro-ns inelastically.







6.

These methnds are not exact, but in all cases of interest thus
far investigated their accuracy has been found ample for all
rractical purposes. Finally, they are extremely sinmple for
computation and, once mastered, quite simple to use in thinking
about a wide variety of neutron problems in which the energy
spread »f the neutrons is an essential feature.

Ch., I. Properties onf Systems with Monnenergetic Neutrons.

Section 1 The Fundamental Integral Equation.

We shall find it very useful in our later work to keep
in mind certain irportant features »f the simple one-velocity
neutrnn problem. Let us consider an active cnre surrounded by
a tamper. There may be spherical symmetry tut this is not necessar:
e cnnsider the case »f isotrnpic scattering, since this is-simple
and usuvally all that is needed. The tamper is characterized by
a total crnss section and by an ahsorption c¢ross section. The
core is characterized hy a total cross section O~ , and by a
number f , which is the numter »f extra neutrons emitted pér
enllision. These extra neutrnons are emitted isntronpically at a
single energy.

Supnose a single neutron is emitted isotropically at the
print X in the core. %e define a gquantity f(C?C——>3?) dx
whéch is the probability that the neutron emitted at t;l makes
its first cnllision in the core, irrespective of intervenirng
c»ollisinns in the tarper, at X in the volume element d< .
The function K depends on the properties »f the tamper, the

radius of the core, and the total crnss section of the core.
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We imagine a neutron flux density present in the core and tamper,
time independent, and defined in the core as the function g&VC?j
We can write the density of collisions per unit time in the core

as oy (X) . Using the function K ’
we can also write an expression for this collision density as a sum
of c¢ollisions arising at the point B3 from neutrons
liberated at all other points of the core from collisions and then
proceeding to B3 to make first collisions. This obviously
gives an integral equation for P&

o~ QAT = [(1+£) oy (%) R K (ReR)dX

or

w(X) = (1+f2/1§’K(3‘<”——3?)¢(‘>Z’) (1.1)
The integration extends only over the core.

Certain general properties of this integral equation follow
easily. The kernel K is clearly symmetric. This results
from the fact that if one considers the totality of paths from
X to X s 1t is seen that the reverse of each path is just
as likely as the forward path, and the totality of backward paths
will then have the same total probability as the totality of

forward paths.,

Section 2 Character of the eigenfunctions and eigenwvalyes.

Only for a discrete sequence of values of f can solutions

be obtained. There will be a lowest £ s called £, , for
which the density is everywhere positive, In a system
with spherical symmetry_it will have the shape (approximately) gf
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— A = o
sin kr

e s, With kr equal to something between %;' and 777

at the surface of the core. The function /7  will look more

or less as follows:

)

Core | Tam per

[\
AN
N
l ~

\\

(o] iCorc Radius r

The extension of ¥ into the tamper is indicated by the
dotted curve. This extension of course has essentially the shape
e~ hr

r
determined by the total and absorption cross sections in the tamper.

s Where h is the characteristic decay constant

There will be the usual rapidlyvdecaying transition effects at the
core-tamper interface.

The density functions corresponding to higher values of {
( f, being associated with g5 ) will have one or more nodal
surface, the neutron density being positive in some regions and
negative in others. Negative neutron densities have physical
meaning only as deficiencies below some positive neutron density,
but physical reasoning can be used in interpreting the integral
equation if negative neutrons are thought of as actual particles
whose presence in a region can cancel the presence of an equal
number of positive neutrons, From this point of view, it is clear

that increasing the number of nodal surfaces in gﬁ? will increase
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the value of f required to maintain this ¥ . This is so
because leakage of neutrons of opposite sign into one another will
become more rapid as the density function oscillates more rapidly.
A larger net production of neutrons per c¢nllision will then be
required t» compensate these larger losses by leakage.

Section Interpretation of the eigenfunctions and
eigenvalues,

Another useful interpretation of the eigenvalue 1+1 exists.
The integral equation says that an isotropic source of neutrons
distributed spatially in the core as the function 95& has the
property that all the resulting first collisions are distributed
also as tfp . Further, it says that if (1+f,) o~gf
neutrons are relgased per unit time per unit volume, cr*yaa
first collisions result per unit time per unit volume. This is
equivalent to saying that a source density ;65 gives rise to
a density of first collisions 7%3; gﬁh s or stated more
simply, one neutron released in a distribution /4, gives

quﬁ{ first collisions, having also the spatial depen@ence of

7/
The eigenfunctions [7/4 s sSince K 1is symmetric,
have the useful property of being mutually orthogonal when
integrated over the core. We shall assume, and it is certainly
true for cases of physical interest, that the functions 9&5 form
a complete set so that any reasnnable function defined over the core

can be written as a convergent series of Y .
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Section 4 Relation to the Milne Equation.
It is of some interest to derive the relatiom between the

integral equatipn (1.1) and the more usual way of writing the
integral equation for the two medium problem. We let o~ ¥ be

the total cross section in the tamper and 9 be the fraction of
tamper collisions which result in absorption. We denote the
ordinary Milme kernel between two points X and X (core or
tamper) by ME"—X) . This kernel is of course symmetric
since it is jusé the neutron flux density at X arising from

a unit source at X’ . We write w(X) . and @ (X

for the neutron densities in the core and tampér respectively and

obtain:

