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ABSTRACT

Methods for caloulating the opacity of materlals at high tempera=
tures ere discussed in this report. Minor improvements are outlined for
the treatment of continuous absorption processes, and a small error usually
made in treating the scattering process is oorreoted, In contrast to all
previous ocaloulations of opacity, the effect of line absorption is carefully
examined, for it may well be the dominant proocess under certain conditions
of temperature and densitye Detailed methods for calculating the line
absorption contribution are, therefore, developedes To illustrate the
principles involved, the opacity of pure iron at & temperaturs of 1000

volts and normal density is worked out in detail, For this case, the ovecity

is 20.2 cnz/gram, corresponding to a mean free path for radiation of 631 x lo-scm.

The ratio of the opaeity including line effects to the opecity without lines
is 3.2 &
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GLOSSARY OF NOTATION

- A Reciprooal length, defined by (6.21).
& A Helmholz free emergy, (AI.4),

#, Bohr radius = ,5291 x 10"% cm,

&,y defined by (5472), (6446),
a;' radius of ionic sphere, (4.24)

B= M? in (5.33)
2kTu
)3
2hy/ e =% ag defined by (3.8)

B
“ 02 l-e‘-u

. b (¥)) dispersion factor for line absorptions (2.6)
b' (u) dispersion factor for line absorption (5.1la)
. ¢ velooity of light
0 o(€p) density of states of the free eleotron per unit emergy interval (2.29)
‘\(- 033 degeneracy of the ith ionic level
cp demsity of initial state per df (2.26)

3
Dz u” Me  reduced absorption coefficient (6.20)
A

E, energy of quantum state a of an ion (2.4)

Ej energy of quantum state J of entire system (4.,11)

o positive electronic charge
. fba’fi electron number defined by (2.3)

F(¥,w) function defined by (2,34)
. By, p (¥) Gaunt factor for bound=free transitions (2.22)
gﬁ.(a/) Gaunt fector for free-free trensitions

Epp Average Gaunt factor defined by (6.27)

Bk (u) Frequency factor (5.82)
“. £ mi{u)  Frequency factor (5,71)
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Glossary of Notation (continued)

h Pla.mk'a sonstant

A= h

2

I(2/) Specific intensity of rediation see (2,2)

Ionization energy of an electron bound in the n shell, (2.21)
Mean opacity coefficient per unit mass om?/gm.

Boltzmenn's constant
Wave number vector in direction of propagation,(2.1)
Mean free path for radiation of frequencyz{ (3.15)
Mass of absorbing atoms, (2.16)

Grem atomic weight K (6.1)

Number lines in Kth class, (6.44)

5B B K §> whowo W

Mass of electron, (2.3)

No = 6,023 x 1028 Avogadro®s Number

XD Number of atoms in initial state b (2,9)

ny, Number of bound electrons

ns Number of free electrons

n = n+ N, Total number of electrons in system (4.8)

N Total number of atoms in system (4.6)

Nz Number of nucleii of atomic number Z in system (2429)

n, Initial stete of the scattering particle (2432)

f  Unit vector (3.17)

T, Aversge number of quante in each rediation oscillator (2.1)
n(€ £) d(&) Number of states of free electron in energy interval a( €r)

n(i'r) d% Number of electron with velocity veotor betweenv andv + dv (3.3

Pe 1 (545)
“T+r

P Pressure, (6417)
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Glossary of Notation (continued)
0 PJ Probability given by (4.,13)

. Q Electronic partition function of the system (AI,1)

q Availability of final state (2,29)

) r=_M = ratio of line absorption %o continuous background (5.5)
Mo
. -——f 5
. Value of r“ averaged over the bound wave functions (4.,27)
r,- _e 2 Classical electrons radius (2.34)
me

Rho  Rydberg energy = 13,607 volts (2.25)
S(u) Stromgrem function Tabulated in Table VI (6,30)
y s Eq. (5.11a)
S Entropy (AI,11)
- T Absolute temperature (2.16)
0 u= h/ as defined by (3.8a)
T
b v Volume of system (2,9)
Sum of Couloumb and exchange electron intersctions (4.12)
w Transition probability as defined by (2,1)
w = Cos©@ (2,34)
w:.b () Trensition probability for spontanecous emission (2.10)
' wib () Probability for induced emission (2.11)
\ 2' Effective nuclear change (2,25)
Z* Effective nuclear charge (6.7)
A Effective nuclear charge (AI,15)
oL = ez/hc = 1/137,03 fine structure constant
" L See (4,13)
0<I/ See (4,17)
O % kT is free energy of electrons (4.4la)

) a(j Dirac velocity matrix for jth electron (2.1)
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Glossary of Notation (continued)

¥ Dimensionless half breadth, defined in (5,21)

47 kT
¥ Breadth of spectral line (2,15)
27T
Y - h7Z (2.34)
me?
-
13

Direction of polarization (2,1)

€ (r) Potential energy (4.49)

€

(h‘,_’

i

mi
o

%

Energy of free electron

Ionization energy of the ith electron (4.22)

Average energy of electron in ith state (AI.10)

Scattering angle (2.32)

Rosseland mean=free path (3.18)

Mean free path ignoring lines (5.7)

Contribution of lines to Rosseland mean free path (58)
Absorption coefficient, as defined in (5.3)

Absorption due to continuous processes alone (5.4)
Absorption due to lines (2,9), (5.4)

Soattering coefficient, i.e. inverse mean fres path for scattering. (2.33)
Frequency

Density (3.25)

Soreening constants, defined by (4.23) Tabulated in Table II
Surface element (3.1) .

2
= 87/?_9_;_2 = .6654x10'24 cme Thomson cross-section (6.24)
3

me

5{&(?/) Absorption cross-section. Eq, (2.8)
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Glossary of Notation (continued)

0 ¢¢ Electrostatic potential, defined by (4,26)
a ¢ Differential scattering cross-section (2.32)
.kk Electron wave function (4.2)

. {1y Density of states, defined by (4.14)
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The opacity of materials at extremely higzh temperatures is important in the

I, INTRODUCTIOR

study of stellar interiors. As suoh, it has enzaged the interest of astrophysi-
oists for the last thirty years, The most recent study of this problem is by
Morso(l). Following the tradition im the fleld, Morse comsiders only three funda=
mental processes as contributing to the opacity = photo=electric absarption (bounde
free transitions), collision absorption (free-free transitions) and Cohpton scatter-
ing, Tt was pointed out by Edward Teller that a fourth process, line absorptlon,
might often prove to be the determining ome in the opacitye A% his suggestion,
therefore, the problem was investigated anew,

Previous workers(a) had recognized that sufficient absorption strength was
present in the line spectrum to inocrease the opacity by factors of 2 to 4 It
was argued, however, that individual lines are extremely sharp, end although they
are very strong compared to the continuous ebsorption procesgses, they would simply
make a very small region of the spectrum opeque to radiation, Since the mean free
path for radiation (vreciprocal of the opacity) is a weighted frequency average
of the reciprooal absorption coefficient, the blackness of these small regions would
not appreciably alter the mean free path, Teller pointed out two reasons for sus=-
peoting these comolusions: 1) Individual lines were apt to be very much broader
under the extreme temperature and density conditions of stellar interiors than
under normal terrestrial comditions 2) There would be an enormous number of
lines arising from the complicated electrostatic interactions at these temperatures.

