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This i8 to be at the shock, 2+ rj% = ﬁh@img However, as the undisgturbed quantitiss
are coustanits, we make ne error in firs%wardar terms if we take ths shock conditions
‘*-‘z;@ hold at = +rlUt = |
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Collecting resulits, we have behind the shock froub:
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with undisturbed meteriel wsleclity zers; and at the shock front, nmemely for

2410t & 0, the following boundary conditions for first-order berms;
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be limited to some finite region. Say, for example, that :&u(?), foz(»@) @, {Q) all van-
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o _ o ' _ io
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In the spscial case of = disturbance limited initially to the immediate
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trensforme, it ig oenly slightly wmore convenlent to reducs {4L. 12) 4o o VolSerra lubegrel
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V. Solution of the Integral Fouation

Takmg the Laplace transform of (L, 16), making use of the fact that
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Wwe. have;

gL {w) = £ ’0‘)%1_!{&3 k()
or
4
g () = m%ﬁw (5.2)
iiL(ﬁt’v)
The h&pl&ﬂ@ w&nsfarrzs of the Bessel functions are Zm@m» .
'EBD .
a™% JI{y’wl %} dx = s 1== ¢ i
Jo ch—a /@g +(1==ﬁ)/ﬂ§
{5.3)
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1Ky (0) ef; el WWWH 198) a2 ¢ (1=a)/r
For @y @, l/ﬂ)loKL(@-}E - 19 go that the coel i‘zcmn‘é: of *L(@L) in {5, 2} contains a
term which is the transform of the delta functiom. This leads us %o write (5@.2) in the
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oo {62 Goaifoaboale Lo g
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and the a@ln‘&:.wn in the forms §
%
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where the resclving kernel is the fun@timiwh%aﬁmpl&@a transform is;
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T, () = (5.8)
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Ao 5 the transform of ohX - 13
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(@ct@}e %’é"g . %’ %J é’ j {5 }44’
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In the case s>r, we use (5.14) taking ﬁ:o and )y = (/T-r %* sx ) f/T(1=s), and (5.15)
taking ¥ = ,‘/W Then: |
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e

This cen be put into different form which will bs more convenient for seeing the

2.8y upto‘bic behavier of R{x) for 18@‘@@ x. The following definite integrals will be

ussfals
AOD : - . )
=@.y cos fgy I(YJ:) @y/éfé.}&am“ %{ //{ & {ﬁ”é’}e}{@a %{ﬁ;?5}2} Qﬁ‘? -‘S‘C?Zna b g‘a ’ .
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‘o o 1 ~ : = o
o sin By il-;zw@- ay = PR y"i/j/{@? wpmP2H + (P02 -a® =12 (5.18)

For immediste purposes we require the aspecial cases where ¢L=0. Here we

mast distinguish c&no:a, as ‘/(ﬁa = )2 = 53’2 = };’2 or 32 352 according asg é;g 7 ga or &2{, 52
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(5:19)

(5.20)

wow, for f={/I<rt J:;:a )/;/ (.»ms) and y%/z'ﬁva)/m
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.2 3-rtee/ T +of(er) _ {a/iT 8/552

e . = P

T . ve{l-s) re{lcs)
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. sesuos 2 Pe o ”1 1==K" ?O
s yler)tr g(l x’)-@—x’ Al )

. Hen Gw,; in any case:
T A
Vo
So using {5.19) and {5.20) Wi'\?}h these values of gj and Y:
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00 oo \
- cos A{z=y) Jl{ﬁy) dy = cos é@x coB E@y Ny dy
0 ; Y |
%m ’ v £ : o
oo lly) oo
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p J0 A 4 :
- ﬁgw/ﬁ‘ 3;&’2. . %
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i |
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- S
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3 \E=F ; : G ¥ Y =
lo Ef”“’”’“{ SEafy | awE AT | A
L
performing the appropriate algebra shows that: e ‘ 4
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with m%lim w"mmcm bewr@@m Gz and ¢, hence:
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X N ) fo [« o
and the similar rels LEh O3 a Che But since - ; i o= = s WE can
| w2 | oo J=
write K{x} in the form: . R
' A
o
fuﬂ- b == g
for s>y, {X.} = 1 cos ¢ e wzawﬁmi» K=y ¢
. b Sellesn)
Y b
a3
e m . 2 P
Jl{w‘ (}*'Qa)% y\E! dy - g§ cos ¥ L ::./g‘;;:’r {K‘-’gf)
V’{l«-s}/s y ix Jr{les)
N L

Jiy(3=e)/s ;§
Vil=s R

or using the trigonometric addition formula, meking & change of varisble: ¥® 2%R,