) = (1+f)a~ d%’ M (X'—X) wr (X7)

ore

+(1 +5)0~"j[ M) $ )

B(X) =(1 +£) / AT ME—%) & (%)

core

+(1~ 9)0-% *M (X ‘—%) ¢("’)

(4.1)
It is clear that if solutions of the equations (4,1) are obtained

for two different values of f , these solutions will be
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orthogonal with respeect to integration over the core only. It is
further clear that the set of functions 5&? obtained from the
equations (4.1) by giving {+f its various allowed values will
be identical with the previously defined set of 9&& « This
procedure is definitely contrary to the usual one of increasing

{+f and 1-9 in proportion and thus obtaining solutions
orthogonal over both core and tamper. It will be seen that the
procedure we have adopted seems to be much better suited to our
purposes., Of course, the kernel K can be expressed in terms
of the kernel M . If we imagine the core functiom M to be
‘ known, we can use the second of the equations (4.1l) to solve in
principle for the tamper function ¢5 « We can then insert this
function ¢5 in the first of the two equations to obtain a single
integral equation for gﬁi e We can then identify the kernel of
this equation with K .

Section 5 Equivalent eigenvalue problems.

The relations of the one-velocity problem can be written in a

somewhat different nnotation which is convenient for certain purposes.
We can imagine that a part o, of the total cross section O
results in a process of absorption. We can then ask, how many
neutrons 24, must be liberated for each neutron absorbed in order
to maintain the critical condition (in the nth mode). For each
nuetron absorbed 27, are liberated and hence the net number of
neutrons liberated per absorption is h - { s and per eollision

o3 o3
is (I/n—f) —5.3 since a fraction - ol of all collisions
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are absorption. But previously we have called fn the net number
of meutrons liberated per collision, so that the relation between
our two notations is

fn= (0 -1) %&. (5.1)

Another interpretation of & 1s that for each neutron
liberated in the distribution ¢ , the number é%{ are
reabsorbed (with the same distribution) by the cross section Ox o
This idea is made use of in the next section.

This question can also he looked at more formally. If a
kernel P (X—% is defined as the density of absorptions
at X produced by one neutron emitted at X , 1t is
easily seen that P can be written as a power series in the kernel

K (matrix multiplicatinn) and therefore the kernels K and P
both have the gﬁh. for their eigenfunctions, and the eigen-
values of P are simply related (by equation 5.1) to the eigen-

values of K .

Seci;ion 6. Absorption of neutrons from an arbitrary
source.

We are now in a position to answer a question of great interest
in our later work. Neutrons are emitted isotropically with a space
density ~S(§7 o We wish to determine the resulting density of
absorptions A(X) . Ve write S as a series in the Y

S = Sy ttn (6.1)
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It is then clear from our previous work that each ¥ will

reproduce itself in the absorption density, but with a reduced

{

strength —_— . We have:
%

A =L, Snh (6.2)

The series for S 1is assumed convergent, and the 24, form
an incre;sing sequence, so that the series for A converges more
rapidly than that for S . Physically, the distribution of
absorptions is always smoother, that is closer to 5@5 s than
the source which gave rise to the absorptions,

The ideas which we have developed will be of great importance
for the methods to be presented, but we still need a way of getting
numerical values for the fn. or 2p , and useful shapes for
the ¥ . We shall find that only f, , 2, , and Yp are
needed, and these can now be obtained with some ease for the case
of spherical symmetry with an infinite tamper. Given the tamper
constants, the core radius and the total core cross-section, f,
and hence 2Zg can be obtained by the simple procedures given

in LA-173 or LA-234. The eigenfunction ¥, will always be

sin kx
%

medium wave number calculated from the f, . These approximations

approximated by where K is the infinite

will generally be good. Where they are not, care will be taken

to point out the reason and possible improvements,
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II. The Treatment of Many-Velocity Problems When No Inelastic
§cgttering is Present in the Tamper.

In attempting to solve critical problems involving a

continuum of velocities, we shall begin by finding what problems
we can solve exactly. We restrict ourselves in this chapter to
problems in which the tamper absorbs and scatters elastically but
does not have any cross section for inelastic scattering, fission,
absorption, and elastic scattering. All processes are assumed
isotropic.

Section 1 Case of constant mean free path.

If, in addition to these requirements, we ask that all cross
sections in the tamper and the tntal crnss section in the core be
independent of neutron energy, we obtain a pqoblem exactly soluble
in terms of the presumably known solutions of the one-velocity
problem. To show this we first notice that, because of our
restrictions on the cross sections, a one-velocity eigenfunctiom

Yl and eigenvalue 1+£, calculated with the constants
at any velocity will be identical with those calculated at any
other velocity. This is so because the eigenfunctions and eigen-
values nf the nne-velocity prnoblem defined by equation (l.l) of
Chapter I depend only on the total cross sectinn in the core,
the radius of the core, and the properties of the tamper,

We now assert that with these restrictions, if the value of #
is such that the system is critical, neutrons of every velocity
will have the same spatial distribution ¢ . This canbe
seen by remembering the properties of the eigenfunctions. Neutrons

of all velocities will be making conllisions which also have the
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spatial dependence % « From each collision neutrons come
out isotropically with an energy distribmtion determined by the
cross sections. We then have an isotropic source of neutrons of

all velocities spatially distributed as % o The last

|

\

I

|

\ step in the argument consists of the observation that the first

‘ collisions from such a source will also have the shape »f % .