The reasoning behind these suspicions is qualitatively very simple, At high
temperatures, an element will be found in many states of lonizatione Furthermore
each ion type will exist in a number of exoited states, For example, calculations

show that iron at temperatures of 1000 volts and densities 5 times normal, i.e. 393

(1) Astrophysical Journals 92 pp. 27-49, 1940, U N c l. AS S ‘ F l E D

(2) Menzel and Perkeris: Monthly Notices of the Royal Astronomiocal Society, V., 96,
Pe 77, (1935); S, Rosseland, Handbuoh dor Astrophysik, Ve 3' 3 tells
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grams/%ms, (conditions availadle in stellar interiors) will have on the avarage 2 K
eleotrung, 1l.24 L elsctrons, 1l.10 i electrons, etc. = in all a total average of 4¢3
bound electrons, We may expeot appreciable numbers of ions with from 2 to T bound
elactrone Moreovar of the ions with say 6 bound electrons there will be some with 2K,
4L, others with 2K, 3L, 1Y, still others with 2K, 2L, 2M, and 80 on. Tach configura-
tion of these ions gives a rather complex line spectrum - the total number of lines
from the assemblage will be enormous. MNixtures of elements will give even a richer
line spectrunme.

Among the causes for linme broadening are 1) Natural breadth; 2) Collision
breadth; 3) Stark breadth; 4) Doppler breadth. Each of these is much more important
at high temperaturss and densities than at ordinary conditions. Because many electrons
are in excitad orbitals a large number of emission transitions can degtroy the initial
state of an ion. In addition the intense temperature radiation present can induce
absorption transitions. Both effects enhance the natural breadth. At high temperatures
collisions with free electrons will frequeuntly occur - a process almoat euntirely
excluded under ordinary conditions. Moreover the high velocity of the ions creates
an appreciable Doppler broadeninge It also enables relatively high oharged ions %o
approach so close that enormous fields are available to cause Stark broadeninge.

In many oases the lines will be 8o broadened as to form a virtwally conbtinuous absorp-
tion band, very effective in producing high vpacitye.

I% will be realized that it is the high excitation of the material, combined with
the pervading electrostatio interactions that makes line absorption so important a
feature in opacity calculations. Previous treatments of the problem essentially
neglected all these interactions except those between a nuoleus and its own bound
electrons It was felt worthwhile to include these interactions in some moderately
satisfactory form in order to insure the accuracy of the calculations of the line

absorption. This problem is treated at some length in Chapter IV of this papers
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An immediate byproduct of the statistical mechanical calculation which is there per-
formed, is the thermodynamic properties and the equation of state of material, It is
gonerally assumed in work on stellar interiors that the material obeys a perfect gas
equation of state with an effective number of particles equal to the sum of all the
electrons and nuclei in the system. In Appsndix I, the appropriaze modificasion of
the equation taking into account the presence of bound elsctrons, electrostatic inter-
actions, and a small correction for relativity effects is given.

The comploxity of the line spectrum precludes any straightforward attack on the
problem, Taller, however, when he proposad considering the line absorption, also
suggested the use of a statistical method of finding the contribution to the opacitye
The method is developed in detail in Chapter V which counstitutes the significant new
contribution to the study of opacitye.

During our reexamination of the opacity problem, Dr. Maria Mayer noticed that the
scattering contribution has always been treated by analogy with the absorption=-
emission contribution. This proves to be incorrect, although the numerical error is
small, The differsnce between the two types of process lies in the effects of induced
emigsion and induced scavteringe. The presence of induced emission strengthens a bean
in its passage through matter, thus tending to reduce the opacity. In the scattering
process, on the other hand, the induced scattering out of a beam compensates for the
induced scattering into the beam. The correct calculation of opacity due to scatter-
ing therefore gives a resuli greater (actually 57 greater) than the conventional one,

Although there are many features in common, the treatment of the opacity of
heavy elements, is different in many details from the treatment for light elements,
This results because the relativistic effects completely change the nature of the
line spectrum of heavy compared to light elementse A conpanion paper %o this by

(3)

Boris Jacobsohn , gives specific avtention to the calculation of opacities for the

(S)Dissertation, Univergity of Chicago, Dept. of Fhysics, 1947,






heavy elementse

The author wishes to thank Dr, Maria Mayer and Dr, Edward Teller for suggesting
the problem and for much valuable asgsistance in attacking it. It is a sincere
pleasurs, moreover, to acknowledge my indebtedness to Dpe Boris Jacobsohn for wmany
discusgions on every phase of this provlem, and to Mr. Rudy Sternheimer for his
valuable work on line broadening without which this paper would have little practical

significance,
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II, THE PROCESSES CONTRIBUTING TO THE OPACITY

Any process capable of removing guante from an incldent beam, or emitting
quante into thet beam must be considered in the opacity problem. The most
important of these processes is simple absorption and its inverse, Im this
case a quantum is absorbed by an atomic system, its energy being transferred %o
exoitation of the electrons, We may distinguish with profit three different
types of absorption. In the first an electron in a bound state of the atom is
excited to another bound state, This is the familiar line absorption. In the
second the bound state elestron is rernoved from the atom, going into one of the
continuum of free states available, the usual photoelectric effects In contrast
to line absorption, this process is possible for any energy of the incident quantum
greater than the lonization energy of the electron. lastly, an electron in a free
state may absorb energy by a transition to another free state, Any amount of energy
whatever may be absorbed im this prooess, The inverse processes to the three men-
tioned are, in order: line emission, olectron capture, and Bremsstrahlunge

A second absorption process is pair production with its inverse process
annihilation,

The last group of processes is scattering. Here an incident quantum is
deviated from its original path by an atom or electron. If the atom remains
in its initial state after the scattering, we have ordinary ooherent scattering;
if it does noti, the phenomenon is known as Raman scattering. A special case
oceurs if the frequency of incident radiation 1s equal to the frequency of an
absorption lire of the atom, Scattering by free electrons iz termed Compton
scattering.

The remainder of this chapter givos the transition probabilities for these

processes,







wle

1o Line Absorption

The three types of simple absorpiion = line absorption, photoelectric absorption,
and absorption due to free=free transii;ions differ only in the nature of the
initial and final states of the atom, It is therefore possible to develop the
treatment of all throe at once up to an advanced point and there introduce the
differences,

The transition probability for the absorption of a quantum of energy hv/

from an incident beam is

-

€.x

[

(2.1) " afl = -.1;70—— 7/;;/ dﬂ‘?é}.z ,il?o;j) blz
a

In this formulao—% is the Dirac velooity mafirix for the jth electron, -é is the
direction of polarization of the incident light beam which has the wave number
vector ¥ in the directicn of propagations The matrix element comnecte the ini-
tial state of the atom b with the final state a and is averaged over all directions
of polarization and orientations of the aton - which latter is the same as the
average over directions of propagation of the light. The inoident beam has omn the
average T quente in each radiation osoilletor, that is the intensity of the beanm
directed within a solid angle dQ is
(2.2) I) davalls hwe Ty 225%.’.@.@

]

It is oonvenient to introduce the eleotron number defined by

2mo? PE &

_ 2ot x..o & JolEN

(2:3) £y, = B30 c;_ ((ocj Ee )ab .
where

(244) hy, =z (Eq = By)e

This definition reduces to the usual one for one electron atoms in nonerelativistie
approximetion, when elkeT 34 replaced by unity ~ the conventional dipole approxi-
mation, Combining (1), (2), and (3) we get the transition probability as




..
-
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7/bf g)
dﬂsm ; dQ Y

(2,5) | Sy

In any actual physical system the absorption is not confined to a single fre-
quenoy, but it is posaible for a range of frequencies in the neighborhood of %b.
Wo shall therefore introduce the dispersion fasctor for line absorptions bypa(2) vy
the definition that the probability of absoring light of frequency between 2/ and

2% A2/ by the transition b—»a is

(28)  wy () awaQ: TE Wb fy I A0, ) 4,

2!