1+s / l=r B=T
= T COB [—- g 008 e
}L 8 v r{i-g) J r{i=g)

and using (5.10):

for sy v, .. 1 fe [0
Kix)= e f
=3 ej,!{) ‘
- ; (5.2
2?:7 E‘("%gvs)/ss sin f l=p s sin ;@Zr 7§ «»3{ 1-s)/8 Kxez}% s
R feeenme g gin 3
Mff("’%m«»», o) Jw(les) . Jr(les) | JTESEN/E (mee)

As s limiting case of thisz, we cen obtain the expression for K{x) in ths

case 8w r. Namely:

sy

v - oo
for s =r, K{x} - m,,w ;

| der | z & KR! ﬁ{/{l«r?{x%? f amd

iim oosms @GR e A e @7

o | RS e

Procesding in similar manner for the case s ¢r, taking in {5.13) and {5:14)

f/ﬁz & Ar=58)/r{l=s) and Y= f{ler;/r{les), and in {5.15) gzﬁf:ﬁfg: we have from

(5,11 : !g | -
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s J 2
f“m?“ . Iier . =B r{l-8) [i=r }Y 1=
e/ {r=8) (18] I“a-r} By sea/fm (x=»y}%»<= By f:m &1 fell=s) | T e {x=¥) Jﬁ{ s S‘)/g ?.}

’\}

+

o J r(1=8) Jiee 7 1er r(l-g) g\/ﬂug}/s v
o : > , v . - 1
* [IsE s Y T =
- ﬁ/(meg)/r ~8) {5y) {B5 coa iim (zoy}%%ﬁ fﬁ’:ﬁ%% ;ﬁ*_{,l—s_)m%sin 3=t (my) § }35/{1 ) /s i? .
o 7 : v r{l=a) jlaz‘ “J ier } J v{i=s) jf(lwﬁ)/,s ¥

Futting in the values of the B'm and D's from (5.12)3 and noting that {5.17) and (5.18) give, on teking

! m;fz’cs%)jw( Evg}, é’jwj{*{ r)/r(i-g), and ¥= ‘f(lcs)/s and performing some algebra, the follow :mg;g
i'z = .\ & ﬂr>
ﬁzcﬁ)ﬁ”% ma} {=y) g’c@s\ e {%oy) Jliv’f{l Bu 2L gy

foo
j(} \aing g r(l»s, flmﬂ)/@ y

DR | oo [ s (5 E e
S sy E/B(r ?}éﬁm Joiosy < ET ‘\@os w(1-s) (5-20)

i% . is seen that K(x) oan be writbten:

B Lr:

o L R = [x0ee)/E - 500/E) o fAex  pQes)feei- /s Sl -
' E 2/r{ioa } ' i oor y v{les) Jiﬂ? fﬂi 8) ‘ . %
N, ' r«m e ! ‘ (o |
g’ LA *‘/ﬁ"@)/ a} {z=y) gﬁi cos 3T )%.? ?(3‘%3};’/& sin f:j;iim, {z=y) *31</ (i=s)/s } ay (5J48:}§
=] 20-/5) Jo o rame U St T eGee) STi=a3fs ¥ a
Mmoo - _ o ==
g N R T § - <=2 =3 { £ ‘3\} a / Yoy é / = ® .
S 4 m“/vm‘“} e {1-e ) # gz’iﬁ cos fii¥ “&2 ?{Eébf{: ain [ AN { (l-e)/s (x4 } dz 8

4 2{1=/8) 40 ga’ 8 fﬁ‘(los) J(der){r-8)  f r{ies) j J=8) /s (xez)
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in sny of the
forme {5.2L), {5.258) or (5 28), the problem is now in principle solved for eny given

‘§. 2

initial disturbance,for by (5.7)

, i - \
gl€)= £(@)+ | £(9) K{T-0) do (-29)
S e | |

o be carried out in

ﬁ
o3
8
oF
s
Q
=
(]
R
5
[
<
@

In amy practical case the numerical inbtegrations 1
thess o ‘s«m would be prohibitive., We should, n@vm"tﬁ@lkmssﬁ iike to 'r@“h sone idea of
the behavior of g{T) for large values of 4, =and in aﬁ@ general case of an initisl
disturbance which is finibe in extent. That is, for an £{%) having the property {L.15).