{ OQur assertion is therefore self-consistent,

| We can find the value of 2  required for criticality in

the following way. Suppose that when a neutron of velocity v~/

| makes a collision in the core, a number S(V/—=v)dv

\ are emitted isotropically in the velocity range dv « The
functinn S(V’—-—V) will involve the various core

cross sections, the spectra of fission neutrons and inelastically

scattered neutrons, and the number of neutrons, 2 , emitted

ver fission, Call oz (V) the cross seetion
for elastic scattering a (V) that for capture, oz(v)
that for fission from which Y /4 neutrons are liberated with
spectrum x(v) and o7 that for inelastic scattering.
If a neutron of velocity 74 i1s scattered inelastically,- .
supnose t?ie spectrum resulting is ¢(V—»V’) o« In this case,

o~=0+op +O7 + O

L c
and

o (v)-S(v—=v) =ozv) 6 (v'-v) +op (V)ex(v} +op VIB V) (1.1)
where J(V’-V) is Dirac's delta function and insures that

neutrons scattered elastically do not alter their velocity.
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Let N(v) be the total number of neutrons present in the core
per unit range of v , multiplied by Vv . \
The total number of collisions made at velocity V'’ in the
range dv’ per second is NE’) o (v)dv’ where o~(V’)
i{s the total core croiss sectiom. (actually o~ , at present,
18 considered as independent of VvV’ ). From each of these
eollisions, S(v/i—=v) . dv neutrons emerge in the
velocity range dv and a fractionm -1—}{:- of these make
first collisions in the core. We can therefore express by an
integral equation the fact that all collisions at velocity v
arise by the process just described from collisioms at all velocitiles
v/ . We have: |

N or(v)dv =/ dv/ SEEZR N@) o (o)

or

o
N(V)O‘(v)=-—1-+if——/ dv’ S(vtv) N(v) o~(v) (1.2)
° o

This equation will have a solutinn only for one value of 2 ,
(which is contained implicitly in the function S(vi—v)
and this value would then just keep the system critical. We could
just as well keep 2 fixed at its correct value and inquire what
the radius of the core must be to make 1+fo such as to permit
a solution of the equatiél.

The caleulation can also be made in a somewhat different but

equivalent way. This has the advantage of removing the delta

function in (11).
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Let us consider the elastic cross section as distinct from the.
rest of the cross section, which we will think of as an

absorption cross section og(v) . The processssincluded

in this absorption cross section are al 1 those which remove
neutrons from the velocity Vv so that oz=o7+or+ o7

We let 27(v) ©be the value of 27 required to keep & one=
velocity problem critical 1f oz (v) 1s considered as absorption,
as defined in section l~5. Suppose that when a neutron of
velocity v’ suffers an absorption, Sa (V’-»V)d‘v neutrons

come out 1soﬁrop1ca11y in the velocity range dv .

07 (v) Sa(v=v) = 07 (V) 2 2, (V) + o (V) & (v1—ev) (1.3)
We have for the total number of absorptions per second of

neutrons in the velocity range dv , N(v’)og(v')dv’ .

Each of these emits Sa(vi—=v)dv neutrons, a fraction

-’/—'(‘7)— of which are reabsorbed (by equation (5.1) of Chapter I).
We can again write an integral equation, expressing the fact that
all absorptions at veloclity Vv arise by the above process from

absorptions at all velocities. We have?

N{)oz &) dv =a/gov’—5‘—(&’—‘—’2°h’— N(v?) oz (V)

z(V)

or:

NV)oz (V)= ﬁ@ dv'Sa(v—~v) N(v) @5 (v)

—ams -—— oln .o
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The function 2/(v) depends on the radius of the core and the
function  S;(v>v)  contains the real 2z for fission. The
equation will not ifx general have a solution, but we can obtain
one by properly adjusting either 2 or the core radius, in
which case we shall have made the system critical.

The equations (1.2) and (1.4) are rigorously equivalent,
as can be proved immediately from (1.1) and (1.3) and the
relation of f and 2 given in (5.1), Chapter I. Equation
(1.4) is more convenient to use because of the lack of the delta
function in S, .