The dispersion factor will have a sharp maximm at 2/ g 2, and furthermore
(-1
@n [ o) avs.

The absorption oross-section of this transition per atom for light of frequency 2/
is then

(2.8) ¢h(1’ = h—;— ba bba(y)'

where we have put 2= 2 in the slowly varying funotion of frequency multiplying
b(2)e From ths crossesection we got immediately the absorption coefficient or in-

verse mean fres path for line absorption

ORI S p ) T L T i boald s

where NP is the number of atoms in initial state b, and the summation extends onr
all transitions which may absorb the frequency 2/,

The inverse process, line emission, is the sum of two terms, one for spontaneous
and one for induced emission, The trarsition probability for the spontaneous emission

of a quantum h2) within a solid angle dﬂdue to an atomic transition from state b to

a is

(2410) S (v)dvd(l,—-r 22 |fablbab(zl)dzldﬂ,




»
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while the probability for induced emission is

2
(2411) . )avals T ,faJ .I_}(l% by ()d2/d12,

The quantum theory moreover gives the general result required by thermodynamics

that
(2012) [r,,,, Tt 1 bu,) b

so that
wap(?) 2P 1
(2.13) f'%:-(_‘—)’ -1 *—0—2—--]—16)' .

An adequate discussion of the electron numbers is given by Jaoobsohn(l). He
considers an ion with only one eleotrin and treats different order terms arising
from the expansion of the factor eﬁ;'r in (2,3)s The leading term gives the major
fraction of the electric dipole strength, Numerical calculations for this term
in the nonerelativistic case which extend and correot similar caloulations by
Bethe(z) are presented in Table 1 of Jacobsohn's paper and are reproduced here
in Table 1, It should be noted that the £ number in these tables is the average
from a level (nd) to a level (n'.Z) found by summing over all states in the final
level, In order %o divide the f number properly between the transitions

nj;j —>ntl'5' we use the relations

r!}[k »n'l'xp1 = WA AN
(2018) fnlkeon'd k-1 3%%1‘1 fnlwnrl ,

el () RO fwlond!

where |kl = j#3 and ke ,Z or -iﬂ&l), k boing the guantum number which replaces /Z in

the Dirac theory, Jacobsohn also presents some formula and tables for the relativistilo

eloctric dipole and non=relativistic electric quadripole oscillator strengthe

1) Ope Cit,

(2) H, Bethe, Handbuch der Physik (2nd Ed,) 2 V, Part 1, ppe. 443,
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For approximate calculations, and to preserve the analogy between treatments
of line absorption and continuous abscurption, we may use an asymptotlc expansion
for the dipole £ number (emergy of transition h2/) of a hydrogenic atom averaged

over all initial states in a shell of the principal quantum number ne This is(:")

6 =3 g

-— 2 1 1l l b
2.14a b - = =7 =% —

(2414a) nR T Ay /3 § n m® } nom on®

where m is the principal quantum number of the final, n of the initial state, and

1/3 2
RhoZ
(2.14b) gb ~1 = 041728 (‘R'hfgé) .[;2;5 E:) - ] * enscece

This expans ion becomes better as both n and m increase,

The dispersion is due to the finite breadth of the atomic-states in the system
caused by the interaotions with light and with other particles. This problem has
been treated in a thorough going fashion in an unpublished peper by Re. Sternheimers
For dispersion caused by the imteractions with the radiation field, the line has a

natural breadth 3;%." and a dispersion
Yba

(2415)

= ¥
bba(’)) - 4“,_2(2/- 7/0)2 "___4_:59-_

We note that when 27 ( 2/= ;{,) ,Iizz& » %he cross-seotion has fallen off to half its
maximm value, Interactions with fast electrons will cause collision broadening

of the lines with the seme dispersion f'orm as {(2,15). However, interaoctions with
slow moving particles like neighboring nuclei are best treated by an adiabatic
approximation and the dispersion curve then falls off expomentially with distance
fron the line ocenters, Another cause of exponential type dispersion is the Doppler-
Effeot which glves

I \\&
(2026)  B(v) =) Mo® ("’z‘) ¢ exp-,(;“gj__(y‘vab)z
2 kT \ Ygp LZk‘l' }/azb

M being the mass of the absorbing etoms and T the absolute temperature.

(3] Monzel and Porkerise Ops Cite
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2o, Photo-electric absorption,

In the ocase of line absorption we foundi a nonezero probability for absorption
of frequencies differing slightly from that of the atomic transitions due to the
splitting of the atomic states into a continuum by interactions with, for example,
the radiation field, For boundfrec absorption (photoelestric absorption) the
final state is already a member of a continuum, and we will therefore have a
finite absorption probability for a continuum of incident frequencies, The
probablility of absorbing light with frequenoy between 2/ and 2é A2/ 1is from
(245)

2
e I(¥
(an  mpmev ZE I L g .
all &
in av

The oross section may therefore be written as

2
a
2018)  Ppe0) 2 = T T o

where by ;‘f};{ we mean
av

af b ¢
(2.19) e . Z bfi for A2 smll,
JE g oF

in AV

The absorption coefficient is, then
(2020) /‘bf(y) - Z ; %f (3/)9
b

where the sumafiion is extended over all stafes b which oan absorb the frequency 2/,
Raturally precisely the same expression (2,13) as in line absorption relates the
probability of the inverse process of electrom oepture with photoelectron absorption,
We shall follow historiecal precedent in transforming (2.18) and (2,20). When
Kramers first attacked the problem of the photoelectrioc effect using the machinery
of the o0ld Bohr theory, he found the cross-section for a complete shell of principal

quantun number n to be







. wlle
5 2 Tn
(2:21)  Gree) 2 = -‘%,— =5

vhere In is tho ionization energy of an electron bound in the n shell, Later

[
4) and Stobbo(s), computing the cross section with the new wave

workers, Gaunt
mechanics, expressed their result in terms of Kramer's formula (2,21), eorrected
by a faotor, the so=called Gaunt factor g It is useful to retain this notation,
since Menrel & Pelmris(e) have shown that the Gaunt factor g per electron is close
40 unity when averaged over a complete shell for transitions to free states nesar
the jonizetion limit (the region of interest in opacity calculations)e To rewrite
our ocrosg-section (2,18) in terms of this notation, we define the Gaunt factor by

2
(2022)  gpe (u):ig-l’-" n(l‘-;-’;) y ot

Thus (2420) becomes

Nb 24 e (
(2023) /br(ﬂ} = Z'; v /—— m° nh;j ha/ gbf(ﬂ).