5,

Niow we know the asympbotie behavior of Jy{x):

b3

or large =%, , leA) A 2 /“ﬁs:} smma’zzm B/ 5) {(5.30)

From this it is seen from the above expressions for K{x), that:

a8 L--d o, Ei(xx —3% 0 at least as rapidly &s x@ﬁ/g {(5.31)
In all cases, ’then § E(x)dx exists &nd c&n then In fact be ovaiua. nd ag “thea iimit
d .
of {5.8) for ot 0. It is seen from this thatb:
mm' _ ii" o
|, B = (5.32)
0 .
Hence:
8 Ty  g{l) —20 ea-j ¢ E{o)dor 2 C=0
jo
ox | | 5(2) = 0 | (5.33)

b

La 8 gensral geam b, we can conssguently state thet, for an ipitiel dis

&

bancs Pinite in extent., @;:h@ disturbance on the shosk fromt will eventwally be damped

out. While the rate of damping depends on the pariicular £{T), it appwers froz the

e el
above that it is st lemst as L7%,




APPROVED FOR PUBLIC RELEASE

A

\

VI, Purther fﬂx&lysi? of the Specisl Case of an Initial Disturbance Limited to the

Immediate E\amghbomm@d o the Shock Front

e shall derive the analy‘ﬁ“ma? expressions for g( 3 in the speeial case

mentioned in (L.20) above. Namely, for: .

£{% ’ D = g\D) { ivs 8 |
(D) = £,{D) WSE ffﬂ vs) J, fl zs)"/' E}f | (6.1)

Ims‘t@ad of doing this by integratien in the form (5.7} it is perbapse simpler
'&”@ procesd agaim by Leplace transforms. For this:
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Enowlng the transform of the Bessel function:
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where g},w} hes bean mm as 1, for convenience, Using, then, {5.5), we have:
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If then we proceed as we did in arviving at expressions for ¥(x), we secure;

for a > r,
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Numerical results have been Qb”c&in@d in one special case, nemely for ’i’(‘f} of
‘this form, and for the particular choice of parameters:
ro=1/2
8 =1/3 |
This corresponds to y=3% in the squation of atate, fors.
s = o/f{l-r) =1/3 if y=3 and r=1/2

The solution was not obtained from the above analyticel expressions, but by

(6-9)

the IBE¥ mechines which solved the integral ‘@qu&'i:‘iam (2.5,03»6} by fimitedifﬁ‘ermcegg The
graph of g(7) for this case. is shown in Fig. 1. The &mplitude has fallen to about 7.5%
of its initisl value 'éahen the second meximum is resmched, which is about by %the time the

shock has traveled the distence of two wave lengths into the undisturbed meterial.

The analytical expression for ¥his case ia:
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The integrals contribute terms which fer large L behave as @”3/ 2 times an

oacillating function.

¥IT. Sclution for Infipite Wave Length

Since, in the above discussion, ws have omployed as independent wariables;
T=krit and £ =ke, we have precluded tho possivility of getting from the results the
golution for k = 0. However, this is sasily derived,

For k = 0, the eriginel differentisl eguations are;
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It is clear that u% is serc. Adding -c times the third squation to the
&écomdg | v |
{é é;{ %ei =0 ‘ o {7.2)
which states that the qwm‘bity “‘x %»c{vl/v) is p}:‘@pagate& as a constant along the
characteristics s+ ot = const. The characteristic of this family 'th%uwgh the point
{=FUty , %y} isg |
5 +2Ut; = ofty=t) o {1.3)
. b : )
which intersects the t=20 lins at (CarU}"aD Q‘% or <§“Ug(1wﬁ}/§} t199}3 usimg the

definition of s. Hence .we hm'e} ag u%%a(vl/v) has the same value at all polints of

{(T:3): f \}
I 1, v wt k '
\ug ¥o 'ﬁ;’} =t = {Lz ve ~wj =0 , {7-4)
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Applys.ug the bound&wy ancl ini s;ialt e;ouaitmns,, then:
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Por an initial élsturbance which is findte in extemb thsn m% smd vl vaniﬁh for all

(7:6)

ry ,/5 v

2z >2Q for gome i’ﬁ.xed g« E‘or all values of © 7 &/"/{]af}] /x‘U th@ above :im;egml and
"}mnm b(’i) x’@main congtant, -

‘ As a reaml for an im’tml finite disturb&mma the ahocl«: front advances a.
fized m@mn’t nhead of its mﬁiaﬁurbed pom.*?;ion,, d.m@ to the zere=0rdar chriar cgmpa%
"nondt (in the variable x, the coorc’aimate aleng tzw shock) of the dmtux'bmca,, m@ea.nc-"
mhﬂe it is undergolng the dazr,ped ascilla tions in the highermcrd@r components as

studied in “th@ pracedimg sectlons,
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