The solution of this equation l.4 is discussed in more detail
in section 4, but we can solve it here in a particularly simple
special case, namely when there is no inelastic scattering in the
core. (We shall also assume =0 but this is really not
necessary). In this case, since o3= op Equation 1.4

becomes:

NE)op (V) =—”,7"<\(7§;’L/dv'N(v')aT(v') (1.5)
4 ,

This equation can be solved by noting that

N@op(v) = c X{v). (1.6)

where C 1s a constant, independent of VvV , Now we substitute

'this solution in equation (1.5) and obtain:

0
X \V/] _ ZA(V, \'"4
c-;%;}--c—,;&,—f— dv*—”&(%r)z (1.7)

0
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This obviously requires:

@
i _ x (V)
(o]

This equation has a simple interpretation. In a critical

system, the neutrons liberated fr-m a single fission must produce
exactly one fission in the first generation. Multiplying equation
(1.8) through by 2z , we have exactly this statement for the
simple. system considered. This 1s so because zv,t(vj is
the number of neutrons emitted in the velocity range dv  1in one
fission and there is no inelastic scattering. By our previous
arguments, a fraction ;%Qa~ of thnse neutrons emitted at
veloecity ©V  will be absorbed to produce fission. The total
number of fissions coming in one generation from the neutrons
released from one fission 1s then clearly equal to
‘4(/ﬁikr—%§§%%g— which must be equal to unity
as stated by equation (1.8).

Section 2 Variable cross section., The first lower
approximation.

The restriction to constant cross sections in the tamper and

constant total cross section in the core, which is necessary for

the validity of equations (1) and (2), is of course too stringent

to include most cases of interest. We shall, however, use the
arguments employed in the derivation of these equations to give

Aa useful approximate treatment of less restricted problems. Suppose
that the tamper cross sections and the core total cross sections
vary with neutron velocity in addition to the variations permitted

in the preceding treatment. We can no longer argue that we know

the spatial distribution of neutrons of each velocity.

pRORMRa
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This is so because the eigenfunctions calculated with the constants

at different velocities are no longer the same, and the consistency
argument that all neutrons are distributed as the common 965 will
therefore fail, '

We proceed by defining a set of functions % (;,V) which
are the eigenfunctions calculated from the constants for neutrons
of velocity v . The set of functions for each velocity is
assumed complete, and in particular any one of the 5}5' at one
velocity can be expanded in a convergent series of the gﬁﬁ for
any other velocity. In any reasonable system, a given % will
not vary drastically with neutron velocity. This is especially
true of , the eigenfunction with no zeros. In a system

with spherical symmetry, for example, the function '900 will be
sin kr
2

function must be at least -%E and somewhat less than 4F , in

approximately of the form where the phase of the sine
all interesting cases, Usually conditions will be much less ex-
treme, so that we make the assumption that the change in shape
of 74 with velocity 4s small in a sense to be deflined

more carefully later,

It can now be seen that a reasonable approximation for the
spatial distribution of neutrons of velocity V is to say thaf
1t has the shape of &% (X,V) . Suppose that this were
strictly true. DNeutrons of velocity v’ make collisions
distributed as ©Z (X,v) . From these collisions neutrons
of all velocities emerge isotropically. Consider those with

velocity Vv . We have an isotropic source of neutrons of
velocity V distributed as QJ?CQ;\PQ and must then
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calculate the spatial distribution of absorptions from this source.

We use the method of Chapter I and expand the source density in
the eigenfunctions of velocity v '

S()= o 66 v) = £ & ¢ (Tov) (2.1)

The density of absorptions, (or first collisions, if any collision
is called absorption), will be:

A(§)={:;§%— w (X, v) | (2.2)

where the 24 (V) are those defined by equation (5.1) of Chapter I.

The shape of A (X) will be very close to that of gZ (X,V)
for two reasons., In the first place, most of the comtribution to
the expansion of S(X) comes from the term in ¢ (X, V) .
This is so because of our assumption that &% (X,V)

and Y (X, V') do not differ much in shape. In the
sécond place.,. f.hé séqﬁence of the I/n(v) increases hrépidly .'
as N increases, so that the series for A (X) converges much

more rapidly than that for 5(?) o Some numerical illustrations

of the validity of these statements can be found in Appendix I.
It is clear then that our assumption of shape %(Y,V)
for the neutron distribution at velocity V is nearly self-
consistent but not completely so. It is exactly so when
S (X, V) is independent of Vv and, as we shall see, is

good enough for most purposes when 500 varies in a reasonable

way with v .
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#ith this assumption, we can write an equation analogous to
equation (1.4) which will however no longer be exact. With the
notation used in deriving equation (1.4), and the approximate

§§§umption that neutrons nf velocity v emitted from absorptions

at veloncity WV’ are emitted in the svatial distribution gﬁ, X v) :

we will have an equation of exactly the same form as equation (1.4):

©
A(v) =;/-1;>o/ dv’ 5, (v —=v) A (v’) | (2.3)

where we have set A (v)-= N(V)og(v) , . Thus A(v) has
*he significance of being the total number of neutrons being
atishrbed at velocity v .

This is o“ course nn longer an exact equation. . It is very
nearly correct and can be used for nearly all practical problems.
¥e shall call it the first lower aporoximation.

Section 3 First upper approximation.