As defined here, the f number, and hencs the Gaunt factor refer to atomic transitions
and o is the atomic ooccupation number., It is frequently more convenient to use f
numbers sand hence Gaunt factors per electron. The atomio occupation Nb must then be
replaced by n;, the number of electrons in the initial state capable of absorbing
the frequency 3/, The transition probabilities must then be multiplied by a factor
q, the probability that the final state will be available, For non~degenerate free
electrons this is practically unity.

A discussion of the Gaunt factors with numerical tables is given by Jacobsohn,
He shows that for absorption by L electrons, the dipole Gaunt factors for individusl
transitiors varies considerably from transition to transition end moreover vary with
frequenoy, especially in the regionm near the ionization edgee The average Gaunt
(2)

5
( )n. Stobbe, Ann, deo Phys, 2 ppe 661 (1930)
(6)

Op. cit.

Je As Gaunt, Phil Trans, A 229 pp. 163 (1930)
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factor per electron is, however, close to unity, Moreover using relativistic wave
functions, while it drastically effeots the results for individual transitions,
has little effect on the average, even for the very heavy elements, The Gaunt
factors for quadrupole transitions are smaller than those for dipole transitions
by the factor «13(20)° for the L shell et the ionizstion 1imit otz -i%— = fine
structure constant), and even smaller i'or the higher shells. For many cases,
therefore, it will be a sufficient approximation to replace g per electron by

unity,

3. Free«Free Absorption.

The ability of an electron to absorb light depends on its binding to & nuocleus,
for a free elestron cannot oonserve momentum in sbsorption, Hence we expect &
tightly bound sleotron to have a muoh larger photoeleotric cross=section than a
loosely bound one, and therefore the free-free transitions should be a small effect,.
There are two factors which nevertheless make it worthwhile to consider the process,
In our highly lonized medium a great pcrtion of the electrons are free--in extreme
ceges there may be no bound electrons at all, Furthermore, absorption by a bound=
free transition can only take place for frequencies higher than the ionization
potential for 1emoval of the electron in quostion, For low frequencies the free=-
free transition may be the only possible onv, or at least can compete favorably
with a bound=free transition of a very loosely held bound electron.

The transition probability from one definite initial free state £ to a
range of final free states with the absorption of light of frequency between

2and Y$ A2 4s of course the same as (2,16) for the bound-free transitions.
However, the same frequency can be absorbed by starting from any initial free

state, Hence, to find the absorption coefficient, we must multiply the oross seotion
(2¢17) by the number of électrons per unit volume :(_‘;fl ag £ cooupying & range

of free states between Er and El‘ ¢ dﬁr and integrating over all energies, keeping
7  constant,
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2 Af,.,
(228) A4 @) = ‘/{:; n(‘frg) 7:: d‘;j d€Epe

Menzel and Pelmris(") derive an esymptotic expression for ig-%:- whose leading term
is that given by the Kramer®s formula, We can see heuristically what the result

must be by analogy with their asymptotic expansion (2,14a,b) for bound=bound transi=-
tions, If the $nitial free state is specified by & quantum number f, and the final

free state after absorption of light energy hz2/ is specified by k, then

2 12
(2425) Rhe2'! RheZ
(a) hl’: Ek - ff H (b) ff H4 f2 (0) ek H kz
where Z' is ths effective nuolear charge, The f number for this transition is obe

tained from (2.1%a) by replacing n by if, m by ik, the degeneracy 2n® by oy, the

density of initial states per df, and the bound Gaunt fector g, by & free-free factor

gppe Using the relations (2.25) we obtain
3/2
6 3/2,8 &, g
Z £f
(2426) £, 2 =—tome Lllls.l__r .
fk “ s/sm  (hv) ¥ £
whore
. nw \V° 28|
(2027) Bff e 1¢ 061728 Rhoz'z 1 $ hv" Y XY
Then
) 3/2
ae ax 2> gm)%z' (E¢)
- f o e—— S
@28) T I BIGET @) op “et

It might be thought at first that a factor of 2 is lacking from the above equation,
since the number of states within a frequency 42/ is 2 % d2/, sinoce each level k mey
have an electron with either of two spins, But for a dipole one electron transition,
the fﬂ: would be zero for a change of spin direction, so we need count only the
stetos of ome spin,

We now substitute (2.28) into (2,24)s We shall later show (see Chapter IV) that

-]
n(&p) = o(E,) %«" +"55‘4,1§ » where o(E,) is the density of states of the free

") 4n1a.
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To f£irst order in )y, this reduces to
- 2
(2.35) 4P (240,0) s —§ aQ’ (14w?) [1-23«1«)]

which is sufficiently acocurate for our purposes. To get the oross section for

scattering from an eleetron moving with velooity"IT, we simply apply a Lorentz

~ - AMA
transformation, The result, to the same order as (2,36) is §>§:’§‘?§;
é 2 > Ayl
AP @3,0) = To so (1ud i ) ; i
(2.36) *Vs = a8 () 0 - 2x(1w)]

+ l;_ cos & < (vz/cz)[‘,,oz,zd.,, %_) # (cosd = ooad-')z(l-wa)']]} .
Another relation we shall need is the connection between inoident and scattered

frequencies

hy 1 hy . 1 ' *
(257) B3 S THER 5wl S ae (e P 0 WY/t

The Kramer?!s-Heisenberg formula for coherent or Raman scattering gives a cross-
section which, except for frequencies near a resonance line of the atom, is of the
same order of magnitude as (2,35), This formula gives the scattering contribution
of bound electrons, Now there are usually many more free electrons than bound
so that the mejor part of the scattering will be of the form (2,36), Moreover,
the scattering cross=section for bound electrons is generally small compared to the
photo~electric cross-section, We will, therefore, never cormit a serious error if
we use the corosseseotion (2,36) as if it held for £ll.th° elactrons, bound and free,

The question of resonance scattering must now be disposed of, for the oross-
sections then become exceedingly large and it would be improper to use the simple
formula (2.36). Heitler discusses Jus® this question and he concluded that if
the atom is irradiated by a continuous speotrum "the resomance fluorescence behaves
with regard to the shape of the line absorbed and reemitted exactly as if two ine
dependent processes, an sbsorption and a subsequent emission took place,” We must
not regard absorption and resonance scattering as two independent fates which may
overtake an atom, but rather consider that an atom may be excited to an intermediary

state, end either remain there, in which case we have true absorption, or else re-

turns to a lower state in which case we have resonance fluorescence. In calculate
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(3.2) Emitted = Ciy wey(2) dv af2 1"; ds 4o~ .