Another equation can be derived by making an approximation

no worse than that used in nbtaining equation (2.3). ¥We_assume that

/

only those absorptions which occur at velocity A4 in the
distmibution géé(?;w“) are to be counted as producing
absorptions at velocity v . If %(;,V) is assumed to’

te normalized so that its integral over the core is unity, then we

must write:

¥, (xX,v’) = Z cn Yi (x,v)
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With this expression for thie kernel P. equation (4.1) becomes:

- { i () )-(”V ’ ’ - >/ T’ r’
AR, v) =[%(V) -”1(‘0 Sdpf(ilroa)(k’,v)ﬁv S(v ”’V)ﬁ" 5 (Xsv)A(KSv)

+ dv’'S(v'—v)A(X,v) (4.12)

{
24 (v)

This equation is not easily transformable intn one or two integral
equatinns for one or tw» functinns of velocity alone. If we do
not try to treat a continuim »f velocities but restrict ourselves
to a small number of discrete velocity groups, equation (4.12)
is easily soluble,

The convergence of this sequence of approximations is
1llustrated in Appendix IV by applying them to several two-group
diffusion theory problems,

Ch.III. The Treatment of Inelastic Scattering in the Tamper,

In the preceding chapter we have seen that useful approximate
methods exist by which neutrom properties of some simple systems
can be easily calculated, even though a continuum of velocities
is nécessary in the description. We should now like to extend
our treatment to the the case where the tamper possesses an
i{nelastic scattering cross section. We shall see that our posi-
tion here is not nearly so strong as it was im the simpler systems
treated previously. We shall find ourselves unable to treat a
econtinuum of velocities and we must therefore make the approximation

of replacing the continuum by discrete energy groups.
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Section 1 Two velocit roups. General equations and
de?initions, _

Let us first consider a system in which neutrons of only fwo
velocities are created and destroyed. Suppose that the system con-
sists of a spherical, homogeneous core surrounded by an infinite,
homogeneous tamper., Neutrons in the core can be elastically
scattered or can be transferred from one velocity to the other
by fission or by inelastic scattering. Neutrons in the tamper
can be elastically scattered, captured, or transferred from
velocity one to velocity two by inelastic scattering. We adopt
a point of view similar to that used in the preceding chﬁpter.
Neutrons in the core act by means of collisions és a source of
neutrons of both velocities, and by studying the absorption from
this source, we shall obtain the condition of balance satisfied
for criticality. We shall think of the inelastic scattering cross
section in the tamper as an absorption cross section for neutrons
of velocity one. We shall then have a source of neutrons of
velocity two distributed in the tamper as are the neutrons of
velocity one. It is then necessary to find what fraction of the
neutrons from this source are absorbed in the core, and include
these extra absorptions in the balance condition.

To make these ideas more precise let us first consider the
situation without the inelastically scattered neutrons. Suppose,
for example, that these inelastically scattered were removed and
not permitted to pronduee further fission. Later we can study the
actual contribution made by these inelastically scattered neutrons.,

Thus we have a problem without inelastic scattering in the tamper,

» _———
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the actual inelastic cross-section being replaced by absorption.

In that case, we can use the ideas of Chapter II. In the simplest
lower approximation, we are led to write equation (3.1) Chapter II

in a form appropriate to just two velocities:

{
A, =;—;‘[3(1-"'1)A, +S(3—"'f)Ag]

Az =;/'—— [3(1 —=2)A, +s(a——a)A,,]

=0 (1.1)

Here A, and A, are the total number of neutrons absorbed in the
core at velocity one and two respectively, and zqo(dnd Z50)

are the 2z values which make a one velocity system critical which
had the cross sections appropriate to velocity one (and two) only.
The quantities S are the direct analogue of Sa(v—-v') « Thus
\5(1-a) gives the number of neutrons liberated at velocity two if
one 1s absorbed at velocity one, while 53(1—*1) gives the number

liberated at velocity one under the same circumstances, If a

- neutron is absorbed at velocity twn it has probabilities 3(6-'1)

and .5(2'—-69 to reappear at velocity one and two respectively.
The equations are easy to understand. For example, the expression
in the square brackét of the first equation is the total number
of neutrons liberated at velocity one and of these, as was discussed
in Chapter I, the fraction 2%; can be expected to return to
the core for reabsorption.

Now we must include the effect of the inelastically scattered
neutrons, A certain nunber'or neutrons are liberated in the tamper

at velocity two and these find their way back to the core and
contribute to the absorptions A, there.
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The neutrons are literated at various places in the tamper,

(the distribution depending on the shape of the tamper solution
at velocity 1) and thus have different probabllities of returning
to the core. For a simple argument let us define a quantity:

‘Ea as the average probability that a neutron liberated
in the tamper by inelastic scattering (from velocity) findsits
way into the core and is absorbed thers.

Then the term to add to the second of the equations (1.1) is
simply P, times the number of neutrons inelastically scattered
in the tamper. This number is not hard to find. It is just

X
2&- times the total number of neutrons absorbed in the

3

tam;:Ei since each absorption has this probability of resul ting

in inelastic scattering ( C%z? 1s the inelastic cross-section
in the tamper, and 0;{ is the total absorption cross~-section
of neutrons of veloclity one in the tamper and.is C?ﬁg

plus the true capture cross section). The number absorbed in

the tamper is just those which are not absorbed in the core.

Since of the neutrons liberated in the core a fraction 2%—
10
are returned to the core, the remainder, or 1-2% are
10

absorbed in the tamper. In this way we can understand the modifi-
cation of equations (1) to include the effects of inelastic

scattering?