The number per unit time scattered out of the beam 1s

(343)  Soattered out = f ,f .EC*?.‘) & wy yla 4y anan’ ds do-,
.Ql
whore n(¥) d¥ is the number of electrons with veloolty vector between¥ and

¥ $ d¥, The number scattered into the beam is

b - " !
(S.4) Soattered in g f] -% (¥)av w Vv d¥ dg af) as do
v
Adding up the 4 comtributions (3.1) to (3+4) with the proper signs gives the net
gain in number of photons d { onydvdlfld o-'} in the beam as it traverses ds in the

steady state, Then

on 2
(345) e-;;’-l = ém(ﬂ)%b['l*!: %%5;]

f !:) de (Wyu ])V dz) 2}2}"‘) d.{?—

Wo now 1ntroduoe the assumption that,at each point in our medium local

thermodynamie equilibrium exists, Then
- Ee"sb - h/gy
N

Furthermore introducing the relation (2,13), the terms involving absorption pro-

cessos give » u} "“ab
X e 21
%:.wba(v) e -1&-';—- m}

() - o
Z: d Nb “a.b) i hz;’ uab -1 ()
te BV o2 1e-Uab

Sinoce @b&(y) has a sharp maximm at 2= vab' it is permissible to put u,y = u in

2ll places in the sum except in ¢ba(3/).,
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With the use of definitions like (2,9), (2.20), we then get

(347) %Y(a'bsorp’cion) = _Aops ) (1 = e™) (By = Ip),

whére
(348) By =

2h2° o™¥

2 Jog-u’

c

hy

(3e8ea) Uz e

The terms involving socattering mey now be simplified by replacing the transi-

tion probabilities by (2,32), This gives

(3.9) 422 (scattoring) = £ :62) d.?f af( v, 0") 12 (L)
v n'

an
&) 3 2 1, (D)
E;’--;)" (1o ohy 3
— 2 ‘e )
e Y
- dgs 1!,".0) Iy(/[) (1* u__r(ff_'__ dﬂ' .
an! 2h v/

It is worthwhile to note that sinece the orossesections involwve O only in the form
T

w = cos O, and since O' = -, it is permissible to replace @ by O, For the

simple case of Thomson scattering from elestrons at rest - the most important

case in practice, we get

2 71a2

dly n Fo = Iy (£)o

(3:10) —— (scattering) = ¥ ~Z7— f (1)1, L") (14 P B
ne
e Iy LZ" )c2
- wf) W) (i) a0,
2hvy/

It can be seen immediately that the terms in induced scattering ocancel exactly,
leaving

dIy sT . 2 7y Too 2 )
(3.11) (soate ) ,% - o0 Iy )+ 2 (Wa)Iy L )al2 T

L2
The exact solution to the equation of transfer for absorption alone may be

worked outs The result can then be expanded, the zero order term giving isotrepie
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rediation, and the first order term giving the diffusion theory type of approximae-
tion. It is only in this type of approximation that the Rosseland meen opacity
appears « however, the approximetion is an oxcellent one in systems we shall cone
sider, We, thorefore, employ this expsnsion to solve the combined equation (3.7)%

(3611), by putiing
. 3 y o1,
(3012) I:)  J IJ} ‘jy —a-: I;} "‘ B)Iﬁ 74 au L JRPSP

Substituting this expansion in (3,7) ard (3,11), and collecting terms not oontaining
-33-; I3, gives
-u °
0z s, (=" XBy=1Iy),

since the scatfiering terms ocancel to this orrder, Hence we must have

Tho terms in -‘%— ID give

o13 o4 1%
(3,14) -a-:-:- (L "o, Jj) :_/labs(ﬂ)(l-e'u),gy 3 (1 - -g; /zﬂ)

since the contribution of the integral in (3,11) is negligible to this order, In
order to satisfy (3.14)j.2j must be

1
015 - -

where

(s36)  _m@)=§ h b= xS

Thus wo see that in this epproximation scattering and absorption must be treated in

different fashion., The physlocal reason for this is that the stimulated scattering

tending to weaken the beam is exactly compensated by stimuleted scattering tending
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to strengthen the beam, On the other hand the stimuleted emission strengthens
the beam and ncthing can compensate for this. The effective absorption ccefficient
must, therefore, be reduced by the factor (l=e™%),
Using the zero and first order terms in (3,12) we can compute the flux of

energy of frequencies between 2/ and 2/ dz/

(3.17)  RF@lazs / neI(x)avals - -“-gf-,/ 2negrad By ay
o)
4m d o
s - —.;-ji/ T By 42 fegrad T,

where n is & unit veotor mormal to the surface over which the flux is desired, and
we have assumed that the spatial variations in the conditions of the systzxg are
solely due to a temperature gradiente The imtegrated flux is then-F_“g f F(¥) av,
By introducing a mean free path properly averaged over all frequenciea-:he so=called

Rosseland mean

& B av
L{L,Zz/a'fz/d

g
L ;ﬁ.-BydU

the integrated flux cen be written

(%.18) A=

= 3 41 dB
(3,19) Fo a—3 Agrad T?ﬁ;o
where

2 artit g
- B 7}- [ ]
(3420) B-J yav s T %

The energy density may be found from (3412) sinoe

G [+

(3.21) “Jj:f .I%. dﬂ: _B_J_,d-a"oo .zﬂ By ¢
Q

whence oo

(3.22) u = f uy av z T B,
(]
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The first order term in /Zyin both these equations wvanishes identically, so that
(3.21) and (3,22) are correct to the same order as (3,19)¢ Combining (3.22) with
(3,19), we have

(3.28) F- «3 Agedu,

By introducing the expression (2.8) for By and (3.20) for B, the expression
(3.18) simplifies to

-?
(3.24) A= 4::4 jy v} e¥ (e¥~1) du.

The effective mean free path for rediation may be altermatively expressed in terms

of the mean opacity coefficient per unit mass K by the relation

(3.25) K ’E’%T .

e being the density. It is this quantity which is usually used in astronomical dise

cussions,

The effect of the present treatment of scattering, oompared to the usuel practice

in opacity disocussions is now olear, If there is no absorption, our treatment gives

ot -2
3426 S V. oot e® (e LY 1
¢ ) A" m 477'4 ‘/o'w; ve (e 1) au --/aseatt ’

while the conventional treatment gives
co

-3
2u 1,065
(5.26a) Nz -2 Y ule(e¥e1)  au g 22955
* 4T 2 °n¥° soatt *

In most oases of astrophysioal interest, scatbtering is not the most important process
involved and the error is correspondinzly much less,

We can now see in outline the stops meeded to ocarry out the caloulation of the
opecity coefflcient, We must first determine the absorption and scattering coeffi-
clents, This requires a kmowledge of the cross-gections listed in Chapter II and

the occupation number « the subject of the next chapter. The averaging process

indicated by (3,24) must then be carried oute
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IV. STATISTICAL MECHANICS OF IONIZED ATMOSPHERES

ls Introductory.

The methods of statistical mechanics will furnish the ocsoupation numbers
neasded in the calsulation of the absorption coeffiloient, The succeeding seoctions
develop & convenient method for performing this calculation to good approximation.
Ta additlon, statistioal mechanies gives & description of phenomena related %o
the breadth end dispersion of speotral limes, This angle is discussed in sec-
tions 6 and 7., Lastly, it is a simpls matiter to calculate the thermodynamie
fwmetions of owr material once the ocoupation numbers have been treated, While
this is not sobtually needed in a calculation of the opacity coeffieient, it is

an extremely useful byeproduct, We carry out this treatment in the Appendix I,

2, Quantunm liechanioal Desoription of the System,

We assume that the system we deal with iz in thermodynamic equilibriun at a
temperature T and occupies a volume V, Although our entire system is not in such
an equilibrium, the gradients of the thermodynamis variables are so smell, that we
may consider that at each point such u local thermodynamiec equilibrium does exist,
Furthermore, the temperatures we disciss will be so low that we may completely
ignore nuolear reactions and pair production, Then we may desoribe our system
as oomposed of N nusclei of whioch Nz have atomic number Z, assooiated with n

oeloctrons just sufficient in number to make N neutral atoms, That is
() N:Z2 X, ns C. 2N,
Z z

Clearly we have a system of many partioles with strong imteractions. Following
the usual method of separating out the effeets of the nuclear motions, we then
express the eleoctronic wave function of the system as a properly antisymmetrized
produst of one electron funoctions obeying the Hartree-Fook Equations(l).