1

1

A=— |S(1—1)A, +S@—1) A,

A,=— | S(1—=2)A, +35(2—+2) A,

*
25 __!_..) — +(2 >
+ o;*-(f ” 19,3[5(1 A+ DA 1. 2)
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These are simple equations which prove to be adequate to give
a close approximation to the sonlution of two velocity problems.
To use them however, some fairly simple way must be devised for
the determination of p,, . We shall derive several alternate
approximate formulas for this quantity and discuss the validity
of the approximations later in this chapter. We shall also be
concerned to some extent with the validity of the entire set of
equations (1.2), but strictly this presents no really new problem
(above those discussed in Chapter II) other than the adequacy
of a proposed formula for Pz - At the end of this chapter we
discuss the extension to a system with three, or more velocity

groups.

The determination of Piz requires an analysis of the
diffusion back to the core of neutrons which have been liberated
in the tamper, The dependence of the quantity on the index 1 is
solely through the fact that the neutrons of velocity 1 determine
the spacial distribution of the source. Let us consider neutrons
of velocity two released from any source in the tamper, S(r) .
We then consider a kernel Q, (r—=r’) which is the flux density
of neutrons (of velocity two) at position r’ im the core when
a unit source is located at position I in the tamper. The
density of absorptions A(r") in the core resulting from the
source .S(f) is then given by:

Al') =4 oia/‘g (r) Qz(r—-r’) r2dr
o ' —

frm -
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The quantity Pie is the number of absorptions which occur

in the core in the fundamental mode:

477 JA(C) g, (r)redr - 478 /5, (r) radr
4Wo‘gfr)radr

In the expression (1.3) for A the source S must be taken to

(1.4)

12

be that arising from velocity one (equation below). We are
therefore led to study the kernel Qe more carefully.

The kernel (, 1is a diffusion kernel at a single velocity
and is therefore symmetric. We use this fact to obtain an
expression for it., Let us expand Oa(r—-r') as a series in the

normal modes at velocity two, Q&ek (r) with coefficients
’éak(r) . We have:

Qe (r—=r')=Qp (r*—r) =& Ay (€) F54 () (1.5)

Consider a source of neutrons of velocity two in the core, having
the fornm % (t") . We use equation (1.5) and the orthogonality ‘
of the %k to obtain as the resulting density of absorptions

in the tamper:

a a
’I;k(r)=41r¢g:ﬁa(r’—-r) Y () e drmdrtagy &, ) o/g&‘ﬁ @r3dr e

Now we know that if neutrons are released from a source %k(")

1

the distribution of absorptions will be ;& r) .
zax Pkl

It is therefore true that if one net neutrnon is released in the

shape - net neutrons are absnrbed in the core, and
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We now integrate equation (1.6) over the tamper. We obtain

the total rate of absorption in the tamper which, by the argument

Just made, must be equal to { —-
ZZk

times the total source

in the core, This gives:

g -4 1 s 2
471; L) r dr:((—m)él-f% zi (c)r2 dr

(1.7)
Combining 1.6 and 1.7 we find for ¢gk(r) :
o () = Tak () "—Zx. 4/ ‘%‘ (r)rédr
T4/ P Tak()redr  on¥ 4w /g (r)ridr
(1.8)

We can now insert this in equation (1.5) to obtaim an
expression for the kernel Qa in terms of the eigenfunctions and

eigenvalues of a one-velocity critical problem:

p)e G(r)  t-gy (W lrde g o
Gz(r' r) { 4’%1_%:& (t‘)t‘adt' 0"3 /y’:(r)rgdr %k@)
(1.9)

Now let us obtain the quentity P2 defined previously.
For the source S(r) , we take a function with the shape of
the tamper solution appropriate to the fundamental mode for
neutrons of velocity one, but normalized so that one neutro_n‘ is

emitted per second. This gives:

__Tio (r)
4771 :
/ T (r)rtdr
_ (1.10)

S(r)
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If we substitute this, and the expression (1.9) for (Q into
(1.3) to find A , and then use the formula (1.4) we find ps

can be expressed as:

a 0
0 (r)rzdra oz { )471' Tio (r) oo (r)r®dr

Piz = 2 2 —% - 2 0. 2
am gl (r)rtde opf V 20/ 4m/ T (0)r drasp/ To()redr

(1.11)
The expression (1.11) is exact.
In the next sections we shall discuss various approximations

that can be made to it, Before we do that, however, it may be

well to point out that the equations (1.3} 1P ¥Pi8huehs oFPBEAFergent

are themselves ndEFépproximations to the exact equatiohs will be
undertaken later,

\ Section 2 Neutron return from tamper to core: First
method of approximation.