(1)
F, Seitz, Modern Theory of Solids, pp, 243 ff,
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The esserntlal features of the one eleotron wave functions are appareni
from physical considerations, and may also be derived by inspection of the
Fock Hamiltonian, For large energies, the kinetic energy term in the
Hamiltonian dominates, and the wave functions approach those of a free
electron, They are, therefore, independent of the positions of the nuclei.
For low energies, on the other hand, the intsraction term with the nuclear
potential becomes of equal importance to the kinetic energy terme Because
of the singulsrity in the potential at the positlion of each nucleus, the be=
havior of the wave funetion at any position is largely conditioned by the field
of the nearesi nucleus, secondarily by the nearest nelghbors, and is hardly
affected by more distant nuclei, We, therefore, expect that near a nucleus,
the one electrron funotion will approximate the shape of the atomio wave funce
tion of the isolated ion. In this extreme the wave functions depend only on
the distance from the nearest nucleus = and are independent of the relative
position of the nuclei, just as for the free eleciron extreme,

A model which embodies these essential features is the orystalllne solld,
At first sight this appears to be a violent distortion of the actual state of
the system, since we should not expect any long range orystalline order at the
hizsh temperatures with whioch we deal, The model will, howoaver, provide the
proper qualitative features of the wave functions for a system of many nuclel
throughout whioh the eleotrons are free to roam, Naturally, any features
characteristic of the striec} periodiecity of the lattice are simply introduced
artifiolally by our model, Those features of the orystal model, however, which
depend on near neighbors only should e.pply to owr system, for there will be a
local orderinz effect sorresponding to that present in ordinery liquids,

Preeclsely, as in the usual theory of metals, we can use the Block approxi-
mation of periodic wave functions for the electrons. In the low energy oase

the energy levels will correspond olosely to those in the isolated ion, except

that e single ionic state is Ny fold degenorate, This results because we can
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A
construet Nz independent periodic Bloch functions from the Ny zero order
function, each of which corresgponds tn the electiron being on any one of NZ
different lonss This degeneracy is removed by interactions with neighboring
nuclei, so that fimally we shall have in owr orystal a narrow band of N; states

in the neighborhood of each state of the isolated ion, The wave functions are

of the form

i 2 1k°T Feop
Z e n “(r"’rn) ']
n-l

1
(4o2) xk - 7_n-72-
vhere a(?-;n) is an atomic wave function with origin at the nucleus loocated at
';n. As the energy is increased, the atonic wave functioms of neighboring ions
overlap more and more, thus widening the band, Eventually, the band widths will
exceed the distance betwsen atomlc levels, and we shall have a quasiecontinguum
of states, At about this energy the approximation of localized atomlc type wave
functione breaks down, for the functions overlap several nuclei. Moreover, atomic
functions from sewveral levels must be considered in bullding up a good approximae
tion from (442)e The transition stage of the onset of the continuum leads naturally
into the stage when the atomic wave functions become constant throughout the orystale
For high enough energies the funotions (4.2) are of the free-electron type.

The nature of the eigenfunctions in the transition region 1s complicated, We
are fortunate, therefore, that in our system (in contrast to the usual metallic
state) only a very small fraction of the electrons will populate states in this
regions This results because the Boltzmamn faotor in the probability of ocoupa-
tion of these states is rather small compared to that of the closely bound low
energy states, while the a priori probability factor is not yet so large as in
the high energy free states, The contribuiion of these transition states to the
partition function of the system is, therefore, small, and for the thermodynamio
properties of the system we may treat them roughly, The approximation we shall

use in our statistloal mechanies is to ignore the details of these transition

states completelys For the low energy states, we shall use atomic wave functions
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and henoce term them bound states, For energies greater than a certain limit
which we term the outeoff energy, wo shall use the eigenfunctions for free
electrons, Since the transition states are statistically unimportant, the
exact position of the out off energy is not oriticals We shall return later
40 the question of fixing the cut of" energy.

The oiroumstance that the transition states do not affect the thermodynamioc
properties of our system is no guaraantee that they will not seriously affeot
the optical properties, We shall seo later that the most critical element in
the Rosseland mean opaocity is the prusence or absence of absorption in certain
frequency regions, We must, therefore, examine whether the onset of a continuum
of one electron energy states will lead to a continuous absorption spectrum,

In the Blooh schome an examination off the transition probabilities proves this
o be the case, This 1s not necessarilly true in other approximation schemes,
The irregularities in our lattioce, however, will undoubtedly provide the cone
tinuous absorpbtion we assume,

There is still another and more serious short-scoming of our one=slectron
approximations This is the negleot of correlations between elestrons positions,
except for that diotated by the Paull prineoiple. These correlation emergies are
so samall that they do not affect the occupation mmbers of the one electron statese
They are, however, decisive in determining the line absorption contribution to the
opacitye This is so because the mumber of bound energy levels in our complicated
orystal, is, in the one electron function approximation, exactly the same as in an
isolated one electron atom. The speotrum would then appear to sonsist of just a
very few very strong limes. Taking corrslations into account would split these
into very many lines of the same total absorption strengthe The next chapter
shows thet having the absorption strongth distributed among many lines very nmuch

enhances their effect on the opacity. The treatment of these correlations by







«20=

the "ionic" method is the topic of seotion 5,

Another fsature of owr approximation which bears watching is the "missing"
bound states which have been excluded bty the out off, OFf course, these are not
missing at all but have been merged with the ocontinuum, The absorption strength
of the out off bound states should be distributed at the beginning of the free
states,

With this quantum mechanical approximation, we now proceed 40 examine the

statistical meshanios of our idealized model.

3o Statistical Mechanics - Independent Electron Approximation.

The object; of this seotion is to use the methods of statistical mechenics to
find the pumberr of electrons in each electronic state in equilibrium at the
tomperature Te We shall here essume for simplicity that the electrons are completely
independent of eaesh other. The mext section will treat the electronic interactions,
but the final results can be thrown into essentially the same form as for inde=
pendent eleotrons,

The nature of the energy levels end the density of stetes has been disoussed
in the previous sections. If oy, 1s the degeneracy of the 1'@ fonioc level, energy
51z s Of a nuoleus of charge Z, there will be a band of N,cy7 states at this energy
in the systeme Such bamis will persist for all energies EiZ < Eo less than the
ocut offe Since electrons obey the Fermi-Dirac statistiocs, the mmber of electrons

in the 1,™ level will then be

N, o
Z24Z

(403) Mz = gob"(é 812 $1

where ﬂ - ?} apd ¢ 1is the normalizetion constent with the physical interpretation

that iz «kI ol is the free energy of the electrons,
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For energles greater than 80, the density of state will be that of a free
electron with kinetic energy €« € o+ This is, in the relativistio cese

L
(464)  o0p(C) = -(8-"—-‘)% {z(&- Ec)m"’ $(E- 50)2} z(s_- E) ¢ mzf.

or expanding for kinetic energles smasll compered to mo2

i - g :
(810)  og(6) 2 T3" {z(&-&:(,)mf2 {1 +3 -5;5‘3 booo f .