We discuss in this and the next section various approximations

which can be made to the quantity Piz - There is one simplification
which can be made immediately. If we multiply and divide by the

core volume we obtain as a factor the combination of integrals:

Ly, (r)r2dr]®
| 7%%(:’)30‘:' 'o' r2dr (2.1)

We shall hereafter replace this combination by unity. This is a
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reasonable approximation. Except near the edge of the core the
inkr

function vfz, (r) behaves as i'kT_ . For ksa=0
(tamper having large cross section and no capture) the combination
is equal to unity, for kea=%-r it is C.98, and for kzaéf

, it is 0,88, It should be remembered that a large
value of kzzi corresponds to a poor tamper, from which the inelastie
return is less Important. This approximation therefore seems to

be good (and is certainly convenient). If this is done, we have

for p'a H

T 3
P - Of 1——1- /Tio(r)-’;o(f')rzgr._ai
12 o?a* %0 Tio(r) r2dr [ ao..r; ) Oredr

(2.2)

The various approximate methods of estimating }%2 are simply
alternate ways of evaluating the integrals (omitting the subscripto

for nornal mode):

6 T () T (£)radr
[“T(r2def T.()r*dr
(2.3)

This only requires knowledge of the shapes and not the size of the
functions Ty and T, . When the diffusion theory is valid these
j o
shapes are accurately known. They are of the form e-h.r
r

and e hat respectively. The constants hq and h,

are respectively 1/ 30;“0;"* and ‘/ Soz*cz, respectively.

Putting these forms into (2.2) and performing the integrals one
finds:
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a’ hzhg (1
P =3 (T+h,a)(1 +haa)(h, + he) "z’a

(2.4)
This is the first of our forms for p,, . It is exact (except
for aur replacement of the integrals (2.1) by unity) in the
diffusion theory. It may also be obtained directly from the
differential equations of this theory by studying the diffusion
into the core of neutrons distributed in the tamper as e,"""";

The expression (2,4) although only (nearly) exact for the
diffusion theory is nevertheless often a very useful approximation
when the accurate integral theory must be used. In this theory
the functions T, for example behaves asymptotiecally as e'h'%
and differ from this only near the core surface where transition
effects occur, These transitinn effects, especially when the
tamper does not have a large absorption cross section are often
quite small, and their effect in the integrals (2.3) is negligible.
One change must be made however, The quantities h, and h, must

now be determined from the usual secular equation for the Milne

equation in the infinite tamper medium:

he
(2.5)

where 7' and 9,_ are the usual ratios of absorption to that

1T




e,

M gy




—a——— .

cross section: at the two velocities (g,= ;;?:

and 9a=_a;_‘::‘_§ ). The formula may be improved by
putting better formulas for T, and T, into (2.2) in which
the transition effects (which has been studied in many one-velocity
problems, see LA-53 and LA-258) are more clearly represented.

This probably leads to relatively complicated expressions.

In the next section we derive another form for p,, and show that

it takes somewhat better account of these effects than does (2.4).

Section 3 Neutron return from tamper to core:
other approximations.

The method we shall adopt to determine p,, in this section
is to set up an imaginary two velocity problem for which the
complete answer is known. Then using our fundamental equations
(1.2) for such a problem we shall find the value of P to solve
other problems.

To do this we consider an imaginary problem in which there are
two groups. The upper we call group X and the lower simply 2.
The constants of the lower velocity are exactly those of the
velocity two group for the real problem for which we are trying to
solve. The constants of group X however, instead of being those
of velocity one, are taken to be simply those of velocity two,
with one exception, however. That is we imagine that we add a
cross section Cﬁik of inelastic cross section which transfers
neutrons from group X to group 2 (the tamper absorption cross
section is therefore 0?::‘3 +o;3‘ 80',:1 ). Now this
transfer from X to 2 really makes no difference, the neutrons
still have the same properties., Thus we know that for the whole

system we can solve for the critieal 2 .
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It is simply Z, o

The point, however, is that Piz depends on velocity one
only through the shape.of 'ﬁ and therefore p,, depends only
on the shape of the function T, representing the distribution
of X neutrons in the tamper. But the shape T, can be made
very like that of Ty by adjusting the value of O,
(and hence op,* )« We discuss the choice of O later,
but first let us see how we can determine pD,, ‘which we shall
later use as an approximation for P2

Let the Z- required to keep criticality in the upper group
be 2/ (which is not 24 because of the extr:a tamper absorption
ofxneutrons). We now treat this problem by the pair of equations
(2) assuming the exact critical 2 for the system is =zgz . Then
since X and 2 neutrons both may be pictured as producing
fission from each absorption with this 2Zr=z4 yand there is no
core inelastic scattering, we have
S(x—x)=24,S@—~x) =24, S(2—2) =0,5(x—~2)=0 ,

so that equations (1.2) become

Ax =i’Lx [”a Ay *”/aA.e]

*
_ Olxe - _1_
a0 () mabimeran]

These equations (add them and divide by A, +Ap ) require
that
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To obtain an expression for Piz Wwe must now choose the value

of op% so that Tx approximates T, . We shall do

this by making the asymptotic forms of these functions the same

and hope that the transition effects are nearly similar. Thus

we choose hx = h' . We shall, to indicate this special choice
now use the notation 12 for x. We let 9& be the usual absorption

number in the tamper at group two, so that:

X
gs = 05; (3.3)
Oz
We can look at the quantity c’:ﬂé as the capture cross section

that would have to be added to the tamper at velocity two to make
the asymptotic rate of decay of neutrons of velocity two match that
of neutrons at velocity one in the real two velocity problenm.