Then the number of free electrons with ensrgles between £ and &4 a€  1s

on(£)a€

(4e5)  ny(E)aE = W .
o L 2t

The total nuber of bound electrons is found from (4.3)
(446) n, = Zz' § ngz

while the total number of free electrons is from (4,5)
o0

(447) Do = f nf(E.)dE .
€z &,

Of course, the total number of electrons in the system is the sum of bound and free

(4.8) nzmén,
and it is this condition which determines the normalizetion constant o of (4,3)
and (4.5),

To use these occupation mumbers (4,3) and (4.,5) we must determine o , We
note that (4,7) is the equation for a free electron gas, except for the one faot
that Do is nct a oconstant given by the physical nature of the system, but instead
varies with the temperature and volums, 1, may, however, be a rather insensitive
function, and we mey then employ the follewing scheme of successive approximations

to determine oL , Assume a trial Rp ;3 usually we may start by taking ns = n the
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totel mumber of electrons, Then use (447) to caloulate ol o For the case in which
relativistic and degeneracy effects aie small corrections = the region of greatest

interest - a suitable expansion of (4,7) gives

*
2v (erka)s/z 5 ¥ _ e~

*x —— e
(409) o = /Bnnf hz 8 moa _;372' »

where

(20) o = ot BE,

Fnowing o&, the sum in (4.6) must be carried out explioitly, giving n, end by
(448) a second approximation to n,, The cycle is very repidly conmvergent.

If a long series of computations must be made, it is more convenient to fix
oL to start. Then using (4.6) we find m /N while (447) gives np/V, (Here N is
the total mmber of atoms in the system), Then we may find out to what value of

n/V; 1.0, to what density; the value of & sorresponds,

4, Stetistionl Mochanies - Dependent Eleciirons,

We now treat owr system inoluding the elettronic imteraotions by the method
of the canonioal ensemble, A state of the entire system, symbolized by J, will
bo determined if we know the mmber of electrons in each oneeselectron orbitel eof
the Hartree~Fock set of equations, Although each of these non=degenerate orbitals
may have either one eleotron or none at all, we find it more convenient to group
degenerate or nearly degenerate orbitals together and such groups we will designate
by small subscript i or § orzé. The number of such orbitals in the gtb energy

group; 1.,e, the degenerscy; we denote by Oy The energy of the state J is
(4e11) E; = Zi: gy [Eyy b3 j§1 Byy Yogg H & (8530) vJﬁ} .

n 71 $s the number of electroms ocoupying orbitals in the energy interval when the

system is in the state J, Now the partiition functlon will involve sums over all
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states J of the system, but only states mear the equilibrium valuve will contri-
bute heavilys Sinee the dependence on J of the interactions &, and iz 18

not pronounocec, we may insert some average value 51 and V.. independent of J

iJ
instead, Moreover, we introduce the set of numbers ;;j » 8t present wholely
arbitreary but later destined to represent some average ocoupation of the region,

Then (4,11) becomes

(4412) E; = 2; Ry {[Ei + 3 51 Ejvij + 3 (Ei'l);ii]

¢ [’2‘ C (nggoRsWyy # % ("u"ii"’n]} '
4L

The first term in square brackets in (4,12) is independent of the ococcupations and
mey be regerded as the zero order approximation to the effective energy of the
electron, The second term in square brackets gives the difference between the
detailed interaction between electrons and the average interaction, We may expect
this to be small and hence treat it as e perturbation,

Now esccording to the canonlcel ensemble treatment, the probability of finding

owr entire system in an energy level between E; and E; ¢ AEJ is

(4.13) Py = {1, o B ,
where
(4.14) 0, T2

i nJit(oi-nJi )13

is the number of states in the energy interval AE J a.ndo(.' is the normalization

constent determiined so that

4,15) P, =1,
( £ s,

Hence in equilibrium in our system the number of eleotrons in the [ th rogion will
be







(44186) ng = 2\

n P
g 9
Substitute in (4,16) the appropriate expressions from (4.12),(4.13), (4.14),

introduce the quantityd-“ by the relation
” "
(4.17) o z2nk =ot 2nm
} Ji

and carry out the indicated operations to first order terms in the Vi e The treate
ment is cheracteristic of the grand ensemble methode. The manipulations are tedious

and scmewhat triocky but the result is comparatively simple, namely

(4.18) ng = Bf 2:1 - Ay {[@-1).2(%-1)331 .‘%ﬁ!

$ 38Ry =7 ogpy Vil} ’
1¥l A

where
(4419) 9g = 1=pg »

-1
(4.20) P = {1 $ exp {ab v [@;& %%d i, ?[J + (ny=1) T/r',g/g}g .

We now choose the arbitrary parameters so thet the first order terms in (4.18)

vanish identically, This giwes
(4,21) n, =2 oupy 4

ng=1¢ 2(%-1) B/

Although the two equations in (4.21) seem contradictory, this really is not so,

for there 1s abzsolutely nothing whioch forbids us to use a different set Ej for

each n/ in (4016)s  Substituting (4.21) into (4,18) and (4.,20) gives our

answer

(4.18a) ny =6y g

o - -1
El $ exp (o 4./? 5/‘? )Z

(4,20a) )
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(4422) Erz Ep ¢ JE#,Z o5 Py V05 # (op 1) py V44

Comparing our results of the last three equations with those of the independent
eleotron treatment, (4.3) for example, shows them to be of the same form, except
the energy 512 of the independent eloctron case is replaced by an effective
energy 5,3 of (4.22), We have, therefors, justified using an independent electron
approximation with each electron subjoct to some averaged potential of its neigh=-
bors, and we have found that potential correct %o first order,

We can considerably simplify the result (4.22), Suppoaexz represents a
bound level, Then the interaction ij between the two bound levela_ can be shown
to be exactly the same as that ocalculeted using atomlc wave functions which localize
both thezz and j orbitals on one particular ion. The terms in (4.22) dus to the

interaction of' a bound electron with the other bounds is, therefore,

n
c;j ~Z vy g b %E (ofz =1) Vg2, where now the V's are the ordinary coulomb and
2 Z

exchange interactions of atomic theory, By far, the largest ocontribution comes from
the spherically symmetric part of the coulomb integral, usually denoted by F°(1 .j)
in theoreticel spectroscopy. It is more convenient, however, to use screening
constants O".. 3 instead of the F°'s, defined by

F°(1,3)
(4:.23) o‘.J= —-;—g-;"—-—

az |,

The interaction energy of a bound electron with the frees can likewise be ap-
proximated by the interaction of an atomic wave funoction with the charge density

of the free elsctrons in the neighborhood of one partisculer ion. Suppose, there=
fore, we break up our orystal into polyhedra, each containing a nucleus and of suffie

ciext size to onclose a negative charge z'e whore 2' 27 - :ﬁﬁ is the average
Z

charge of the nucleus and its bound electrons, Approximate the polyhedra by spheres

of the same volume, with rndius ay*e We then have
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> 4 z
(4424) Z[ FT ap N oV

If the electrons are really completely free, the charge density will be uniform
throughout the erystal, and therofore

3 2V

4
(4425) 3 m azv - ne

Moreover, thore will be an eleotrostatic potential

(4.26) -3

¢f - ZQZ' az'

within each sphere due %o the free electrons, and we obtain for the boundj to

free interaction energy
————le

v o ( 2
(4.27) -o/ (Ple(pfdz:-gj‘-?:-;.S-(;iT)
.y ‘

where rz is the valus of rz averaged over f;he/z bound wave funoction. For a

bound state ,g » then, the energy £ - f beocomes

— [+ ] d& ] p
wm gz 22l ot g o
2 bound elestron

-G}
oz oz’

To first order in fi’f s this ig the same as

Zz

— ° Z' 2 r \z
(4.29) 6/1 51, Z[) 4 2azt 23 -(?ZT\)
where

n ny 1
- - —lz- log - —;z- - Sm——— o
(4.30) 2z} -2 Z*_l ¥ As-w -5 ) 24
3 Z Z
We now must rewrite (4.,22) for the case that /Z represonts a free electron,
For this purposs, we assume the bound electrons are localized at the nucleus, This

is generally an excellent approximation. The free electrons move in the potential
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field, which is in each ionis sphere

' 2891 2

Ze 2. -335.
(431) =3 { ® e‘z!? )

This is due to the muclous and bound electrons, and the frees, The energy &g

of (4422) in this case inoludes the kinetic energy 81. and the interaction with
the nuclei, while the other terms in (4422) give the interactions with other
bound and free electrons. All these interactions are just -o¢, P being averaged

over the volume of the ion, Hence, for a free electron

4
— ). ' 2z
s _ 8 zZ 2o
(4.32) af :“‘f"gzz‘ ns 2850 °

We note that the interactions have raised the energies of the bound electrons
from the zero order approximation of interaction with the nucleus alone, while
for free electrons the enérg has been lowered from the different zero order
approximation of no interactions, We now shift the zero of energy, so that a free

electron with zero kinetic energy has zero total energy, by adding the constant
3 Nz Z 0
L

free eleotrons takes the simple form o(-f,_f)dé.r = o(f/f)d €, and hence (4,23)

e This will have the advantage that the density of states for the

begomes

(2.33) n(f—,r)clgr -
<448, b1

Of ocourse, changing the gero of energy has no effect on the occupation numbers,

”"
since 1t merely replaces o by another normalization constant
n, 2'%%
3 YA .
< - - 3‘(?%‘ -n; Za.zo e With this change in zero of emercy, (4.29)

becomes
_ ) ' 2 *." 2
'y =« F® (7% Ze T\ S Nz z' "%
(4.34) EJ/Z - (-,z (%Z) + 2&2. { - azv) ’ _5' -n; 28.:' L4
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Now we shall somowhat arbitrarily place owr division into bound and free states
at the zero in our new energy scale, This means that whenever Etgz of (4.34)
is positive, that state is not bounds, In most cases the higher states of an

ion have their :,]Eotrons rather uniformly distributed in the ions sphere and,
thererore,(-a-l-'—'j ~3/5¢ We oan, therefore, generally "out off" the bound states
A

at about
Z'e2
(4.35) = Eplzp) =35y

The relevant equations for caloulating the occupation numbers will now be

summarized in final form,

4.3 - * r 3 P’
z e~ "‘/55[2 $1
-4 z' 2 x'-'-2 3 EZ_ z'"e?
(s Egy = £ P 4Ty |° @T) YSLE, mey

(4.38) 25 -z .2 92 oy, Bk ! fog’
/t - NZ ,&j ﬁ'z- (1 %) /./Z'

th
(4439) o7 A.Ft 87 Vm E"'t % 5 ‘E_f_'_
hd n@f)df =-1T3— (zm P ) 1 *I mcz ’ Y]
FE D N | 0

(4440) By, = ; njz sum for all -ézez‘ 0,
e

(4,41)

2 N
z
oo
:"‘I[" n(g"f)d—é'f »
€ 220

(4442) n:;nbinr,

'
am 3 zZVv . AT
(2043) =%~ 87' = —""nr H (4443a) 7 2 5 Zz‘ ayr N,







«3{=

n
4.40) 2' 22 of oL

and as an explicitly equivalent ef (4,41)

3/2 2
2V /277 mkT 15 kT _ 15 f1kT |
oo 45 (579 4% B ()

¥

*
-0 15 -k—T— =2 —'7"1 "-1- + o0e

This set of equations is somewhat decoptively simple in form, for it must
eatually be solved by a somewhat lengthy series of successive approximations,.
If we are given the temperature T and volume V, we must assume a set of n \ J 79
a.ndf, end a set of ays satisfying (4443)s (The latter is, of course, trivial if
our system has only one elememt.) We then caloulate 2/ by (4.38) and by inter-
polation in a table of energy levels find E}(%Z). Meanwhile, by (4,44) calculate
z', We can then immediately get 6'£z end by (4436) a new set of n gze By (4.40)
wo get m which with (4,42) gives nee Employing m, in (4041a) wo arrive at a new
o' Moreover, using (4.43a) gives a new set of 8,14 Continuing this cyole,
we oan eostablish our final ocoupation numbers. The tables of soreening constants
O'i. 3 enexrgy levels, and? needed for the caloulation are presented here as
Table 2, 3, and 4 respectively,

One approximation mede in the foregoing set of equation is the assumption
of the uniform charge disiribution of the free electrons. An improvemsnt on this
approximation,shich also demonstrates the range of {ts validity, is given in

Appendix II,

5¢ Ionic Occupation MNumbers,

A somewha® different model for our system was mentioned briefly in the last
seotion = the lonic model, We shall now desoribe the basis for this model somewhat
more fully, show its relevansy to the opacity problem, and imdicate how our previous

results may be applied in this case,
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We know that if an oelactron is in a state of sufficiently low energy, it
will be tempurarily bound to ome nucleus., Becausse of the high coulomb barrier
bhetween neighboring nuclei, it will remain bound for a considerable time - indeed
it would be improper to use atomic wave funotiions for the eleectron unless it re-
mained bound for timoes long compared to the time of revolution of its Bohr orbit,
Naturally, several electrons may be bound to the same nucleus at the same time.
The interaotions between the electrons will not be expressible in terms of the
{reatment we have hitherto used, for the correlations whioh were negleoted are
now of decisive importance, For example, e. nucleus with two bound K eleotrons
will behave muoch differently, particularly with regard to its speotrum, than
one with 2K and four bound L electrons, We can take these correlations into
account by abandoning our simple "product of one electron functions" approxi-
mation and using instead funstions whioch depend upon 2ll the coordinates of
the bound elsostrons of each nucleus, This is equivalent to desoribing our system
as oomposed of many different ions in a éymmio equilibrium in a sea of free
electrons. Applying the statistical meohanics appropriate for systems undergoing
"ohemioal"” reanctions, we can get, for example, the number of ions of each type
in our system, and the distribution of the ions among ionic quantum states,
Essentially the same result is obtained by the use of the oanonical ensemble
treatment for dependent particle systems i we appropristely express the energy
of the system as the sum of ionic emergies, free electron emergies, and inter-
action energlies between these oomponents, The latter method has the advantage
that we are able to take into aoccount, to first order at any rate, the inter-
actions of the free electrons and ions, This model, which is certainly to be
proferred to that of the previous section, gives the speotrum of our system as
the superposition of the many different; ionic spectra. It is precisely this very

rich line spectrum which causes the lines to be so important in the opecity problem.
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