We define 918 as the total ab;orption number necessary at
velocity two in the tamper to matech the shapes in this way. We

have:

(3.4)

We re-write equation (44) as follows:

—1"'-1- g2
o , (3.5)

P2 =

9292 11—

e




AT




—— S 44,

This is the second of our useful approximations to Pz In
it the quantity g’a is the absorption number for gi'oup-two
neutrons in the tamper which would give the same asymptotic
exponential snlution for region 2 as actually does exist in-
region one., That is if g' is the true absorptisn number in
region one as in (2.5) we find Ya by determining hy from

~(2.5) and gz from a similar equation.

1=91 “TanhTh
' el

and 1-gqz ='—‘1——t,,,o~ hTH (3.6)
The quantity z,, is the » value&which would make a system with
neutrons of velocity two critical if the actual absorption number
in the tamper were g,, (instead of g, ).

We shall now derive equation (3.5) by another more formal
method which shows more clearly the approximations involved in its
derivation. We must first prove a simple orthogonality relation
holding between the neutron distributions in certain related one
velocity problems. (This theorem and its applications are described
in much more detail in LA- 608 . ) Let M (F—¥)o~(F)
be the probability per unit volume that a neutron released isotropi-
cally at —)?/ makes its first collisions at X . The position7
can be a core‘ point or a tamper point so that & 1is a function
of position. The kernel M 1is, of course, symmetrical. Suppose
we have two systems, both eritical, with the same total cross section
as a function of position and which, therefore, have the same
M(i("—/—}?). Let us call the function which is the total cross

section multiplied by the total number of neutrons emitted per

integral equations for 5&' and

—

collision g(X) . We zan-then write

LYY — L TTTe————
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Y7’ , the neutron densities in the two systems:

¥ ®) =/dTMFE—X) q (F)gr (X')
}é'xx)f//givbiZfz*;ijcy(iv)gprS?O

We multiply the first of these equations by q’(i’) o (X)

and the second by q x) 9&(3?) , integrate each over all space

and subtracf. We obtain:
/7 [q ) =40 ) () = /33/d% [q' () - TIME-F

4R &) =4 &) g QME=T)GE) )|
(3.7)
In the second term of the righi: hand side of Eq. 3.7 we interchange
the dummy variables of integration and note that, since M(E("——Y)
is symmetric, this term now cancels the first. We obtain:

/[ -GR)| g () gr ) =0 3.8

We now specialize this general thenrem to the case of interest to
us. We consider two systems with the total cross-section in core
and tamper equal to Op and Gg* , respectively. In the first of
these systems we place the absorption number in the tamper equal
to 3& and place the reproduction number in the core equal to

f, , the f required for criticality. In the other problem we

place the absorption number in the tamper equal to the number 91:

previously defined, and the reproduction number in the core equal
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to f, 4 the f required for criticality with this changed

tamper absorption. The quantity q(x) will be equal to (1 + f)o,:
in the core and (I -g)c‘a-* in the tamper. We now write
equation (3.8), doing the integrals over the core and tamper
separately and obtain, writing Y/ and 5!%3 for the densities
in the core 1} and T, for the densities in the tamper:

4w (f,-f,) 03 2d (r) n (r) (3.9)
(1 ) / 1'5& _4"_?(9‘:_9&) / 23, T (r.) 'a(r)

We can also use the conservation law to get some other relations.
In each problem the total number of extra neutrons produced in

the core must he destroyed in the tamper. This condition gives:

4ﬂf¢a~ iy dr;&a(r) 4ﬂ9,ao~/r‘drTa(r)

2 , _ % /D
4mriop, r‘dr%(r)-47rﬂaoga/z:¢dr1;a () (3.10)

If we now divide equation (3.9) by each of the equations (3.10),

we obtain:

1 _ 1)1 4 r*dr & (r) e (&) C(3.11)
f, f.)o3 / ’r‘dr%(r%?’-dr;&a(r)
1t /r‘d‘r Ta(r) Tia (r)
(9a 5«2) '_7kr‘drT )/ TEr T, (r)
We now multiply E//f.rdr and set the resulting combination

of integrals on the left equal to unity, as it will be very nearly

in all cases of interest,
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We have thus obtained an expression in terms of the eigen-
values of two one-velocity problems an expression for a combination
of tamper integrals approximating to the combination required in
the equation (2,2) for the quantity Piz . The function T, ,
appearing in (2.2), is duplicated exactly in equation (3.11).

The function T, , appearing in (2.2), is apprnximated by the

function T, . The function T, and T, match asymptotically

and bnoth have transition effects in the same direction at the

interface. By the use of Eq. (3.11) we can, therefore, expect

to obtain an expression for Pe of greater accuracy than if we

had used the asymptotic exponential tamper solutions for 1] and T} .
We combine (3.11) and (2.2) to obtain:

1
G _1)Yoz* % ke

1
g_e. 9,2

We can express the quantities f

2 and f in terms of the quantities

Z5 and Z{, previously used by the usual relatiom ( from Chapter I,

equation (5.1) )

’/a""'*'%fz ffz_ia (@z-1)
a1t o2 g, o= o2z - 1) Gy
The insertion of (3.13) in (3.12) yields, after noting that
o;: =J, oz* and rearranging,
1_1
Pe = _de im Fa
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